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Abstract

This work is an extensive study of the 3 different types of positive so-

lutions of the Matukuma equation T% (r2¢’)/ = —uﬁ%qﬁp,p >1,A>0:

the E-solutions (regular at r = 0), the M-solutions (singular at r = 0) and
the F-solutions (whose existence begins away from r = 0). An essential
tool is a transformation of the equation into a 2-dimensional asymptotically
autonomous system, whose limit sets (by a theorem of H.R. Thieme) are
the limit sets of Emden-Fowler systems, and serve as a characterization of
the different solutions. The emphasis lies on the study of the M-solutions.
The asymptotic expansions obtained make it possible to apply the results to
the important question of stellar dynamics which solutions lead to galactic
models (stationary solutions of the Vlasov-Poisson system) of finite radius
and/or finite mass for different p, \.
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1. Introduction

In the present paper we study the positive solutions ¢ = ¢ (r) of the
differential equation
A—2

1 2.1 r »
772(7' d’) ——méb» p>1, A>0, (Mp,a)

on their maximal intervals (R_, R) of existence on the positive real line R*.
For A = 2, these solutions are the radial solutions of the semilinear elliptic
equation

1

A¢:_1+x2

o,

on R3, which T. Matukuma proposed in 1930 for the description of certain
stellar globular clusters in a steady state [22]. In this paper, we attach the
name ”Matukuma equation” to the more general form (M,,). Earlier, with
the appearance of R. Emden’s book ”Gaskugeln” in 1907, certain stellar
dynamic models called polytropes had been introduced; their study has
lead to the Emden-Fowler equation

1 ’ —
= (T2¢/) — _pd 3¢p’ p>1,g>1. (EFm(J)

As was shown in [2], all these models are particular (classical) exam-
ples of a more general theory of time-independent spherically symmetric
solutions of the Vlasov-Poisson system

Of +v0f —0,U (t,2) 0pf =0
AU (t,z) = 4mp (t,x) (VPS)
p(t,x):= [ f(t ) dv,

x,v € R3. Here f = f (t,x,v) > 0 is the distribution function of the consid-
ered system of gravitating mass in the space-velocity space R? x R3, where
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t > 0 is the time, U = U (¢, z) the Newtonian potential and p = p (¢, x) the
local density. Jeans’ theorem says that the time-independent solutions f in
the case of spherical symmetry have the form f =W (E, F), where
v? w? 1F
E.=— = —+-=
g UM =5 +355
F = 220 — (av)?

+U(r),

are the local energy and the angular momentum in the coordinates
X v
r=|z|, w = R F =220 — (av)>.
x

Given ¥ > 0, a solution U of Poisson’s equation

%2 (r2U (r)) = 4mp (1), (1.1)
where
71'2 ’LU2
()= 5 [0 (% + 55+ U0 F) dw.F) = (U0,
w>0
F>0

(1.2)
F

together with f:=w (“éz + %—2 +U(r), F) and p given by (1.2) leads to
r

a solution of the (VPS) and hence to a spherically symmetric stationary

stellar dynamic model (U, f, p).
If we make the choice

U (E,F):=(Ey— E):L__S‘/2 Fk, ()4 = positive part,
where Eg > 0, n > 1/2, k > —1, such that n+ &k > 1, (1.1) becomes

%2 (r*v’ (r))/ =cr?* (By — u)i‘H€ , (1.3)

where ¢ := 2872723 (L k+ 1) B (n— L,k + 2) (B is the Beta function).
The positive solutions U < Ey of (1.3) correspond to the positive solutions
¢ of (EF,,q) with p := n + k,q := 2k + 3 via the substitution ¢ (r) =

Ey—-U (c_ﬁr).
Camm’s choice [6]
U (E,F):=(Ey— E—aF)" ** F*,
where a > 0, leads to (1.1) in the form
1,5, r crk n+k
7“72(70 U (T)) _W(EO_U(T))JF .

The positive solutions U < Ej correspond to the positive solutions ¢ of
(Mp,») with X := 2k + 2 via the substitution
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oo~ (aim1) (B0 ())
(see [2)).

Two physically most relevant problems are associated with the equations
(1.1), (1.2), namely, to find those ¥ and those initial conditions for (1.1),
for which

A) the local density p (r) has bounded support,
B) the total mass M :=4x [ p (r) r?dr is finite.

These problems had been completely solved for all positive solutions of
the Emden-Fowler equation (EF,,q) with p,¢ > 1 in [4] and investigated
in the relativistic case in [1]; the results have been applied in the stability
theory for the (VPS) in [3] and [10]. The problem in full generality seems
to be extremely difficult, as pointed out in [2]. Further partial answers have
been given by G. Rein and A.D. Rendall [27-29,31,32] for the (VPS) and the
Vlasov-Einstein system, where this problem also occurs, and by M. Heinzle,
A.D. Rendall and C. Uggla [11]. In [32] it is proven that the induced f has
compact support and finite mass if ¥ is of the form

v (E,F)=¥, (E)-F',

where ¥4 (E) = ¢+ (Ey — E)" +0 ((EO - E)ﬁ”) (E — By), with k > —1,
I>-1/2,k+1+1/2>0,k <1+3/2and ¢,§ > 0 (also the case of the
Vlasov-Einstein equations is considered). The result is generalized in [11]
to nonnegative functions ¥; € C! (0,00) such that ¥] is locally bounded in
(0,00) and ¥ (E) < const - E¥' for some k' > —2 near E = 0. The papers
[4,11] reduce the question to a phase space analysis for solutions of systems
of ordinary differential equations.

As for the Matukuma equation and related equations, almost the en-
tire work has been done for the E-solutions, beginning with the study of
Matukuma’s own conjectures about these solutions [24, p. 2]; among those,
whose work is more closely related to the present paper, we mention W.
Kawano, M. Kwong, Y. Li, W.-M. Ni, Y. Santanilla, E. Yanagida, S. Yot-
sutani [12-20,23,24,35-38]. In Section 9.4, we refer to their work in more
detail.

One aim of this paper is to develop a comprehensive theory of all positive
solutions ¢ of the Matukuma equation. The three different types of solutions
known from the Emden-Fowler equation also exist for the Matukuma equa-
tion, namely the E-solutions (which are regular at r = 0), the M-solutions
(singular at r = 0) and the F-solutions (with R_ > 0). Particularly the
M-solutions have an extremely rich structure. They correspond to stellar
dynamic models with a singular, but integrable local density at » = 0. In
this context we point out that the initial value problem for the (VPS) has
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been satisfactorily solved for bounded (smooth) initial data, but for singu-
lar data a proof for global existence is still open: the singular stationary
solutions, which we now know, are not contained in the class of initial con-
ditions of any theorem yielding global existence of classical solutions [30].
To fill this gap is certainly a promising new line of research for the (VPS).
Let us also mention the following result pertaining to the Vlasov-Einstein
system [33]: If a spherically symmetric solution develops a singularity at all
then the first singularity must appear at the center of the symmetry.

For the purpose of the latter applications, we derive asymptotic expan-
sions at » = 0 and at » = R = oo, even more accurate ones than those
known for the Emden-Fowler equation [4,5]. A first and powerful tool is
the method which was invented for a precise asymptotic study of (not nec-
essarily radial) solutions of certain semilinear equations at infinity [14,16].
This method begins with rough estimates and improves the accuracy step
by step to the desired extent. We show the applicability of this method at
r = 0 for the E- and M-solutions. In the latter case, we found in Section 5.1
that for ¢ > p every M-solution ¢ admits a splitting of the form ¢ = S+ 6,
where S is a singular and © is a regular part, which is an ” E-solution” of a
certain (singular) second order equation. For p < ¢ < p+ 1, S has the form
of a ”Laurent expansion” with respect to r97P with finitely many singular
terms.

The aforementioned paper [4] was based on the substitution

) 8 (0) A
) o) |

which maps the solutions of (EF,,q) onto the solutions ¢ = (u,v) of the
Lotka-Volterra system

u(t) =r1"

v(t)=r

uzu(q—u—pv),
v=v(-1+u+0v). (EESp, q)

The F-,E- and M-solutions and those with R < oo could be char-
acterized and analyzed by their limit sets L™ (¢), L™ (¢) in the quadrant
R* x RT, which can be found by means of the Poincaré-Bendixson theorem.
If one applies this substitution to solutions of the (M,,), one gets

o a . M

The coefficient ¢ (¢) is time-dependent, but the limits lim; , o, ¢ (¢) = 1 +
A limy 100 ¢ () = 1 exist, and this fact makes this system an asymptoti-
cally autonomous one. We can make use of a theorem of H.R. Thieme [34],
who has proved a structure theorem for the limit sets of asymptotically au-
tonomous systems and we profit from the fact that the limiting systems in
our case are just particular systems of Emden-Fowler type (EFS,, ¢), which
had been completely studied in [4].
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We have given an outlook of what the reader can expect in Sections 3,
4 and 5 which are devoted to the F-, E- and M-solutions, after the nec-
essary preparations in Section 2. Sections 6, 7 and 8 are devoted to the
solutions with R < oo, and with rapid and slow decay at R = oo. To derive
the asymptotic expansions at R = oo, we present another method, which
makes use of the visualization of the solution by the phase space analysis,
the representation of the (MS,,,) as a time-dependent perturbation of the
(EF,, q) and elements of the proof the Hartman-Grobman theorem. Section
9 addresses the questions A) and B) of finite R (i.e., the existence of a zero
of ¢) and finite M. The formula

M=¢l 2 47 — elim e 1.4
lezrirtl,T ¢ (r) CTITT?%T @' (r), (1.4)

1
.
% """ shows that B) is a question of the asymptotic ex-

where ¢:= [
pansions at » = 0 and R = oco. Though there are solutions whose graph
intersects itself, we have numerous sets of initial conditions for which the
F-, E- and M-solutions have finite or infinite R and M (see also the ap-
pendix with graphs which illustrate our results). Finally, we remark that it
follows from Section 2.2 that the (EFS,,q) plays the key role of being the
limit system for many other equations. But we refrain from extending our
results to more general settings.

2. Preliminaries

2.1. The different types of solutions of the Matukuma equation

Let K be a positive function in C* (RT) with 72K (r) bounded away
from zero for r — oo, and p > 1. Let ¢: (R_,R) — (0,00) be a maximal
solution of the more general equation

%2 (7‘2¢’), =—-K(r)¢?  onR" :=(0,00). (2.1.1)
Then 0 < R_ < R < o0. Let rg € (R_, R) and
H(r) = ¢ (ro)rg — /T K (s)¢(s)’ ds  on (R_,R). (2.1.2)

Then ¢ (r) = 2% and H' (r) = —?K (r) ¢ ()" < 0 on (R—, R). Hence the
limit

Hy = lllgl H(r) € (—o0, +9]

exists. If Hy > 0, then R_ > 0. In fact, if R_ = 0, then there exists
r1 € (0,79) with H (r1) >0 and H (r) > H(rl) on (() r1], hence

b (r) = 6 (ro) /¢ ) ds = 6 (o) — /H /¢

<otm)-H() [ G /¢ ds — —c0  (r—0),
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which is a contradiction. Hence R_ > 0. In this case there exists an Ry €
(R_,R) with H (Ry) = 0 = ¢’ (Rp): Otherwise we would have H > 0 on
(R_,R), H and ¢’ are bounded and ¢’ > 0. This implies R = oo and
¢ is increasing, so that H (r) — —oo by the assumption on K. This is a
contradiction, and ¢’ < 0 on (Rp, R) and H > 0 and ¢’ > 0 on (R_, Rg) by
letting ro = Rp in (2.1.2). Then lim, .z ¢’ (r) is finite and lim, g ¢ (r) =
0.If Hy <0, then R_ = 0. Assume R_ > 0. Then since H' < 0 on (R_, Ry)
there exists ro € (R_,71) so that H(re) < 0, ¢/'(r2) < 0, H and ¢ are
bounded on (R_,r2) and ¢ could be extended beyond R_. Hence R_ = 0,
¢’ <0 on (0,R) and the limit

limo (1) € (0.0

exists. In this case, we define Ry := 0 and have
Ry=inf{re(R_,R): ¢ (r) <0}

for all solutions.

Now we classify the solutions as follows. We have shown: Hy > 0 <=
R_ >0 <= Ry > R_. In this case we call ¢ an F-solution. Furthermore:
Hy <0 < R_ =0 <= Ry =0. In this case, if lim, o ¢ (r) < oo, we
call ¢ an E-solution, if lim, | ¢ (r) = oo, an M-solution.

Particular examples of (2.1.1) are the Emden-Fowler equation

%2 (r2¢) = —r 137, p>1,¢>1, (EF,, q)
and the Matukuma equation
1 , A2

- (1) = fm#’, p>1, A>0. (M,, )

We will show that the three types of solutions also exist for this equation.
As for the E-solutions, we will frequently make use of the following lemma
which is part of the more general Theorem 5.6 in [2, p. 172], see also [24].

Lemma 2.1. Let a € R and let h : (0,00) x R — R satisfy the following
conditions:

(i) h € C7((0,00) X R),

(“) Sh('7 a) € Llloc[ov OO),

(#3) there exists a number 6 > 0 and a function

Lo : (0,6) — [0, 00] with rLos € L']0,6],
such that for all r € (0,0) and uy,us € (o — 8, + 6] we have
|h(r,u1) — h(r,us)| < Loa(r)|ur — usg|.

Then the initial value problem

5 (P9) =h(r.6), 6(0) =a
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has a unique (mazximal) solution ¢ on (0, R) with ¢(0) := lim,_g ¢(r) =
a .
If, for some v > 0, we have

1 T
v+l / 52Loa(s)ds = O(1) (r — 0),
0

then ) .
T (1) — m/o s2h(s,a)ds — 0 (1 — 0).

2.2. Transformation to Lotka—Volterra systems

In this section we consider solutions ¢ of (2.1.1) on their intervals Jy, :=
(Ro, R). We define

QP (r) —¢'(r) ot

=9/ (r)’ o(r)’

Then ¢ := (u,v) : I, - RT x R*, I, :=1In J, is a maximal solution of the
system

u(t) :==rK(r) v(t):=r

uw=u(q(t) —u—pv),
‘- . B ) (2.2.1)
v=v(-14u+wv), with ¢(¢t) =3+ K(r) *

R*T x RT is an invariant set of this system (the positive u- and v-axes are
invariant). The inverse is

¢ (r) = (W) a : (2.2.2)

For (EF,,q) we have K (r) = r?~3 and thus obtain

i=u(q—u—pv),
v=v(-14+u+w). (EFSy. 9)

For (M,,») we have

7“)‘_2
K(r)= m, (2.2.3)
. 1 ) ¥ (1)
O O e B
satisfy
P (A (M5, )
with
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The inverse is

1

o(r) = ((1 + 7"2)/\/2 r~u (Inr) v (In r)) pj , (2.2.5)
@' (r) = —%(ﬁ (r)-v(nr),
and the limits
lim ¢(t) =14 A, lim ¢(t)=1

t——o00 t——+o00

exist. We define ¢ := 1 4+ X. Then (MS, ») is asymptotically autonomous
with respect to (EFS, ,) for t — —oco and to (EFS, ;) for ¢ — 400 in the
sense of the next section. The following decompositions:

o2t o oAt
H=qg—(qg—1)—— =q—(g—1 1) — 2.2.
q(t)=q—(q )1+e2t q—(g—1)e™ +(q )1+e2t (2.2.6)
e—2t or —4t
=1 ) =1 e —(g—1)—, (227
+ (g )1+6,2t +(g—1)e (q )1+e,2t, (2.2.7)

are useful for t — —oo and t — +00 respectively.

In the sequel unless otherwise stated, ¢ denotes a solution of (M, ») on
(Ro,R) with 0 < Rgp < R < o0 and ¢ = (u,v) is the associated solution
of (MSp.») on (Tp,T) with —oo < Tp =InRy < T =InR < co. And it is
always assumed that p,q > 1, A=q—1> 0.

2.3. Asymptotically autonomous systems
A system of ordinary differential equations in the plane R?
= f(t,x) (NA)
is called asymptotically autonomous with respect to the autonomous system
i =g(z) (A)

for t — +oo, if f (t,2) — g () as t — 400 uniformly on compact subsets
of R2. As usual we use LT (¢), L™ (¢) for the positive, negative limit set
and CT (¢), C~ (i) for the positive, negative half trajectory of an orbit (.

For asymptotically autonomous systems H.R. Thieme [34] has proved
the following theorem.

Theorem 2.2. (H.R. Thieme) Let ¢ on (7,00) be a solution of (NA) and
assume Lt (p) C K for a compact subset K of R?. If K only contains
finitely many stationary points of (A), then ezactly one of the following
(distinct) 3 cases occurs:

@ LT (p) consists of a stationary point of (A),
LT () is the union of periodic orbits of (A) and possibly center points
of (A), which are encircled by periodic orbits of (A) lying in Lt (p),
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© LT (p) contains stationary points of (A) which are cyclically chained by
orbits of (A) lying in LT ().

A similar statement holds for t — —oc.

As is clear from the last paragraph, we can apply Thieme’s theorem
to an analysis of (MS, ») with its autonomous limit systems (EFS, ,) and
(EFS,.1) being in the good position that the limit sets of (EFS,,) are
completely known from [4].

2.4. The linearization of (EFS, ;) at the stationary points

The system (EFS,,), p, ¢ > 1, has the following stationary points:

P = (0,0), P, = (0,1), Py = (g,0); for g < p: Py = (Z=4,451).
If the stationary point is P = (a,b), and if we introduce the coordinates
@ :=u—a,¥ := v — b, then we can write (MS, ) as a time-dependent

perturbation of (EFS, ,):

(Z> :A@) * (_ZZI%U) + (_(q_l) (gjLa)lif”)? (2.4.1)

with
_(q—2a—pb —pa
w1 ) s

For the following, we consider the linear part of (2.4.1).

For P; we have A = (g _01> with eigenvalues A\; = ¢, Ay = —1 and
eigenvectors & = (0,1), & = (1,0), and P; is a saddle.

For P, we have A = qu(l) with \y = ¢—p, Ao = 1 and & =
(g—p—1,1),& = (0,1). That is, for ¢ > p P is an unstable improper node.
In particular, for ¢ > p+1: 0 < A2 < A1 and P» is a 2-tangential improper
node with main direction &;; forg=p+1: 0< Ao =X =1 and P, is
a 1-tangential node with direction (0,1); forp <g<p+1: 0< X < A2
and P, is a 2-tangential node with main direction —&;; for ¢ = p: Ay =0
and P is an unstable 2-tangential node with main direction (1,—1); for
q < p: P is a saddle.

For P; we have A = (—q —pq) with Ay = —¢q, Ao = ¢ — 1 and

0 g—1
& =(1,0), & = (—1, (2 - %) %), and P; is a saddle.
or
—q g1
q<p:Py= (2_61]7;_1) =: (ug,v4) (ug +vg = 1),

Vg Vg

A= (v4—1p(v4—1))7>\172v4;i;m7
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where O(s) = 1—4ps (1 — s) with two distinct roots n;,2 = % <1 +,/1— %)
For vy > % &q > p—;l we have Re\; > 0,7 = 1,2 and Py is unstable. In
particular, for 1 < vyq < 1, P4 is an improper node and for % <wvg <M a

spiral point. For vy = % S q = pTH we have A\ o = i%\/p — 1i and Py is

a center. For 0 < vy < % & g < PZlwe have Re\; < 0,4 = 1,2 and Py is
stable. In particular, for ns < vy < 5 Py is a spiral point and for 0 < vg < 72
P, is an improper node.

2.5. The linearization of (EFS, 1) at the stationary points

The system (EFS, 1), p > 1, has the following stationary points: P, =
(0,0),P, = (0,1), Py = (1,0) . With the notation of Section 2.4 (here we
have ¢ = 1)

aw\ . (u —u% — puv _(-1-2a-pb  —pa
(v) _A(v>+< v + v >’Where‘4'_< b “1+a+2b)"

10

For P; we have A = (O 1

) and P is a saddle.

For P, we have A = <1 Ip (1)> with eigenvalues \y =1 —p <0, Ay =1
and eigenvectors & = (p, —1), & = (0,1) and P, is a saddle.

For P;" we have A = <_01 —0p> with A\; = =1, A = 0 and & = (1,0),
& = (—p,1) and and P; is a stable 2-tangential improper node with main
direction &s.

2.6. The flow of (MS,»)

From (2.2.6), (2.2.7) we have ¢ (t) < 0, so that ¢ (-) strictly decreases

from q(—o00) =g to g(+00) =1 on R:= {—oc0 < ¢ < +00}. We define

S (t,u,v) :==q(t) —u— pv, t e R,
W (u,v) :== =1+ u+wv,

and have (MS, ) in the form

w=uS (t,u,v),

0 =oW (u,v).
For functions F': RT x Rt — R, we let
Fy=r"'{0}, Fy:=F"{R"}, F =F"'"{R}.
So (1), t € R, is the straight line v = —%u + % with intercepts (¢ (¢),0)
and (0, %P). It moves downward in the closed strip Z between Sp (—o0)
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and Sp (+00) when ¢ runs from —oo to +00. Wy is the fixed straight line
v = 1 — u. Furthermore, we define

G (u,v) —u—l—]%l( -1).

Gy is the straight line v = — ilu + 1 with intercepts (Z5%,0) and (0,1).
Iftgq>p Poe Z Ifq> p;rl, we define T* € R by ¢(T%) := % and
T* =: —oc for ¢ < 2t Then Sy (t) C G_ for t > T*.

Lemma 2.3. Let ¢ be a solution of (MS, ) on (Tp,T). Let ¢ > %.
If o (tg) € G4 forty < T, then ¢ (t) € G4 fortog <t < T*.
If p(to) € G UGq fortg <T*, then p(t) € G_ fort <to.
If p(to) € G UGq fortg >T*, then p(t) € G_ fort > t.
If p(to) € G UGy fortg >T*, then p(t) € Gy for T* <t <tp.

ptl
< 2

For q < the last two statements are true for all tg.

Proof. We have

d
G (e (1) =

—p+1 +1
:u(q(t)—u+ p2 v>+p2 v(=14v).

v(=l+u+w)

Lo = u(g(t) — u—p)

If ¢ () € Gy, then —u = 2 (v — 1), hence

ug(q p+1v1)+_(p+1)vv)

2
u p+1
2
u(q(t) —q(T*)) > 0for ¢ > 2% and t < T*,
u

( (t) q(T *))<0f01rq>:”"’1 and t > T*,
<0 for ¢ < p“ and all ¢.

LT

p(t)eGo

>Q

p+1

This proves the assertions for tg # T%. If ¢ > , then from the above

and an easy calculation we have

LG (o (1)) =0,

| oirrean
(2.6.1)

d? _ @=EH -1+ *
G| . =) 1) <o,

which shows the claim also for tg = T* > —o0.

Remark 1. Essentially, the foregoing proof consists of the calculation

p+1
=u (q (t) — 2) .
(u,w)EGo

1
uS (t,u,v) + pt oW (u,v)
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. . .. L +1y -
The left-hand side is equal to (n, (%, )|, ,)eq, » Where n = (1, pT) is
a vector normal to Gy. The geometric interpretation of the result is then
clear: the flow is directed outward of G_ for ¢ > £~ +1 ,t < T*, and inward
for t > T*, and for g < p42-1 for all ¢.

Lemma 2.4. No solution ¢ of (MS, ) can converge to Py for t — —oo
nor for t — +oo.

Proof. We have P; C S4 (t) N W_, where 4 (t) > 0 and v (t) < 0 for all ¢.
O

3. F-solutions

For p,q > 1 we consider solutions ¢ of (M, ») on (Ry,R),0 < Ry < R <
00, and their corresponding solutions ¢ of (MS,, ) on (T, T'). The following
characterization of F-solutions implies their existence.

Theorem 3.1. The following conditions are equivalent:

a) ¢ is an F-solution, that is, Ry > 0.

) To > —o0.

c) C~ (p) is unbounded as t | Tp.

d) There exists tg € (T, T) such that u (tg) > ¢
) u

e)u(t) oo ast | Tp.

In this case, v(t) | 0 ast | Tp.

Proof. a) < b) follows from the definitions for Ty and Ry.

b) — ¢): If C~ (¢) were bounded, the solution ¢ could be extended to
a solution @: [Ty, T) — R{ x RF. But @ (Tp) is not a point on the axes,
hence ¢ (Tp) € RT x RT and ¢ could again be extended beyond Tp. This is
a contradiction.

c) — d): If d) were not true, u would be bounded and v must be un-
bounded as t | Tp. Hence there exists to € (To,T) with vy := v (tp) > 1.
We have © > v (—14 v). The solution of the initial-value problem z =
z(=142), z(to) = vo is

z(t) = ﬁ with c¢:= UOTOle_tO on (—oo,ln i)

and we have v (t) < z(t), To < t < to. Because z (t) — 1 (t — —o0) v is
bounded on (Tp,to]. This is a contradiction.

d) — b), e): Let up := u (o). We have &4 < u(q (t) —u) < u(qg — u). The
solution of the initial-value problem 2z = z (¢ — z), z (to) = uo is

= 1 1
z(t) = — 9 with =L %0ato < on [——In(—-],%
1+ ce—2t Ug q c

and we have u (¢) > z (t) as long as u and z exist. This implies b) and e).
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e) — c¢) is trivial.

Now we prove that v (¢) | 0 for ¢ | Tp. With ¢ as in d) it is clear that
o (t) € Wi N S_(t) (see Section 2.6) and hence v > 0 on (Tp, tg]. Assume
limy 7, v (t) = ¥ > 0. Then

v(t)=vt)(=1+u(t)+v(t)>v(t)(g—1+v(t)>0(q—-1+0)>0
for (T, to] and this contradicts o > 0. O

4. F-solutions

For p,q > 1 we consider solutions ¢ of (M, ) on (0,R), 0 < R < o0,
and their corresponding solutions ¢ of (MS, x) on (—o0,T), T :=1InR. Let
K be defined by (2.2.3). Also, let ¢ (u) := v(t(u)), where ¢t = t(u) is the
inverse function of w = w(¢) in a neighborhood of P5 (where @ < 0). In the
following theorem we characterize the FE-solutions, from which also their
existence follows.

Theorem 4.1. Let p,q > 1. The following conditions are equivalent:

a) ¢ is an E-solution.
b) There exists some o > 0 such that

6 (r)=a— s L+, }

¢ (r) = _,\OflT)\_l [14+0(1)] (r—0). (4.1)

c) r*~L@P is integrable at 0, which implies that there exists o > 0 such that

o(r) = oz—/r (1—2)sK(s)¢F (s)ds, r> 0,
O (4.2)
¢ (r) = *%2/0 s2K(s)¢P (s)ds, r > 0.

d) There exists o > 0 such that for r — 0
— of A a?P! 22
¢(r) =a—- 535757 + eoaneTn”

Ao A A4min{4,2\
R Toemypena LA S O (et {2ah),

P _ a2p—1 _
¢'(r) = - s

+ 2(/\>\0—4:3) rAtL + O(T)\—l+min{4,2)\}).

e) There exists o > 0 such that

” (t) =A+1— paP—1 et >\(>\+1)62t + O<emin{4,2)\}t)’

22+1 13) )
_ aPl AMD—CAD]aP ! )
v(t) = (O;\H)e ‘ [1 - I ,\(,\+{)(2>\+]1) e

_;\((i\i-;; 2t 4 O(emin{4,2)\}t>] )
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f) ¢ (t) = Py (t = —00).

In this case

¢(0) := lim ¢ (r) = o,

r—0
and — BEL A< 2
o, , p(AH1L)? ’
}LIE}IU (u) =17 (q) = —3(;;2771@7 if A =2,
0, if A > 2.

Proof. The existence of E-solutions follows from the possibility to solve
the initial-value problem locally with ¢ (0) = «; this follows from Lemma
2.1. If we let

Loa (r) = pK () |a + 87~

then
1

T 9
— Lo (s) d
r'\+1/0 5" Loa (s) ds

is bounded near zero and the same lemma implies

1 T
g (r)—m/o s*K(s)aPds =0 (r—0).

L’Hospital’s rule gives
aP
A1
Hence a) implies the second equation of b), and the first follows by integra-
tion.
a) < c¢)<b) are straightforward (see also [24, p. 8]).

b) = d): We will stepwise improve the asymptotics. We begin with (4.1)
and have

1 T
li T 2 Pds =
lim 1/0 s°K(s)aP ds

6 (r)=a+0@) (r—0).

Using
—1aP2
(a+x)? :ap+pap*1m+p7(p 2)a z® + 0(z%), (z — 0)
1 A g 4
TraE g O, (=)

and (4.2), we get
2 1) = - [ PR (5
= —/TSA[l +0(s%)][e? + O(s*]ds
0

= —/ s [aP + O(s™in {2 ds
0

aP ;
_ ,r,>\+1 + O(Tmlll{/\+3’2)\+1}),

S (A+1)
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_(Ao_fl),r.)\fl _’_O(,],.min{)\+172)\71})7

4.3)
— _ar min{A+2,2)} (
o(r) =« /\()\+1)r +O(r ).

Inserting (4.3) again into (4.2) we obtain
' (1)
= —/ s2K (s)¢P (s) ds

0

p

" )\ (0% .
— A 242 4 P p—1 [ _ A min{A+2,2X} 22
/Os 15"+ 0(sH)][a? + pa ( oI +0(s )>+O(s )|ds

r 2p—1 \a? .
— ATp po A ar 9 min{4,2\} d
/Os [ )\()\+1)3 55 +O0(s )]ds
o’ o pa*P! 2241 S in{A+5,30+1}
- _ O(p™min R
orn” Taxoronman” Tangg” TOU )

and the equation for ¢ follows by integration (note that min{4, A +
2,22} = min{4,2)}).
d) = e), f) : we have

P )

u t =
€ (14722 = (1)
_ . p
B T)\—lap [1 _ )\?:+11) ’f‘>\ + O(rmln{/\+2,2/\}):|
A2 qp _ p—1 A(A+1 min
(122 parm=t 1= petiopd - J0EHy2 4 O(pmint423)) |

p—1 .
_ |:)\ +1— pOé)\ ’I“)\ + O(rnlln{/\+2,2>\}):| |:1 _ %7‘2 + O(T4):| .

paP”t L A+ min{4,2)\}
1 )
X{ xorn” Taoas” O )

paP”l o A+ in{4,2)} t
A 1- - O(rmini4, -
+ i’ ()\+3)r +O(r ), r=e

v(t)
’ P — aP~1 AA+1) min{4,
—¢ (r) (/\(iH)TA - AI()z,\H)TA ~ 2043 r? + O(rmint4 2A})}
=T =7r . :
(b (7") o — mr,ﬁ\ + O(Tmln{)\+2,2)\})

aP”t paP~t A+ min{4,2\}
P [ @D a2y Tor )}

aP~1

A+ 1)
7 [PA+1) — (2A +1)] aP~ ! AA+1) min{4,
- (A+1)TA [1 T A+ DA " 203 O N m)}’

o + O(Tmin{)\+2,2)\}):|
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r = e* which is e), and f) follows.
f)=-a): We specialize (2.4.1) to @:=u — ¢, ¥ = v and have

i = —qi — pqu — @ — piv — A (i +q) g(t), g(t)::lfzu} (4.4)
v =v(A+u+uv}).
Let € (t):= @ (t) + v (t) — 0. Then, for some ¢
V() = v (to) e Mo M £ 5,
If le (t)] < d < A for t < tp, then
v(t) < Ag eP Ay i= v (ty) e A,

If ¢ is integrable at —oo, then for some A > 0,

v (t) = Aer . el ) ds 4 <y (4.5)
We may assume £ — @ > 0. Then
1 .
3 (@®) = —(¢+1u)a® —pu*v— Mg (t) —q(pv+ Ag () @

< —(q+u)u*+ g ((pv +Ag (1) + 112)
<q (PP’ +Xg7 (1)),

7 (t) < 2 (p2 / "2 (s) dst / 2 ds) (4.6)

— 00 — 00

<2 (pQA(Q) 2(A=0)t 4 )\264t) :
i (t) -0 (emin(Z,)\—é)t) )

We have shown that ¢ is integrable at —co. Hence with (4.5)

V() = AcM [1+o (/t (@(s) + v (s)) ds)}

— 00

— Ae)\t |:1 + 19) (emin(Z,)\)t):| )
Together with (4.6) we get @ (t) = O (™Mt |

U=—(A+1)a—AA+1)e* — p(A + 1) Ae* + O(emn 4211,
[6(A+1)tﬂ] - A+ 1)e(>\+3)t —p(A+ 1)A6(2/\+1)t + O(emin{)\+5,3)\+1}t)’

LAY 5 pA )
ut) =——\3° A+ 1
AA+1) o p(A+1)

— 1— _ A At min{4,2A\}t
u(t) = A+ 13 € o1 e +O(e ),

Ae)\t + O(emin{472)\}t)’
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and with (4.5).
AA+1) p(A+1)—(2X+1)
— At 1— 2t
v(t) = Ae 20 +3)° A2A+ 1)
The asymptotics for u, v imply with (2.2.5)
P r) = (1 +r)M2ru(Inr) v (Inr)
—gA=a’"! (r—0),

Aekt_'_o(emin{4,2)\}t) )

This shows a).
We still have to show the last statement:

' (q) = lim v(®)

= ulh) — q

o1 A PO+ —(@A+D]aP™ At AQA+D 2 min{4,2X
_ 1 oD € ' [1 - AOTDE ) ¢ i 2(013) ¢ b O(emin{®:2M)
R e _parml ¢ AQ+D) o9t + O(emin{4,2A})

2x+1 € +3) € €
A+1
_p()\il)’ if A <2,

_ 5aP "1 : _
= “3partrop TA=2

0, if A > 2.
On the other hand
v(—1+u+v)

1. N — 1.
0= e —u—p)
= —— lim v = lim
A+ 1to—c0q(t)—u—pv TN t50 at)—u ’

=D
q(t) —u g —Xg(t) —u
v v

- A4+1— het — {)\ 11— pzo;\z:ll A _ >\(()\>\:31)) th} + O(emin{4,2/\}t)

(03\1:11) et [1 + O(emin{Z,/\}t)]

P ifa <2,

paP”t xt 2\ 2t min{4,2A}t
_ 2L °¢ 3¢ +0(e ) 3(par—1—4

— 3(paP"t—4) . _
%ekt [1 4 O(emin{214)] o Ui =2,

—o0, if A > 2,
so that
lim 9" (u)

u—q :A—Fltl}znoo Q(t?*“_p:v (q)D
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5. M-solutions

In this section we let p,q > 1, and consider solutions ¢ on (0, R), 0 <
R < oo, and the corresponding ¢ on (—oo,T), T:= In R. Our aim is the
characterization and description of the M-solutions. We have to distinguish
between the four different cases: ¢ > p (with the three subcases, ¢ > p+ 1,

q=p+1,p<q<p+1),g=p, q<p(but ¢#2) and ¢ = 2L

5.1. The case ¢ > p

In this section we show that the M-solutions are characterized by the
property that their ¢(t) tend to Py as t — —oo.Though the existence of
such solutions will follow later, the asymptotical stability of P for t — —oo
follows from specializing the general linearization (2.4.1) to Pa:

(5) =40+ (o) o (=)

_(a—-p0 o
A.—( 1 1), v=v—1.

A has the two positive eigenvalues \y = ¢ —p > 0, Ay = 1. It is possible
to extend the classical theorem for asymptotic stability to this case where a
time-dependent perturbation with the estimate ¢ - %! |u| appears. We omit
the details. Hence any solution ¢ starting in a small neighborhood of P,
with a sufficiently negative ty will converge to P; as t — —o0.

with

Theorem 5.1. Let ¢ > p. The following conditions are equivalent:

a) @ is an M-solution.
b) There exists ¢ > 0 such that

6(r) = ~[1+o(1)],

(5.1.1)
¢ (r) =~ [1+o(1)], (r—0).
c) There exists ¢ > 0 such that
u(t)=c el P14 0(1)],
v(t)—1=0(1) (t > —00).
d) ¢ (t) = P2 (t = —o0).
In this case .
r?¢ = —c— / s2K (s)pPds, (5.1.2)
0

and c is uniquely determined.
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Proof. For a) — b) we extend arguments for (EF, ,) [5, p.504] to our case.
The function z (t) := ¢ (3) defined on (4, 00) is an unbounded solution of
the equation

1

S (t) 4+ fa () 22 =0, where fy (t) := W

(5.1.3)

We multiply (5.1.3) with 2’ and integrate by parts from ¢ to to > %:

() /t (g 2 (8) 11 (to)
_ (s) Z o)

27 07+ (0 ds = &1+ I (10)

p+1 A p+1 p+1
Because f} < 0, 2’ is bounded, and there exists a constant K > 0 such that
2(t) < K- fr ()77,

Because for ¢, 7 > tg with (5.1.3)

z%ﬂawzﬂugﬂwma

and 1
a(s) 2P (s) < Kf’fi_f’T — KP [tQ (1 +t2))\/2} P+

is integrable (— (2+)\)p—i1 < -1 <= 14¢>p+1 < g > p), the limit

lim; o0 2’ (t) =: ¢ exists. Because z is unbounded, ¢ > 0. Assume ¢ = 0.
Then
(o)
2 (t) = / I (s) 2P (s) ds. (5.1.4)
t
We define

ro:=inf{r eR; 2/ (t)=0(t") }.

Because 2z’ is bounded, we have o < 0. For r > r¢ we have with (5.1.4)
z(t)=0 ") and 2 (t)=0 (t*27)\+p(r+1)+1) ’

hence ro < =2 —A+p(ro+1)+1=p(ro+1)—(A+1) <= r9+4q <
pro+p < q—p < (p—1)rg = 1o > 0, which is a contradiction.
Hence ¢ > 0 and
St =cll+o(D)]  (t— —oo),
r?¢'(r)=—cll+o(1)]  (r—0),

and b) follows.
b) — ¢): With (2.2.4) and (5.1.1)

o m Sh+o(1)] p—1,A+1-p o(1)] —
O = T STre) e
oy =r2 POl gy e o0,

Tt +o(1)]
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c) — d) is immediate.

d) — a): ¢ is an M- or an E-solution. In the latter case, ¢ (t) — P5 by
Theorem 4.1, which is a contradiction to d).

Finally, (5.1.3) follows by integration, because r*¢? is integrable at 0.

O

In the sequel we represent the M-solutions ¢ in the form
p=5+06, (5.1.5)
where S is a singular term of the form S = £P(r) with an elementary

explicitly given function P of r with P (r) =14 0(1) (r — 0), while © is
a (regular) solution of the initial value problem

Loy = p_ L o2gy
TQ(T@)— K (r)(©+5) r2<7‘S),0<7‘<R (5.1.6)
(9(0)::111%9(7):ﬂ€R.
In terms of P, we have
i 201 _ ¢ p_f 1
5 (%0 =—K () (5P+6) - <P
cP r V4
- _ ¢ pr 2 _
——K(r) P ((1+CP@) 1) (5.1.7)

+ ,Ep// _ Cpruﬂ?L
r (14 72)™?

=:hy (r,0) + ha (7).

Because
r

cP
we remark that hj (r,©) satisfies the assumptions of Lemma 2.1. We are
going to derive the different forms of P and the asymptotic expansions for
O in the subcases ¢ > p+1,g=p+1, p < g < p+1 in the following three
subsections.

K (r) :—ZPP (r)=0 (r*?7?) and <1+ 9)1)_1 =0(r) (r—0)

5.1.1. The case ¢ > p+1
Theorem 5.2. Let ¢ > p+ 1. Then

a) Every M-solution ¢ has the form ¢ = S + O, where
c

5(7“):;

and © solves (5.1.6) and has the expansions

SN S U N N pe
g—plg—p—1 clg—p+1)
1 B e e
er:—c”[ rqp2+rq”1]+orqp1
) q—p clg—p+1) ( )

for some uniquely defined constants ¢ >0, B € R.
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b) Conversely, given any ¢ > 0 and € R, there exists a unique solution
O of (5.1.6) with S (r):= £ and ¢:= S + O (as long as ¢ is positive) is
r
an M -solution.
In this case we have

O(r)=B— [y (1-2)sK(s)[£+0O(s)]" ds, 0<r <R,

u(t) = P~ telap)t {1 + 222 40 (emi“{lq—”}t)} , (5.1.8)
v(t)=1- BTet + % +0 (e(q+1—p)t) . (t— —00),
and
oo, if B <0,

lim &' (u) =4 (0) =< oy F6=0,

—o0, if B> 0.

Proof. a) Let ¢ > 0 be determined by Theorem 5.1. Then -5 [ s*K (s)¢Pds =
O(r*~P~1) is integrable because A —p > 0 < ¢ > p + 1. Hence, we have
from (5.1.2) with 7o € (0, R)

o) = S = Z o) = [ 5 [ 2R e

:C—|—ﬁ—/T:iZ/0052K(s)¢p(s)ds

r

::S—F@(r), 0<r<R.

We define S (r):= £ and see that O satisfies (5.1.5) and (5.1.6) with % (rzS’)/ =
0. Hence (5.1.8) follows by partial integration. Any equation <t + 0 (1) =

€2 40, (r) implies ¢; = ¢z and Oy (r) = O3 (r), which shows the uniqueness

of ¢,© and . Now we remember © (1) = 5+ 0 (1) and have

/ _ _i ' 2 ¢ b
)= 3 | K S +6(s)] ds
p [T P
_ _% SAfp(l + 52)7% |:1 T S@(S):| ds
r 0 c
D T
=-5 [ S+ oY) [1 T o(s)] ds
r 0 &
D T
= _%/ AP [1—1—1)554—0(8)} ds
T 0 &

= < ' {s/\—p + @s/\-i-l—p + o(s)‘H_p)} ds
0 Cc

1 - B . _
— _ P A-1-p A—p A—p
¢ {)\—i—l—pr Jrc()\+2—p)r }JFO(T )
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and the expansion for © follows by integration. This shows a). b) Given ¢, 5,
we define S (r):= ¢. Lemma 2.1 tells us that (5.1.6) (where (7"25’)/ = 0) has
a unique solution O, and ¢:= S + O is an M-solution. Finally, using (2.2.4)
and ¢ = S + O we get

u(t)

P _ _ _ p
o [? 8- 5 {A%p’"A P+ ke p} +o(rAt17P)
B /2
(1+7r2)Y S+ [ﬁl_prkflw + 7C(Af§_p)rkfp} +o(rrp)

p
cPmlpAtl-p [1 + % + O(TA‘H—P)}
(1+r2)M2  1+0(r+1-p)

FLaiip 14 p ["— + 0(M+1—p)} + O3
1+ 0(r?) 1+ O(r A 1-p)

1 _'_p% _|_O(,rmin{2,/\+17p})

p—lr)\—o—l—p
1+ O(rmin{Q,A-‘rl—p})

_ cp—lr)\-&-l—p |:1 + Zﬁ 4 O(Tmin{Q,A+1—p}):|
C

and similarly

o(ty = r—2 )
¢ (r)
2+ |:/\+}—p’r>\_1_p + c(,\-fg—p)r/\_p] + o(r?~P)
=r
% + ﬁ - )ﬁ:'{;p {ﬁrk—p + c()\jjgfp) rk+1—p:| + O(T)\+1_p)

—1, 41— 1 3 At2—
1+ cpmipAtizp [/\pr + c(/\f’r%p)r} +o(r*27p)

B 8 p—lpAtl-p [ 1 8 Ao
L4 = R [+ ] o)

p—1, A+1—p
—1— pr + % L O,
c —-p
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Hence
-1
70 = tm 201
t——o0 U (t)
. 7% C:D—le;i-;l—p)t + O(e()\+27p)t)
= lim
t==00 p—lo(A+1-p)t |1 4 &Cet +O(emin{2,)\+1—p}t):|
oo, if B <0,
= %,pv if 6 = 07
—o0, if 8> 0.
and
) -1 0 1
lm ¢ () = lim S gy 2CEIHuFY)  VOFL g g
u—0 tm—sod(t) t——cou(q(t) —u—pv)  q—p
(5.1.9)
5.1.2. The case ¢=p+1
Theorem 5.3. Let g =p+ 1, i.e. A =p. Then:
a) Every M-solution has the form ¢ = S + ©, where
S(r)= % —cPlnr (5.1.10)

and © solves (5.1.6) and has the expansions

O(r)=p0+L5c* trinr — B~ (3P +28)r +o(r)

O’ (r) = 5~ nr — P~ (3c? +26) +o(1), (r—0)

for some uniquely defined constants ¢ > 0, B € R.
b) Conversely, given any ¢ > 0 and B € R, there exists a unique solution
O of (5.1.6) with S given by (5.1.10), and ¢:= S + O is an M-solution
(as long as ¢ is positive).
In this case © satisfies (5.1.7) with P(r) = 1 — c?~lrlnr, P"(r) =
,,_1, so that

ha(r) = & (1 _ Pp(r)) =2era+oq)), (5.1.11)

C

r (1 _|_,r2)10/2 2
u(t) = cP~ et [L — peP~'te + O(eh)] |
v(t) =14 P el + O(e?),

and
lim o' (u) = 9" (0) = —oo0. (5.1.12)
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Proof. a) Let ¢ > 0 be given by Theorem 5.1, which also gives
A D
2 Py— > & (5 P 2 P
PR () = o (0 0) =@ 1+ 0() o)
=c(1+0(1)),
1 /" P 1
O e B O O +()

r r2 r r r

o(r)= 7—cp1nr+0(1nr) (1—cp_1rlnr+0(r1nr)),
r
2K (s) ¢P (s) = (1—pcp 'slns+o(slns)),
R
¢ (r) = . —|— 5¢ Inr+o(lnr),
o (r)= cplnr+§ A rlnr +o(rinr).
We define S (r):= ¢ — cPlnr and O (r):= ¢(r) — S(r). Then © satisfies

the differential equatlon in (5.1.6), and because @ = ¢’ — S’ is integrable,
© (0) =:0 exists. Again,

2K () ¢" (s) = 52K (s >;Z(Z¢<S>)p
=@ (140 (s ))(1—cp slns+ > -~ (B+o(1 )))p7
G === [ PR ) ds
:*%*g (1 petoms + P so(0) s

P P oop1 P8,
:fﬁf7+2 APy — 402” 177017 L4o(1),

o' (r) = gczp’l Inr— %czp’l - p?ﬂcp*l +o(1).

The expansion for © follows by integration and the uniqueness is shown as
above. This shows a).

b) Given ¢, 3, we define S (r):= £ —cPInr = £P (r) and (5.1.11) follows.
Together with the remark following (5.1.7) we see that the assumptions of
Lemma 2.1 are satisfied, and (5.1.6) has a unique solution ©. Then ¢:= S+6
is an M-solution.

Finally,
u(t)
B o (O I . <[t =P~ trinr +O(r)]”
B (1+72)M2=¢' () B (1+r2)M? =S [1—cr4+ 5 2r2Inr 4+ O (r2Inr)]
A [1—ctrlnr+0(r)]"

(1+ 7"2))‘/2 1—cr=tr 4+ LeP=2r2Inr + O (r21nvr)
= [1 —pP " Lrinr + O(r)] ,r=¢
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and
— c)\
g =te {3- — 25— lnr 4 A(fm)} +o(1)
t _— f—
1)() r ¢(7«) r %—CAIDT—FﬂT’—FgCQ;D_l""ln’/‘-i-O(’r)
_ A
141 [r — ’\C; “r2lnr+ ’\(C;C’w)rﬂ +o(r2)

B 1—c1lrlnr+ %r + gc2p—2¢2 Inr -+ O(TQ)

=1+ rlnr +O(r),
hence

o' (0) = lim vit) -1
(0) tlfoo u(t)

_ fim A tet + O(et)
~t——o0 A let [1 — MM Ltet 4+ O(et)]

= —0OQ.

Because lim ¢’ (u) = LAOL2 (5.1.9) this shows (5.1.12). O

u—0 a-p

5.1.3. The case p<g<p+1

Theorem 5.4. Let p < g < p+1. Let u:= q—p € (0,1) and ko € N such that

kop <1 < (ko + 1) . Then there exist constants dy:= ﬁ, day ... digt2

depending upon p and q with the following properties:

a) Every M-solution ¢ has the form ¢ =S+ O, where

; [1 + % dipl} , pr=cP ek
= if (ko +1)u> 1,
¢ {1 5 i+ dk0+1c(k°+1)(p_1)rlnr] ,
. if (ko+ 1) =1,

(5.1.13)

and © is a solution of (5.1.6) with the expansions

B+ dyg g1 B0t DE=DFL kot Du=1 g (o +1u1)
if (ko+1)p>1,
B+ dyyroctkot =D+t iny 4o (7 In7)
if (ko+1)p=1,

O(r) =
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(k1) 1= 1) g e DD 2 g (R -2
if (ko+1)p>1,
pidgg2cFoF D@D+ n=1n p o (pr=L1nyr)
if (ko+1)p=1,

O'(r)=

for uniquely determined constants ¢ > 0, 3 € R.

b) Conversely, given any ¢ > 0 and § € R, there exists a unique solution
O of (5.1.6) with S given by (5.1.13) and ¢p:= S + O is an M-solution
(as long as ¢ is positive).

In this case © satisfies (5.1.7) with P (r) = S (r) and

C

ho (r) = O (rkotDun=58) 4f (ko +1)p > 1,
P00 (2 ) df (ko +1) =1,

u(t) =cPltert [1 + R ?1_71@ et | 4o ()
v(t)=1- lcp_le“t +o(e"),
1
and )
iii%’f)/ (u) =9'(0) = e
Proof. a) Let ¢ be determined by Theorem 5.1, which also gives

sPK (s) ¢F (s) = ’s" 1 (1 +0(1)),

¢ (1) = =5 = =0 (12,
c cP
QS(T):;_M(M—DTM "+o(rh) 4+ A
¢ ? p—1 pn—1 ¢ p—1,.1 W
EATETN +o () =~ [T+ dic” " 4o (r)]

(see the proof of a) of Theorem 5.3), because p < 1. More generally, assume
_¢ p—1,.p —1..u\* kp
$(r) =~ [L+die it ot dy (FIrH) T 40 (r) (5.1.14)

with constants d; = d; (p,q), i = 1,...,k, where ku < 1. Let us introduce
the notation
Yi=dip+---+dpp", o :Z’Jro(pk).

Then for j € N,

w=0(). @ =3 (1) 20 (%) = 5 o).
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so that
—Dp-k+1
(1+a)p:1+po+-~-+p(p )55 + )ak+0(ak+1)
—Dp-k+1
Cppya..s 2 )g + )2k+0(p’““)+o(p’“)+O(2k+1)

= 1+(§1p+~~+dkpk+o(pk)
with appropriate definition of d; = d; (pyq), i=1,...,k Hence
K (5) 9P (s) =cPs* 71 (140 (s*) 1 +0)°

k
1+ Zciici(pfl)si“ +o0 (s“k)l

i=1

= P!

k
— ¢ lcplsul T Z di D=1 gl Du=1 4 <S(k+1)u1)] ,
=1

k .
r Iz - p+Dp
2K (s) ¢P (s)ds = ¢ cp’lr—Jr E d;clitDp=1) + o (stktDm
/0 ()97 (s) wo (G+1)p ( )

i _
¢ (r) = —S ¢ [icplr“Q + Z T _:izl) Mc(”l)(”’l)r(”l)’“2 +o (r(k“)“z)]
i=1

c L op1 u—2 - di_ i(p—1),.iu—2
= — — | =P _’_2.76117 ),rz;,a
H i P
b e ka2 (T(kJrl)u*?) .
(k+1)p

The first k£ terms in the bracket are not integrable at 0 because kuy < 1.
Integrating from rg > 0 to r we get, with some § € R,

P
C 1 _ _ di—l i(p—1) iu—1
d(r)=—-+c|——P P 4 et —C I
=7 (1= p) ;w(l—w)

L h e B - /r R A )

(k+1)p ro
d_
If(k+1)p<1 wefindd; = ————— i=2_... kand

i (1 —ip)

6(r) = [Ltdipt- o dp + dpsapt 0 (r0T1)]
r

m, that is, (5.1.14) holds for k+1. By induction,
we can repeat the process until the biggest k with ku < 1, which is kg. Hence

where dj41:= 0
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(5.1.14) also holds for ko. If (ko + 1) u > 1, we have for k = ko

ko

1+ dip!

=1

6(r)=" + B+ digyr Pt DH (ot i g (r(k‘)“)”) :
r

The singular term S and the regular term © can now be read off. In the

case (ko 4+ 1) =1, we let D = —dj,,cFotDP=D+1 and we have
c N ~
¢ (r) = - 1+ Zdisz + 06— alkoc(ko"'l)(:”_l)+1 (Inr —Inrg) 4+ o(Inr)
i=1
ko
=-|1 —i—Zdisl +D-rlnr+o(rinr)
i=1

We need a further iteration. We let
Yi=dip+ -+ dgp®, L(r):=Drlnr, o:=X+L+o(rinr).

Then for j > 2,

ol =59 +Z_: (Z) (L +o(rnr) + (L+o(rinr))’

j—1
=S 4> 0 )L (1+o(1)+ L (1+0(1) =5 +o(rlnr),
=1
so that
(1+a)p:1+pa+@02+...+p(pfl)"'k('P*koJrl)gko+O(0k0+1)
:1+p2+WEQ+...+p(p_1)"'k<'p—k0+1)2ko+pL
—|—O(Z‘k°+1) +o(rlnr)
ko
=14+ dip'+0 (p*) + pL+ 0 (p"*") + o (rInr)
i=1
ko

:1+Zciipi—|—pL—|—o(rlnr)

=1
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for suitably chosen d; = d; (p,q), i = 1, ..., ko; note that pFo+? = kot D=1
Hence as above,

2K (s) ¢ (s) = cPst™!

ko
1+ Z d;?P~ Vg 4 pDslns + o (sln s)]

=1

ko
=c [c”_lsl‘—l + Z d;HD =1 g+ Dpu—1 4 pDs"Ins 4 o (s"1n s)] )
i=1

]Co T
1 diy , .
(b/ (T’) _ 77‘% —c [MCP1TH2 + ; chz(pfl)rz,u72 + dkgc(ko+1)(p*1),’,71
D
T S PR (r*'Inr)
p+1
c Koo d, , ,
¢(r)= ~te P cPlpp=1 4 Z w(ll: o A=Dpin=1 4 g kot DE=1) 1 .
i=2
PD (hot1)(p-1)+1
4+ B4+ ————c\oTIP rlnr+o(r¥Inr
p(p+1) ( )
c . .
=t > dip' + diy 1B In r]
i=1

+ B+ dypocFotVEP=DF Ly o 6 (#F Iy

—p dko
1

where dy,41:= diys drgt2 = 507 3

This shows a).
b) With the constants given we define S as in a) and P (r):= £S5 (r). Let
(ko +1) u = 1. Using the relation between the d;’s and the d;’s one easily

shows
k:(] ~ .
i=1

and S and @ can be read off again.

P" (r) = =P~ tppt2

Furthermore, we remember

ko
PP(ry=01+X+L)"= 1+Zd¢pi +pL+o(rinr).
i=1
Hence with (5.1.7),
n—3
ha (r) = =~ P" (1) = & —— 5 PP (1)

r (1 +T2)/\/2
€ Hu -3 -3 2\ —A/2
=—=P"(r) = cPr* > PP (r) + Pr* > PP (1) (1—(1+T ) )

r
1+Zdipl - (1 Jrz:dipZ +pL+0(rlnr)>

i=1 i=1
=r*2.0(rlnr) =0 (r**Inr).

— Ppi—3

+ 0 (7’“71)
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The case (ko + 1) > 1 is similar. Hence ho satisfies the assumptions of
Lemma 2.1, and together with the remark following (5.1.7) we see that
there exists a unique solution © of (5.1.6).

Finally,

P ()

u(t) = (1 +T2)/\/2 —¢' (r)

p
pA-1 [% (1 + #(1 m) Pl Cko(iﬂfl)dkorkou + 0(7”“0“))}

A/Q C — U d — 0 ko1 L
(I4+r2)"" < {1 + ECP R S G " to(r (kO‘*‘l))}

P
P—1pa—p {1 + u(l ) Pt 4 o= gy pRon 4 o(rko“)]

= (1 +T2)/\/2 1+ Cp lpw 4+ (k:fl)u (cp_lru>k=0+1 1o (ru(ko-&-l))

1 g q—1 -1
=P lpamp {l—i-cp rt +o(r*)|,
(1 = )

and

v(t)

ko+1 Yo (Tu(koJrl))}
=r

1 —1
_¢ [ R et g ()
C
b

(1 + ( i Lpp 4 4 cho(p=1) @y, rkon o(rkou))

1 p—1,.u dio p—1,) 0" p(ko+1)
1+ i 4 . +(k0+1) (c r) +o(r )

]_-|- ( u) cP— 17"H + ...+ Ck?o(p l)dk rkOM + (rkOH)

1
=1— ——cP It £ o(rh).
L

Hence, with (5.1.9),

_ 1 _p—1_ut pt
) —1 —c’ e +ole
¥ (0) = lim %:thm 1“+ - )
0o u( ) X p—1leut |:1 + Z(lliﬂ)cp—leut +O(€Mt)
1
=———=1lim% (u). O

1—,u, u—0
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5.2. The case ¢ =p

There exist solutions ¢ for which ¢ (t) — P2 (t — —o0). In fact, because
q> pTH, by Lemma 2.3, if ¢ (tg) € G_, ¢ (t) € G_ for t < t;. By Thieme’s
theorem and the absence of Cases ® and © for the limit system (EFS, ;) [4,
case n = m + 3], ¢ must converge to a stationary point. It cannot converge
to P; by Lemma 2.4, and P; ¢ G_ because q > %. Hence ¢ converges to

Ps.

Before proving the main theorem of this section we first establish the

following lemmas.

Lemma 5.5. Consider the differential equationy’ = r (t) y+b () on (—oo, to].

If r(t) = rg > 0,b(t) — by € R (t = —00), then
yt) — -2 (= —c0).

Proof. We let R (t) = [/

1, 7 (8) ds and have

y () = A0 [y ()~ | " bs)e e ds}

— R [y (to) — /t ’ (—r ()20 4 b(s)) e~ Fle) ds} L.

To To

Given ¢ > 0, there exists t; < tg such that for s < t;

—r(s) b +b(s)
To

€

< —rg<er(s).
2

For t < t; we write ftto = ttl + fttlo and then have

t1 t1
/ (—r (s) b + b(s)) e B ds| < 5/ r(s)e B ds
t To t

eyt < tg.

—c (e—Ru) _ e—R(n)) < ce RO,

which shows y(t) — 7%8 because e — 0. 0O

Lemma 5.6. Consider the differential equationy’ = r (t) y+b (t) on (—oo, to].
If r(t) = O ((—t)~'7?) for some & > 0,b(t) — by # 0 as t — —oo, then

— by as t — —oo0.

y(H)
t
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Proof. We let R (t):= ftto r(s) ds = A+ B (t), where A:= ftzoor(s) ds
and B (t):= fioo r(s) ds=0 ((—t)_g). Then

y(t) eR(t)y(tO) . j;fto b(s)eR(t)—R(s) ds

t t t
MMy (t))  pw Jup b)e™ P ds
T

It is clear that % — 0,8 — 1 and f:ﬂ b(s)e B ds — —sign(bg)oo.
Applying L’Hospital’s rule then gives

@ = lim b(t)e B® =py. O

t——oo t——oo

Remark 2. The above two lemmas can be easily extended to the case t —
o0. For example, in Lemma 5.5. we have to require ry < 0 in this case.

Theorem 5.7. Let ¢ = p. The following conditions are equivalent:

a) ¢ is an M-solution.

b) We have
1

o0 = e,

0= o) (=)
c) We have

w(t) =53 (1+o(1),
v(t)—1:§~%(1+0(1)) (t = —o0).
d)p(t) = P (t > —).
In this case
ulir& o' (u) =0 (0) = —1. (5.2.1)

Proof. a) — d): By Theorem 3.1 on F-solutions, we conclude that C~ (¢)
is bounded. By Thieme’s theorem and the absence of Cases ®) and ©), ¢
must converge to a stationary point of (EF,,) [4, case n = m + 3|. The
convergence to P; and P; is not possible by Lemma 2.4 and Theorem 4.1
on E-solutions. Hence ¢ (t) — Ps.
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d) — c): We define y := “=1. Then

w—v-—1)4 v(-1l4+utv) ov-1

y= o2 = " - (@) —u—pv)
=vy+v—q(t)y+v—1+pvy
=((p+Dv—q)y+2v-1, (5.2.2)
where

((p+ D) o—q() =1, 20— 11 (t = —o).
This implies that y(t) — —1 as t — —oo by Lemma 5.5. Now

1\ 1 u(q(t) —u—pv 1 v—1 1
()_2_ (¢ (t) ! p)zfq(t)7+1+p +pl
U U U i U U
1 1
:(q—q(t))a—ﬁ-qy—i-l::g(t)a—qu—l-l, where
o2t o
9() = A = O™, qy+ 1 =g+ 1= =) (t = —o0),

which implies that %ﬁ — —q+1=—Xast — —oco by Lemma 5.6. Hence

tl}r_noot(v(t)—l) :t_lgr_nootu(t)y(t) =§

This shows c).
¢) — b): ¢) means

1
u(lnr) = - m(l—ko(l)) = (1+o0(1)),
Hence with (2.2.5)
o) = ((1+)2 0w o) (=p-1)

1/x
:1.< 1<1+ou») (1+0(1))

r U Inr
1 1
- L Larew.

(—In r*)l/)‘
& () =6 () (1+0(1)).
This shows b).

b) — a) is trivial.
Finally, (5.2.2) means

g=rt)y+0b(t), with r(t) = (p+1)v—q(t),b(t) = 2v -1,
where ¢) implies

A+2 2
r(t)zl—l—T[l—ko(l)], b(t):1+ﬂ[1+0(1)].
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Let us define y; (t) :==t(y (t) + 1). Then
. 1
= [0+ 1]+ 200 = 0],
1
P+ 5 =1, 1b(E) — ()] = -1,

so that again by Lemma 5.5 we have y; — 1 as t — —oo. Hence by c¢)

-1 L*l_|_1
lim ¢ (u) = Tim 2R FUFV) (5 +1)
u—0+ t—=ocu(q(t) —u—pv) to-cogq(t)—p—u—p—1)

= lim v 9

t——oc t(q(t) —p) —tu—pt(v—1)
1
=1 =—1=—9'(0)
0+ 5 —px

+1
5.8. The case q < p, q # %5~

For q < p there are no solutions ¢ which converge to P, for t — —oo. In
fact, if 2 <1, then P € S_(t) for all ¢ (see Section 2.6). Hence i (t) <0
for sufficiently small ¢, which implies u (t) /4 0. On the other hand, there
are always ¢ converging to Py. It is easy to see this in the case B ;rl < q.
In fact, ¢ < p implies Py € G_ and % < ¢ implies P; ¢ G_, so that all
solutions starting in G_ at some tyg < T™ stay in G_ by Lemma 2.3 and
necessarily converge to Py by Thieme’s theorem. For a # 0 (2.4.1) does not
have 0 as a solution.

The picture is not so clear for ¢ < %, when Re\; < 0, ¢ = 1,2. Let
us convert (MS, ;) into an autonomous system by adding the additional
variable W (t) := €?'. By (2.2.6),

W2 (1)
t)=q—(g—1)W(t 1) ——Z
() =q=(g=HW )+ (¢ )1+W(t),
so that ¢ — (u(t),v (t), W (t)) satisfies the 3-dimensional system
Uw?

U=Ula=U~pV)~(a=DUW+(a~1) (S, )

V=V(-14+U+V),

W =2W.

Its linearization at the stationary point Py := (ug4,v4,0) is, with U:= U —

ug, Vi=V — oy,
02— pOV — (g = 1)TW ((a—=1) (T +uasy)
+ uv —-v? + 0
0 0

=<
Il
b
=<
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—(g—1)uy
with A = A 0
00 | 2

Because Re); < 0, i = 1,2 and A\3 = 2 (see Section 2.4), P, is a
hyperbolic point for (MS,, ). In the case 25! < ¢, P, has a 3-dimensional
stable manifold for t — —oco. If ¢ < %, the stable manifold for ¢ — —o0
has dimension one, whose tangent vector is given by an eigenvector to As,
which is

. (2 —v4) (1 —vyq)
53( (4 1>(3—U4)(2—U4)+P(1—U4)U4’

—(g—1) (1~ va)vs 1).

(3 —v4) (2—va) +p(1 —v4)vy’

Hence there exists a solution v = (U,V,W) converging to Py and for
which W (ty) > 0 for some to € R. It follows that W (t) = W (to) e2(*=t0),
and there exists t; with W (¢1) = 1, so that W (o) - e2(ti—to) — 1. Then
t— (U+t),V(t+t),W(t+t)=e*) is also a solution of (MS, )
converging to Py, and ¢ (¢) := (U (t + 1),V (¢t + t1)) is a solution of (MS, »)
converging to Py.

The following theorem shows that P, takes the role of P, for ¢ < p,

+1
q# 55
Theorem 5.8. Letq < p, q # p—gl. The following conditions are equivalent:

a) ¢ is an M-solution.

b) We have
d(r) = coar 77 (140(1)), N
8 ()=~ T (0 (1), e = <(p(;i_1)12) A) ;
c) We have
u (t) p;izl (1+0(1)),
(t) = 1%(1—&-0(1)) (t — —o0)
d) ¢ (t) = Pu.

Proof. a) — d): Similarly as in a) — d) of the proof of Theorem 5.7.
d) < ¢) and b) — a) are trivial.
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¢) — b): ¢) implies with (2.2.2)

é(r) = ((1 T At L NG| At yCpe 0(1)))

p—1 p—1
=cpa 77T (140(1)),
/ _ 1g—1
¢ (T)——;ﬁ(1+0(1))'¢(r),

which is b). O

_ ptl
5.4. The case g = P35~

We will use the functional

-

H (u,v) = (g —u—qv) wits = —@ (u,v) uXpltx

on Ry x Rf. We have H > 0 on G_ (the open triangle Py P,P; ), H = 0 on
the boundary 0G_ of G_, H < 0 on G, and the maximum value is

11 A
H(P4):H(§,§):W

=:C).

H is constant along the solutions of (EFS ) ,+1) [4, p. 510, case n = 3m+5] in
E)

G_. These are periodic orbits around P, whose graph is H~! (c), ¢ € (0, cy).
H~1(0) is the union of the stationary points P;, P», P; cyclically chained
by orbits of (EFSp,pTH> [4, p. 509].

To investigate (M Sp pt1 ), we need the following two lemmas.
E)

Lemma 5.9. Let ¢ be a solution of (MSP’%) on (T, T) . Then

d 1 1+1 62t
—H(p(t)=q urv 11 et

>

g7 W (u,v), wu=u(t), v=v(t). (5.4.1)

Consequently, if B is a bounded subset of Rt x RY,

Mp:= sup qzﬁvHﬂW(u,vﬂ
(u,v)eEB

and ¢ (t) € B on [t1,t2] C (T, T) then

[H (o () — H (o (1) < g M (%2 — ™). (5.4
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Proof. We have, with q(t):q—g(t),g(t):)\%,
d R R 1 1 9. 951
L H (0 (0) = (4= =00y o g ) bt

+(g—u—qu)ux <1+i)vi-@

= uXp'tR (u(q(t)upv)qv(1+u+v)
30— u—a0) () —u—p)
+ (g —u—qu) <1+i) (—1—|—u—|—v)>

= uipts ((q(t)—u—pv) (—Wr/l\(q—u—qv))
+(-14+u+v) (—qv—i— (1+/1\> (q—u—qv)>)
— ukoltd ((q(t)—u—pv) (— <1+i>u+i]\—iv>
+(-1+u+v) <(1+i>q <1+i)u
++4))

+(—1+u+v)~0> (because p — A — ¢ = 0),

1 €2t

u%vH‘%g YW (u,v :q~u§v1+?7W u,v).
14 e2t

The last assertion follows immediately. O

In the sequel we will apply the name F-, F-, M-solution also to the
corresponding .

Lemma 5.10. Let ¢ be a solution of <MSp7pT+1) on (To,T). Then ¢ is an

F-solution iff there exists to with ¢ (to) € G4+ U Gy. In this case ¢ (t) € G+
fort <ty.
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Proof. The necessity of the condition follows from Theorem 3.1.d). Con-
versely, if ¢ (t9) € G4, then ¢ (t) € G4 for t < tg by Lemma 2.3. Because
G4 C Wy, we have - H (¢ (t)) > 0 by (5.4.1), which implies

H (¢ (t)) < H (¢ (tg)) = :co for t < to.

If ¢ were not an F-solution, by Theorem 3.1 L~ (¢) would be a bounded
set lying outside H~! ((cg, c»]), which is an open neighborhood of G_ UGy,
because ¢y < 0. But this contradicts Thieme’s theorem. Hence ¢ is an F-
solution. If ¢ (tg) € Gy, then ¢ (t) € G4 for t < tg by Lemma 2.3 and the
conclusion follows again. 0O

Lemma 5.10 implies that the F-solutions, which are all in G for small ¢
by Theorem 3.1 either stay in G4 or (see Lemma 9.5) enter G_ and stay in
G_ for larger t by Lemma 2.3. It also implies that the E- and M-solutions
are exactly those which totally lie in G_. For the E-solutions ¢, we always
have H (¢ (—00)):= limy—,_oo H (¢ (t)) = 0 by Theorem 4.1.

The M-solutions are the object of the following theorem. For ¢ € (0, ¢y ),
let I'. = HY(c); for a set K € R%r > 0 let B,.(K) := U,exB,(2) (the
open ball about z with radius r), and for any z € R*\{P,} let R(z) be the
ray {Py+ s(z — Py),s > 0}. And let £2, := {(u,v) : H(u,v) > c}, the region
inside I.

Theorem 5.11. Let g = p%l.

a) If v is an M-solution, then ¢ lies in G_ and H (¢ (—00)) € [0,cy] exists.
Conversely we have:

b) Ve € (0,cy), Ve < %min((c,@\ —¢)Ir e RVtg < 7,Vz €I, Iz €
B.(2) N R(z) :

H (¢ (—00,t,20)) = c.

c) For ¢ = ¢y there exists a unique M-solution ¢ such that H (¢ (—o0)) =
CH.

Proof. a) follows from the preceding observations and (5.4.2). As for b), for
(u,v) € G_, let us consider the solution ¢ (+,tg) of the initial value problem
¢ (to) = (u,v) with tg € R. Obviously,

R=AuBUC
is a partition of R into the subsets

A:={tg € R; (-, tp) is an M-solution with H (p (—o0,t9)) > 0},
B:={ty €R; ¢ (-, to) is an F-solution},
C:={to €R; ¢ (-, to) is a solution in G_ with H (¢ (—o0,t)) = 0}.
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The set A contains the interval (—oo, sg), where s is defined by Mq_e?%° =
H (u,v). In fact, if tg < so, then Mg_e?* < H (u,v), and, as long as
¢ (s) € G_ on (t,tg], we have with (5.4.2)

1 1
H(U,, U) —-H (90 (tatO)) < §MG7 (€2t0 - e2t) < EH (U,U),

which implies
1
H (¢ (t, o)) > iH (u,v) >0, ¢ (t,to) € G- for all ¢t < ¢,

so that (—o0,89) C A and (—o0, s9) N B = (—00, s9) N C = &. Now we
vary (u,v) € G_ and consider sy = so (u,v):= 1 In % and A = A (u,v).

Let U be an open set in G_ with closure U C G_ and define

oy: = min_sg (u,v) > —00.
(u,v)eU

Given € > 0, it follows from (5.4.2) with t; = —co and t9:= ¢ that

s, < oy, YVt < s, V(u,v) €U, Vtg € A(u,v):

|H (p (—00,to, u,v)) — H (¢ (¢, to, u,v))| < . (5.4.3)

Now we show that i) the set
2: = {(to,u,v); (u,v) € G_, top € A(u,v)}
is open in R x R? and ii) the mapping
H: 2 — (0,¢y], (to,u,v) — H (p(—o00,ty,u,v))

is continuous. For i) let (t1,u1,v1) € 2. Because t; < A (u1,v1), the set
{p (t,t1,u1,v1), t < t;} has a positive distance from H 1 (0) and there ex-
ists an open set U with closure U C G _ such that {¢ (t,t1,u,v), t <t1} C
U. Now let ¢ > 0, s. < oy be chosen as above, d:= oy — s. > 0, and
s¥:=min (s; — d,t; — J). Then for all (u,v) € U we have of € A (u,v) (be-
cause s¥ < s. < oy < og(u,v)) and for all ¢ < s* (< s.) we have with
(5.4.3)

|H (¢ (—00,0%,u,v)) — H(p(t,0,u,0v))| <e. (5.4.4)

y Ve sy Yen

The continuous dependence of the initial conditions implies the existence of
a neighborhood of (¢1,u1,v1) which has the form (¢; — s1,¢1 + 1) x V, 61 <
5,V C U, such that for all to € (t; — 61,t1 +01) and (u,v) € V we have
s <tz and

@ (st ta,u,v) €U.

This implies s* € A (¢ (sk,t2,u,v)) as above and ¢ (-, t2, u, v)
= @ (-, 0k 0 (s% ta,u,v)) is an M-solution with H-limit > 0, that is, 2 €
A (u,v). This proves i). Furthermore, for the same (t2,u,v) we have by
(5.4.4),

‘H((p (—OO,t27’U,,U)) - H(SD <S:7t27uav))| <g,
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in particular,
[H (p (=00, t1,u1,v1)) — H (¢ (sZ,t1,u1,01))] <e,
and §; and V can be assumed to be small enough for having
|H (¢ (s2,t2,u,0)) = H (@ (sZ,t1,u1,01))| <e.

This shows ii) also.

To prove b), let ¢ and € be given. Let B = ﬁﬁ% min((c,cr—c)- 1t 1S easy
to see that there exists 7 < op and § < i such that for all Vtg < 7,t <
to, 2,2 € B with |z — 2/| < § we have

[H (¢ (1,10, 20)) = H()| <

(one uses Lemma 5.9 and the continuity of H).This implies:
Vz € Bs(Ia,) Vt <to:@(t,to,20) € Be(Iy;) i =1,2

where d; := ¢ — § and dy := ¢+ §, in particular we have

Vz € Bs(I'y,) : H (to, 2) §d1—|—i<c7

Vz € Bs(I'y,) : H (to, 2) 2d2—i>c.

Now, if z € I, and {z;} := Iy, N R(2), i = 1,2, then H (tg,21) < ¢ <
H (to, z2) , and the continuity of H implies the existence of some zy € R(2)
between z; and 2y (so that zg € B:(z)) with H (to, 20) = c.

To prove c), we first derive an a-priori estimate for such a ¢. We have
¢ (t) € G_ for all t, and with (5.4.2)

1
[H (u(t),v (1)) = H (Py)| < 5Mg_e™. (5.4.5)
By Taylor’s formula, for all (u,v) in a neighborhood of P, one has

- __pHl u_ 1)? w— 1) (p_1
H) P = P 03 2 (0 ) (0 3)

=1 +o(|w-10-3),
which implies
lu— L+ v~ 1" < C1LIH (u,0) — H (Py)] (5.4.6)

for some Cy > 0 in a neighborhood of (
P4 is

%, %). The decomposition (2.4.1) for

P (t) = A (1) + g1 (¢ (1) + 92 (£, (1))
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with
_1 _p

2 T2 1

A= , M=tz yp—1-14,
101 2
2 2

—u? — piv —(@-1) (@+3)

— R 2/ 1+4e2t
9 (Z) . ( av + 72 ) 92 (t7 Z) . 0 )

(see Section 2.4). Hence for small ¢,0 € R,

t

Y (t)=el= My (0)+/ I (g1 (1 (9) + g2 (5,9 (5)) ds. (5.4.7)

g

We want to let 0 — —oo. To this end, we note that it follows from (5.4.5)
and (5.4.6) that

[ ()] =0 ('), t = —oo. (5.4.8)

Furthermore, s — e*4 is bounded on R, and (5.4.7) and (5.4.8) imply for
g — —00

Y(t) = / =4 (g1 (¢ (5)) + g2 (5,7 (5))) ds. (5.4.9)

— 00

Now we are going to construct a ¢ (t) — Py, that is, a solution ¢ (£) — 0 of
(5.4.9). The estimate (5.4.8) suggests to consider the Banach space

Xg:={y € C(~00,85], t — e "[¢(t)| is bounded on (—o0, S]}
equipped with the norm

¥l = Sgge_t W), |2l = laa| + |22l 2 = (21, 22) € R%
<

If we denote by F1) (t) the right hand side of (5.4.9), the definitions of g1, g2
and (5.4.8) give with constants Cy, C3, Cy,

t

_ 2 s
1Pl <supe [ Co (10 @) + 10 (s)] + 1) s

<Compe [ (I + 1) e ol ) as
< Gy (1P +1) € + v e25) .

t
Cs(|af — uy?|
o0

|F s — Fips|| < supe™ /
tes

+ |10y — U20s| + |07 — V3| 4 |u1 — 2| €**) ds
t
< Casupe™ [ (o] + el + %) r — ] s
[S

— o0

< Ca (Inll + N2l + €) € [l = 22l -
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For any r > 0, S € R which satisfy
Cy (r2 +1+ res) eS<r, C4 (27" + eS) S <1 (5.4.10)

F is a contraction in the closed ball in Xg of radius r about the origin.
The unique fixed point ¢ is a solution of (5.4.9), hence p:= ¢ + (%, %)
solves (MSp m) and 9 (t) — P;. Now let ¢1, @2 be two solutions with
@1 (t) 2 (t) — Py. Then ¢:= ¢; — (3, 1) satisfies (5.4.9) and there exist
r; > 0,5; € Rwith ||¢);]] < in Xg,, ¢ = 1,2. There exists S < min (51, S2)
which satisfies (5.4.10) for r:= max (r1,7r2) and ||¢;|| < 7 in Xg. Hence
Y1 =192 and ¢1 = . O

Remark 3. We do not know if there exists an M-solution ¢ with L~ (¢) =
OG_ (© of Thieme’s theorem) and if for all (u,v) € G_ there exists ¢, such
that (-, %o, u,v) is an E-solution.

6. Solutions with R < oo

In this section, we consider solutions ¢ on (Rg, R), 0 < Ry < R < 0o and
corresponding ¢ on (Tp,T), —co < Ty < T < 400, Ty = In Ry, T = InR.
The following theorem implies the existence of ¢ with R < oo, that is,
lim,1g ¢ (r) = 0 for finite R > 0.

Theorem 6.1. The following conditions are equivalent:

dtg € (TQ,T) with U(to) > 1.

)
b)
c) C* (o) is unbounded ast 1 T.
d)
Yv(t)TooastTT.

In this case, u(t) | 0 ast 1 T, and Lt (p) = @ (we write p — &).

Proof. a) < b) follows from the definitions of R and T, and e) — d) is
clear.

b) — ¢): If Ct (p) were bounded, the closure of Ct (p) would be a
compact subset of Rf x R But because 7' < oo, it cannot contain a point
of the axes, it is a subset of RT x R*. This implies that ¢ can be extended
beyond T', which is a contradiction.

¢) — d): If d) were not true, u is unbounded as t — —oo. We have

u<u(g(t)—u) <u(qg—u).

The solution of the initial-value problem 2 = z (¢ — z), 2z (to) = u (to) =: ug
for some tg € (Tp,T) is

q qd— U0 g¢
t)y = ——— = — ¢
() 14 ce—at’ ¢ ug €
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on the interval (—%ln (—%) ,oo) for ug > ¢ and on R for uy < ¢, and

u(t) < z(t) for tg <t < T. Because z (t) — ¢, v must be bounded, which
is a contradiction.
d) — b), e): We have © > v (—1+ v). The solution z of the initial-value
problem Z = z (=1 + z2), z (to) = v (to) =: v is
1 Vo — 1 +
t) = ——, = —72e°>0
z(®) 1— cet ¢ Vg ©
on the interval (—oo,In1), and z (t) < v (t) for those t > t; where z and v
exist. This implies T' < oo and necessarily v (t) T oo ast 1 T.
Now we show u (t) | 0 ast | T. Without loss of generality we can assume

vy > max{l, %}, which implies ¢ (t) € W1 N S_ (t) on (to,T). Hence the

function o (u) := v (¢t (u)) exists for (L, up), L = limyr w (¢). 0 satisfies the
differential equation

—

ptl
We consider the function y (u) := ¢ (“2) # for some ¢ > max {vo, (q*;% }

Then we have for L < u < ug:

1.

y(u)>y<uo>=c>m>max{1,;}, (6.2

hence g—u—p-yu)<0 and —14+u+y(u)>0, (6.3)

PPy (uw) > ((¢—1)p+q) (%)pTH >(q—1)p+gq

= —qp—q+pu+py (u) +p*y (u) > —p+ pu+ py (u)
= —(p+1(g—u—py(u) >p(-1+u+y(u)
_—

1 _ —lbuty(u) (6.4)
- < q—u—ip‘g(u) with (6.3)
- < e

It follows from (6.1), (6.4) and (6.2) that

b (u) < y(u), u < ug,

pt1 ptl

hence u (t) » < cuy” v(t)"" — 0 (t1T) with ¢). O

Corollary 6.2. The following conditions are equivalent:
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1.
converges to a fized point of (EFS, ), that is, either ¢ (t) — Pa or
@ (t) — Py fort — occ.

Proof. The equivalence a) < b) < ¢) < d) follows from Theorem 6.1.

c¢) — e) follows from Thieme’s theorem and the absence of the situations
and © at (EFS,,1) (see Section 2.5).

e) — c) is obvious. O

Definition. The solutions ¢ of (M, ») with R = oo for which ¢ (t) — P,
will be called P,-solutions; those for which ¢ (t) — P57, will be called P; -
solutions. In the literature, these solutions are called solutions of ”fast” and
”slow” decay, respectively.

We will investigate the existence and the properties of the P»- and P?jr -
solutions in the next two sections.

7. Py-solutions (solutions of fast decay)

In this section we consider p,q > 1 and solutions ¢ on (Ry,c0) and the
corresponding ¢ on (Tp, o), Tp := In Ry.

We convince ourselves that there are solutions ¢ tending to P as t —
+00. As in Section 5.3, we convert (MS, ») into an autonomous system by
adding the additional variable W (¢) := e~2t. By (2.2.7),

w2 (1)
Q(t)*lJF(Q*l)W(t)*(Q*l)ma
so that t — (u(t),v (t), W (t)) satisfies the 3-dimensional system
. UW?
U=UQ-U=pV)+{a=-DUW = (a-1) 1,
V=V(-1+U+V), (MS,, \)

W = —2W.

Its linearization at the stationary point P, := (1,0,0) with V =V — 1, is

v\ (U ~U2 —pUV + (¢ = 1) UW — (¢ — 1) 24
v)] =a|lv |+ UV + 72
w w 0
B —(p-1)00
with A = 1 1 0 |. The eigenvalues are \y = — (p — 1), Ao = 1,
0 0-2

A3 = —2, and the corresponding eigenvectors & = (p,—1,0), & = (0,1,0),
63 = (05 07 1)
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The plane through &; and &5 is tangential to the two-dimensional stable
manifold in P. Consequently, there is a solution 1 = (U, V, W) of (MP,, )
tending to P, for t — 400 such that there exists tg € R with 1 (t) €
Rt x Rt x Rt for t > to. We have W (t) = W (to) e 2("%0). We define t;
by W (tg) e 2(ti=t0) = 1. Then t + 1) (t +t1) is also a solution in R x
Rt xR* for t > tg—t; and W (t 4+ t1) = W (o) e 2(H11710) = =2t 50 that
o) = (U(t+t),V(t+t1)) € RT x RY for t > to — t1 solves (MS, )
and converges to P, as t — oo.

We first state the following lemma.

Lemma 7.1. Let o,y > 0; K, L,M > 0 with g := é—&— % < 1. Let u :
[1,00) — [0,00) be continuous and bounded, and assume fort > T

t o}
u(t) < Ke ' + L/ et =y (s)ds + M/ e u(t + s)ds.
Then fort >t
K L
)< e, e Kt
u(t) < K*e , T 66

Sketch of proof: Define v(t) := sup,s, u(s) and z(t) := e**v(t). Then

K L [

and Gronwall’s inequality proves the assertion. 0O

The following theorem characterizes the Ps-solutions.

Theorem 7.2. The following conditions are equivalent:

a) ¢ is a Pay-solution, that is, ¢ (t) — Py (t — 00).
b) There exists ¢ > 0 such that

o) ==(1+0(1), ¢ =-51+0(1) (r—o0).
c) There exist ¢c; > 0 and ca € R such that
w(t) = e Dley (140(1)),

v(t)—1=e" PVt (14+0(1)) (t — 00).

1

—1lp-1 1
P

In this case, ¢y = P71, ¢y = , and limy—o 9" (u) = 9 (0) = T

Proof. a) — b), ¢): The linearization at P» is (see Section 2.5 and (2.2.7))

(0) =4 () (o) o (7)

P(t) =AY (t) + g1 (¥ (1) + 92 (1,4 (1)) (7.1)

or
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where ¢ = (u,v), v = v — 1, with

_(1-p0
A.< : 1),
2

0= (T8, gt = (11 D),

ud + o2

z = (u,0).

We remember A\; =1 —p <0, A2 =1, & = (p,—1), & = (0,1) from
Section 2.5. The stable manifold of the linear part of (EFS, ) is given by
S = R&;, the unstable manifold by U = R&,. Let

Qg :R? = S,
Qu:R*— U,

be the canonical projections. There exists a > 0 so that |Qsz| < alz|,
|Quz| < a|x|. Furthermore,

Qset = e'1Qs = eM'Qs, Que' = e Qu = ™' Qu.

The solution ¢ of (7.1) satisfies for o,t > 7 > Ty

(1) = =AY (o) + / =94g, (3 (s)) ds + / =g, (5,9 (s)) ds

o o

and from a) we have ¢ (t) — 0 (t — 00). We apply Qg for 0 = 7 and Qu
and get

t
’(/J(t) _ eM(t—T)QSw (7.) +/ e)q(t—s)QSgl (w (S)) ds

t
41/69““@AQsm(&w(@)d$+€FUQU¢(@
t

+/ e Qugi (¢ (s)) ds+/let_sQU92 (s, (s)) ds.  (7.2)

Let § > 0 be such that

a(p+aq)p a(p+4q)d _(p—1
ﬁ6< 1, W < min T,Q (73)
p—1

and let 7 be so large that

ef2t

[V () <9, T4 o2t

<4 for t > 7. (7.4)

The estimates

Quip (o)l <a-6,  |Qugr(¥(s))
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show that we can let ¢ — +00 in (7.2) and we get

t t
v (t) _ 6)\1(t_T)QS'¢ (T)+/ e)q(t—s)QSgl (,¢1 (S)) dS—l—/ e)\l(t—S)Qng (S/L/J (8)) ds

T T

—/maﬂ®mmw@)@—/méﬂQwﬂaw@>w (7.5)

t t

The next step is to deduce an estimate for ¥. We have for @ = Qu or
Q = Qg, with (7.4),

Qa1 (¥ () < alp+1)01¢ ()],
o2t 7.6
Qg2 (5,0 (N <alg—1) ;= W () < alg =1 ()], o

so that (7.5) yields

t
[ ()] < eMteMTIQst (1) +a(p+ q)5/ MU [y (5)] ds

T

+a@+@6[wé*@wwnw

o0

t
i Ke 4L / == 1y () ds + M [ e o (s +8)] ds
T 0

with @ :== —A; =p—1>0, v:= 1. We may apply Lemma 7.1, because

L M 1
gl p—1 p—1
and we get
()] < KrelFme) > (7:8)

Multiplying (7.5) by e~ we get

t

e MU (1) = e M7 Qg1 (1) —|—/ e MQgg1 (1 (s)) ds

T

¢ o0
+/ e M*Qsga (s, (s)) ds — e‘Alt/ e Quagr (¥ (s)) ds

t

— e*)qt /too etfsQng (8,1/)(8)) ds
= e MQgv (1) +®+@+@+@.

We want to show that the limits of all terms exist. Let us define € := 5
From (7.3) and (7.7) we have
p—1

e< 5 and €< 2. (7.9)
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@: The estimates
e M |Qsgr (¥ (5))| < e Moa(p+1) K2 )s

(with (7.8)) and =\ +2e —2a=p—-14+2:—-2(p—-1)=2c—(p—1) <0
(with (7.9)) show that the integrand is integrable on [7, 00).

@ : The estimates

€M Qs (5,0 ()] < e Ma (g — 1) e [ (s)]
<a(g—1)K*e Mg el

(with (7.6) and (7.8)) and —A1 —2+e—a=—2+4+¢ <0 (with (7.9)) show
that the integrand is also integrable on [7, 00).

(1D:
/ ¢ [Qugr (¢ ()] ds < e* / e~*a(p+1) [0 (s)’

< ept/ e %a (p+ 1) K*262(870‘)S ds
t

a(p+1)K*? oPle(—1t2(e—a))t
—(-142(—-a))

(with (7.8)) andp—1+2s—2a=p—1—|—2€—2(p—1):2(5—”%1) <0
(Wit (7. )) show that (II1)— 0.

oo

_’\1t/ *1Qug2 (8,9 (8))] ds < ept/ e fa(qg—1)e " |4 (s)| ds
t

a(qg—1) K*ept/ e e 2elEm s g
¢
alg—1)K* ePto(—1-2+e—a)t
—(-1+2+¢c—a)

(with (7.8)) andp —3+e—-—a=p—-3+ec+1—-—p=ec—2<0 (with (7.9))

show that @H 0.

Hence there exist ¢y, co € R such that

PVt (1) — ¢y, PVt (y (1) — 1) — ¢ (t = o0),
P~y (Inr) — ¢, P (v (Inr) — 1) — ¢ (r — 00).
With (2.2.5),
14 2\ A/2
PPl (1) = rpfl#u (Inr)v(lnr) — ¢ >0,
T

_1 1

ro(r) = e T, ¢ (1) = ré(r) v inr) ] T
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Integration of (M, ») gives

A

—r2¢ (r) = —12¢ (1) —|—/ m(ﬁ (s) ds > —r{¢’ (ro) > 0,

_1

which implies that ¢; > 0. Hence a) — b), ¢) with ¢ := ¢/ ".
b) — a): With (2.2.4),

P 1 L (L L10))
A+ =d' (1) (1 42)? —f( +o(1))
,r)\ 7"2 cp—l
= —cl)—lmm (1+0(1)) = g (14+0(1)) —0,
oty = =20 _ ) _clto)

o(r) — () c(l+o(1)

c) — a) is obvious.
We need to show the remaining assertions. For ¢ (t) < p, we have P, € S_ ()

(see Section 2.6). Hence there exist the inverse function ¢ = ¢ (u) and the
function ¢ (u) = v (¢t (u)). Furthermore,

_o@®) _ v (=l+u(t)+o(t)
w(t)  u(t)(q@t)—u(t)—pv(t))

_ v (t) eVt (y (1) — 1)

B pu(t ( T 1)

(t) — e~ Pty (¢

— U
<C2+1

This shows that the limit

) 1 2
~/ R T N _ “2 _.
ili%v (u) 7}3&” (u(t)) = T (61 +1> : L
exists, and, by de I’'Hospital’s rule,
-1
2 _ lim (t) =L.

c1 t—oo  u(t)

From this we get the equation

1
L=—(L+1
(),

which gives L = —% and co = —% -c1 = —%c”_l. O
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8. P; -solutions (solutions of slow decay)

The general assumption of this section is again the one of Section 7.
The following theorem characterizes the P3Jr —solutions, from which their

existence will follow.
Theorem 8.1. Let p,q > 1. The following conditions are equivalent:

a) ¢ is a Py -solution.

b) We have
6= (o) 0o,
00 = (o) oy Aol (=)
¢) We have
u(t)zl—p%;(l—&—o(l)),
vlt) = == (1+0(1) (t=)

d) There exists to > T* with o (ty) € G_.
e) There exists t1 > T* with ¢ (t1) € W_.

In this case 1

Jim @' () = 8" (1) = .

Proof. a) — c): Let y (t) := 1;5(;) and g (1) := (¢ — 1) % Then

—vit— (1 —u)v 1
y:%:*;’M(Hg(t)*ufpv)*y(*1+U+v)
U
=-uytpu—g(t)+y-—uytu—1

= (—2u+D)y+(p+1)u—1- %g(t) = r(t)y + b(t).

By a), r(t) — —1. To determine the limit of b, we note

N . o
- :,ﬁzwgl,henceiﬁf@t,
v v2 v v v (t)

for some constant K > 0. Hence b(t) — p. By Lemma 5.5 and Remark 2,

y(t) — p. Therefore (1) =y — 1 implies
1 1 1

v(t)=;% T (y(s)fl)dszgpfl(“ro(l))’
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which is c).
c)—b) follows from (2.2.5).
b) implies a weaker form of ¢), namely

P o)

u(t) = (1 +T2)A/2 —¢' (1)
! 1 = L
T (142 <<p—1>1nr) ((p=1DInr)7 r (1+0(1))
=1+0(1),
_r_(bl(r)_r 1 p%ll ~ nrplj )
IO ((pl)lnr> S((p= 17T (1+0(1)
1

1
=—-(1 1
— L+ o),
which already implies a).

d) — a): By Lemma 2.3, ¢ (t) € G_ for t > t; and by Thieme’s theorem,

© tends to P» or P;’ . However, any solution tending to P, must have slope

' (0) = —% > —p—il (the slope of OG_) by Theorem 7.2, which implies a).

a) — e): follows from the definition of G_.
e) — d) is trivial because W_ C G_.
Finally, let us consider y; := t(y — p). We get

. 1 1
hr=1n +t(ry+0) = (r+ ;)yl +t(pr + ).
Because r + + = (—2u+1) + 1+ — 1 and

w
tipr+b) =t(-2pu+p+(pP+1u—1+ %g)

= t(p— 1)(1 —u) + 1729 = p(1+ o(1)) + O(Pe™) = p(1 + 0(1)),

we have y;(t) — b by Lemma 5.5 and Remark 2. Hence

1 —1+u 1
lim 9(u) = lim 1”( j““’) = Jim — A
b g (0w py) e (S
. —y+1 —p+1 1
= lim = =——. 0
Sy (g ) 10+G-Dp) P

9. Global behaviour of the solutions and their radius and mass

The aim of this section is to investigate the question which F-, E-, M-
solutions have finite or infinite radius and mass. We give numerous initial
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conditions in Rt xR™, for which the corresponding solutions have the de-
sired properties. These initial conditions can be transformed back to con-
ditions for ¢(rg), ¢'(ro) with the equations (2.2.5). The total mass of the
stellar dynamic model induced by a solution ¢ of (M, ) is given by

R A

_ r p _ R 2 . ’
M=c N 7(1+r2)>\/2¢)(r) dr:fc/i (r 10) (r)) )dr

=¢ lim r%¢' (r) + Eligl%rQ (—=¢' (r))=:L_+L,

rlR_

with ¢ as in (1.4).

Let us remark immediately that the limit L_ is always finite-this follows
for the F-solutions from Section 3, for the E-solutions from Theorem 4.1,
and for the M-solutions from Theorems 5.1, 5.7, 5.8 (note that *ﬁ -1+
2> 0« g <p)and 5.11 (note that 72¢/ — 0 for r — 0 by (2.2.5)). Hence
M < oo<+= L < o0.

The following theorem characterizes the solutions ¢ with finite and infi-
nite radius and mass by their images ¢ in RTxR™.

Theorem 9.1. We have the following three equivalences:

a) R< oo < ¢ — &. In this case M < oo.
b) R=o00, M < 00 <= ¢ is a Py-solution, that is, ¢ — Ps.
c)R=oco, M =00 < ¢ isa P;-solution, that is, ¢ — P;.

Proof. We have R < oo = M < oo <= L < oo. Hence a) follows
from Theorem 6.1. Parts b) and c) follow from Theorems 7.2 and 8.1 in
connection with Corollary 6.2. O

+1
9.1. The case q < 25~

Theorem 9.2. Let q¢ < p—;l. If ¢ is any solution for which ¢(ty) € G_,
then o(t) — P3 (t — 00). Consequently, all M- and E-solutions, and all
F-solutions for which p(tg) € G_ for some tg, have R = oo, M = oc.

Proof. The first assertion follows from Theorem 8.1. The condition ¢(ty) €
G_ is satisfied for M-solutions because ¢(t) — P, (t — —o0) by Theorem
5.8, and for F-solutions by Theorem 4.1 in the case g < pTH, and by the
remarks following Lemma 5.10 in the case ¢ = p—;l. a

Remark 4. The part on E-solutions is known (see Section 9.4).
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. p+1
9.2. M-solutions for q > P5~

We are going to show that in this case the three possibilities a), b), c)
of Theorem 9.1 all occur. To this end, it is useful to remark that for any
solution we have for ¢ > p—;l :

(i) If there exists tg < T™* with ¢(tg) € G- U Gy, then ¢ corresponds to
an M-solution.

(ii) If there exists t; € R with v(t1) > 1, then ¢ — @ (t — 00).

(iii) If there exists to > T* with ¢(t2) € G_, then ¢ — P5" (t — 00).

In fact, (i) implies with Lemma 2.3 that ¢(tg) € G_ for all ¢t < to.
Because L~ (i) is bounded, by Thieme’s theorem, ¢ — P; or Py (t — —00)
where ¢ = 2 in the case ¢ > p and ¢ = 4 in the case p%l < q < p. Convergence
to P5 is not possible because ¢ > %, and ¢ is an M-solution by Theorems
5.1, 5.7 or 5.8. (ii) follows from Theorem 6.1 and (iii) from Theorem 8.1.

Furthermore, we need the following lemma.

Lemma 9.3. Let ¢ > %. Then there exists €* > 0, Ty < T* such that for
all (ug,v9) € Go with |(ug,vo) — P2| < €, 0 < e < &* and for all tg < Ty

there exists t1 > to such that v(t1,tg, uo,vo) > 1.

Proof. For 0 < & < 1 we have (ug,v) = (¢25+,1 —¢) € Go. We let

p+1

u(t, tg,e=——,1—¢)

1
1 —v(t,to,al%,l -9,

M= M| =

and we are going to specify t1,ty. The functions x,y satisfy

& =x[q(t) —ex —p(1—ey)],
y=—(1—ey)(z—y).

We consider the limit case e — 0 and arrive at

i =ux[q(t) —pl=2(¢—p—9g(),

y = —x+y, where g(t) = )\m,
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so that for t > tg

A

p+ 1 B B 1 + e2to 2
(E(t) = 72 e(q p)(t—to) ( T ,

¢
y(t) = etto <1 —/ x(s)e(StO)ds)
to
t—to
=el™to (1 - / z(s + to)e_sds>
0
A
—elto [ 1= P+l L ela—p—1)s 71 + e ’ ds
2 Jo 1 4 e2s¢2to ’

If we fix 7:=t —tp > 1 and let t; — —o0, the above integral converges

/T ela—p—1)s g
0

Hence there exists T7 < T™ such that for tg < T}

T 2t 3 T—1
/ ela—p=1)s (1 +2€ ;t ) i ds > / ela=P=1s s,
0 1 + e*se=to 0

On the other hand we have

to

p+1 Ooe(qpl)st:{oo forqu—’_l;

1 +1
2 Jo 1 > 1 for 5= <qg<p+1.

Therefore we may assume that 7 had been chosen so large that

T—1
pf;— 1 / ela=P=Usgg 5 1,
0

Then for ¢, := 7+ to we have y(t1) < 0 and, by continuity, v(t;) > 1 for
all sufficiently small e > 0. O

Theorem 9.4. Let q > %.

(a) If (up,vp) € Gq is close to Py and tg < Ty as in Lemma 9.3, then
the M -solution ¢(-,tg, ug,vg) has R < oo and M < oo.

(b) If (uy,v1) € G_UG), then the M -solution ¢(-, T*,uy,v1) has R = o0
and M = oco.

(¢) For tg, (ug,vo) from (a) and (ui,vy) from (b), there exists some
s € (0,1) such that for (ts,us,vs) = (1 — s)(to,uo,v0) + s(T*, u1,v1),
o(cy ts, us, vs) 18 an M-solution with R = oo and M < oo.

Proof. We apply Theorem 9.1. (a) follows from the proceeding remarks (i)
and (ii).

(b): Lemma 2.3 shows that ¢(t, T, u1,v1) € G_ for t # T*, and remarks
(i) and (iii) apply.



56 JURGEN BATT & Y1 LI

(c): We let Q(s) := (ts,us,vs) = (1 — s)(to, w0, v0) + s(T*,u1,v1) : s €
[0,1] — [to, T*] x G_ UGy and define the sets

A:={s€]0,1]; (-, Q(s)) satisfies (i) and (i)},
B:={s€[0,1];0(-,Q(s)) satisfies (i) and (i)} .

We have 0 € A,1 € B. Because ¢ depends continuously on the initial
data, A and B are disjoint, non-empty and relatively open in [0, 1]. Because
[0,1] is connected, there is some sg € (0,1) which is not in AU B. On the
other hand, Q(so) € (to,T™) x G_ U Gy and therefore ¢(-,Q(so)) satisfies
(7) but not (i¢) and (éi7), and hence necessarily tends to P». This proves (c).
O

9.3. F-solutions

Our first result in this section is that for all p, g > 1 the three possibilities
a), b), ¢) of Theorem 9.1 all occur. We need the following lemma.

Lemma 9.5. Let p,q > 1. There exists n > 0 such that for all vo € (0,7)
and tg > T* there exists t1 > to such that ¢(t1,%9,q,v0) € G_.

Proof. If ¢ < pTH, (¢,v0) € G_ for small vy and the assertion is obvious for
all tg. Therefore we may assume q > 1)%1 We define qo := q(tg) < 1)%1 We
consider (EF, 4,) and the F-solution @, with @a(t) — P» (see [4, Theorem
5.7, case n > 3m+5]). We may assume @z (tg) = ¢ ((EF, 4,) is autonomous)
and define 2(tg) =: 1. Let vg < vy < n. From [4, Theorem 5.7] we deduce
that the solution @(-,t,q,v1) of (EF), q4,) stays below @, and there exist
to > t; > to such that

@(t1) € Go and @(t) € S(p,qo) on [to,t2).
Hence v = 0(u) exists on [tz (t2), g] with graph © C S(p, qo)— and satisfies
o(u)(—1+u+ v(u))

v (u) = B Pp—— =: k(u,

S8

(u))-

Now consider the F-solution ¢(-, to, o, vo) of MS,,x. We want to show:
there exists t; > to with ¢(t1) € Gy (the conclusion then follows from
Lemma 2.3). We may assume that ¢ also exists on [@(t2),q] and graph
v C S(p, qo)—, because otherwise ¢ would have crossed S(p, qo)o and hence
G sometime before (see Section 2.6) and we are done. ¥ satisfies

O(u) (=1 +u+o(u))
u(q(t(u)) —u —pi(u))
Because t(u) > to for u < qq, we have ¢(t(u)) < ¢(to) = qo and
k(u,v) > k(u,v) in S(p,qo)_.

' (u) =

=: k(u, 0(u)).

Hence 9(u) < v(u) on [tz(t2), g], and because @ crosses Gy, ¢ crosses Gy
as well. O
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Theorem 9.6. Let q,p > 1. Then:

(a) For (ug,vo) withug > q,v9 > 1 and all tg the F-solution ¢(-, to, ug, vo)
tends to @ and has R < 0o and M < oo.

(b) For vg < n as in Lemma 9.5 and for to > T* the F-solution
o(-,to,q,v0) tends to Py and has R = oo and M = co.

(¢) There exists vy € [n,1] such that forty > T* the F-solution (-, to, ¢, vo)
tends to Py and has R < 0o and M = oc.

Proof. (a) and (b) follow from Theorem 3.1, Lemma 9.5 and Theorem 8.1.
As for (c), the sets

A :={vy € (0,1] : 3t > to with v(¢,t9,q,v9) > 1},
B = {’U() S (0, 1] :dt >ty with Lp(t,tm(],’l)o) S G,}

are disjoint, non-empty and relatively open in (0, 1]. Because (0, 1] is con-
nected, the complement of AU B in (0, 1] is non-empty and contains vg for
which (-, tg, q,v0) necessarily tends to P,. 0O

Part b) of the following theorem is inspired by the work of W.-M. Ni
and S. Yotsutani [24]. For Ry > 0 and « > 0 we denote by ¢(-, Rg, «) the
F-solution with ¢(Ry) = o and ¢'(Rp) = 0.

Theorem 9.7. For every Ry > 0, there exist constants ag = ao(Ro,p,q)
and a1 = a1 (Ro, p, q) such that

a) ¢(-, Ry, ) has R < 0o for a > ay.

b) ¢(-, Ry, ) has R = oo for a < ay.

Proof. a) The function z(t) := ¢(7, Ro, @) defined on (4, o), to == 7= is
a solution of

1
2(t) + fr(t)2P(t) = 0, where fy(t) i= ————. 9.1
(1) + ()2 (0) O e i
It is sufficient to prove: there exists t; € (5,to] such that
t
2 (ty) > Z(t 0 (9.2)
1

i.e., the tangent line passing through (¢, z(¢1)) has a zero in [0, ¢;). Because
2" < 0, this implies that z has a zero in (0,%p) and R < oo follows.
If (9.2) were not true, we would have
Z'(t) 2(t) .

1 1
Z and h —t > — —.t 9.3
D) < - and hence —= > ™ in (R7 0) (9.3)

by integration. Integrating (9.1) once, we obtain that

! o 1 D

to

sP fx(s)ds.

aP
na
tO t

\%
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. . tP p—1
Now there exists tl S (O, to) such that Qo = [lnfte(o)to) m} =
1
# P s 1 z(tl) .
[tl I spf,\(s)d5:| Then, if o > g, we would have 2/(t1) > &> which

is a contradiction. This proves a).
) We assume R < oo,i.e. ¢(R) = 0. By the Pohozaev-type identity [24,

Theorem 1, p5.] we have for n = 3 that

sRP¢P(R fRo {2(p+1) (r) + 5K (r )} PP (r)r2dr
+7R0K(fi 2) g+l (9.4)
_ o PH
— ap+1{ p+1 fRO [ . } dr},
where
1 — 22 -1 A+2
G(T) = |: -1 i 2 :| d NI
2(p+1) r (1472)2T!
so that
ary— L=t a0 (9.5)
— =:0x - . .
r 5+ 1) as r — oo

Let Ry > Ry such that G(r) > %= ifr > Ry and let M := sup,.~q |G(r)] <

o0. Since ¢(r) < «, we have
,

26 (r) = — 7-32 s)pP(s)ds > —aP $2K(s)ds
)= [ K> /R K (s)ds,

Ro
/ aP " 2
@'(r) > -~ s“K(s)ds
T Ro
and hence
>a— ap/ / s)dsdt
t2
Ro Ro
or
(T) _ . p—1
Y >1—aP " g(r) for Ry <r < R, (9.6)
where g(r) 1;0 * ;20 K (s)dsdt. We now fix

2712 [ R3K(Ry)
Ry:=R 0 L M(Ry - R
2 1+ G PR + ( 1 0)

Since g € C([Rp, o0)) there exists oy > 0 such that for all o € (0, a1]

1—aP g(r) > =, on [Ro, Ry, (9.7)

[\3\)—‘
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which in particular implies that R > Ry, a € (0,4]. From (9.4)-(9.7) we
obtain for a < o

1 3 /2 p+1 R%—K(RO) fa p+1 _/RZGOO 1 pH
2R¢ (R) < « 1 + . M) dr W 2 |2 dr

= P! {R(S)K(RO)
p+1

G

+ M(R: — Ro) — w(RQ - Rl)}

=0

by the choice of Rs. This is a contradiction and R = oo follows. O

9.4. Known result on E-solutions

For the sake of completeness, we collect the known results on the FE-
solutions which are relevant in our context. For o > 0 we denote by ¢ (-, )
the solution ¢ of (Mj ) with ¢ (0) = a.

Theorem 9.8. a) For g > % there exists some o € (0,00), such that

1.) for a> ap, (-, ) has R < 0o and M < oo,
2.)é(-, ) has R =00 and M < oo,
3.) for a € (0,0) ¢(-, ) has R =00 and M = cc.

b) For ¢ < 25, ¢ (-,a) has R =00, M = oo for all a > 0.

A number of authors contributed to this theorem in connection with a
study of conjectures of Matukuma’s in the case A = 2 [24, p. 2]. For example,
W.-M. Ni and S. Yotsutani proved a) 1.) for large o > 0, 3.) for all p,q > 1
for small «, and that for all « > 0, ¢ (-,a) has R = oo if ¢ < p—;l and
M=xifg< % [24, Theorems 2, 5 and 6]; see Y. Li and W.-M. Ni for
results related to a) 3.) for A > 2 [16, Theorem 3.20].

The existence of E-solutions with R = oo and M < oo for ¢ > p%l was
proven by Y. Li and W.-M. Ni [17, Theorem 2.1]; their uniqueness by E.
Yanagida [36]. Y. Li and W.-M. Ni also proved the precise asymptotics of
the E-solutions at r = oo [16, Theorem 2.41], while Y. Li presented the
asymptotic expansions of F-solutions with R = oo and M = oo for all
p,q > 1 in [14]. The result in its above final form was given by N. Kawano,
E. Yanagida and S. Yotsutani [12, Theorem 5.2].

Remark 5. We do not know whether separation results analogous to The-
orem 9.8 hold for F- and M-solutions.
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Appendix

18 uz‘

Fig. 1. Case ¢ > p (¢ = 3,p = 2). lllustration of Lemma 2.3 and Theorems 3.1,
9.6 (a), (b), 5.1 and 8.1. Note that the shaded region is the G~ (definition before
Lemma 2.3) for Figure 1-4.

Fig. 2. Case pTH <qg<plqg

= 3,p = 4). Hllustration of Lemma 2.3 and
Theorems 3.1, 9.6 (a), (b), 5.8 and 9.4 (a), (b).
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M

vV

1.4 M. R=0cc,M =

o 02 04 06 08 1 12 14 16 18 2

u

Fig. 3. Case q = %1 (¢ = 3,p = 5). Illustration of Lemma 2.3 and Theorem 5.11.

E.R<oo. M < o

0.6
E.R=>x. VM=
0.4
0.2
[} - : _ ] ' .
] 05 1 15 2 25 3 11

Fig. 4. Case ¢ > pT'H (¢ = 3,p = 4). Hlustration of Lemma 2.3 and Theorems
4.1, 8.1, and 9.8.
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