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We consider systems of the form

wi(t) =Y aiy(t)(z(gt)7, t>t,, 1<i<n, (1)
j=1
where a;;: [to,00) — R and g:[tg,00) — R are continuous, and vi,...,7,

are nonzero rational numbers with odd denominators, so that the quantity
27 is real-valued whenever z is real. However, this restriction is for nota-
tional convenience only; with trivial modifications our results are valid for

the system

i (t) = Zaij Oz (g7 sgn(x;(g(t)), t>to, 1<i<n.

The asymptotic behavior of systems of functional differential equations

has recently begun to receive attention (see, e.g., [1]-[9]). Here we give condi-

AMS(MOS) Subject Classifications: 34K15, 34K25.



tions which imply that (1) has solutions on the half-line [ty, 00) that approach
a given constant vector C' as t — oo. Since there are no assumptions on the
deviating argument g other than continuity, we must allow for the possibility
that g(t) < to for some ¢t > ty. For this reason we introduce the following

definition.

DEFINITION. If —o0 < tg < 00, then Cy(to) is the space of continuous
n-vector functions on (—oo,00) which are constant on (—oo,ty], with the
topology induced by the following definition of convergence: X; — X as j —

oo if || X;(t)—X(t)]| — 0 uniformly as j — oo on every half-line (—oo, b].

We say that a function X in C), (o) is a solution of (1) if X is differen-
tiable and satisfies (1) on (tg,00). We give conditions which guarantee the
existence of a solution of (1) such that lim;_, x;(t) = ¢;, 1 <7 < n, for given
1,...,Cn. For convenice, we will abbreviate (1) as x}(t) = f;(t; X), 1 <i <
n, or in system form as X'(t) = F'(t; X). We obtain our results by applying
the Schauder—Tychonoff theorem to the transformation ¥ = T'X defined by

Y(t):{c_ft F(s;X) ds, t>to, @)

C—ftOOOF(s;X) ds, t<to.

The system (1) will be said to be linear, superlinear, sublinear, or singu-
lar with respect to x; if, respectively, v, =1, v >1, 0 <y <1, or v <O0.
In the following A ={i |1 <i<mand~; >0},and B={i |1 <1i<mnand
vi < 0}. For a given constant vector C, let N ={i |1 <i <n and ¢; # 0}
and Z={i|1<i<mnandc; =0}. Any of the sets A B, N/, and Z may be

empty.



We impose the following integrability conditions on the coefficient func-
tions {ai;} in (1). It should be understood that this assumption applies

throughout the remainder of the paper.

ASSUMPTION A. Let v; > 0 ifi € Z. Let ¢1...,p, be positive, nonin-
creasing and continuous on (—o00,00), with ¢;(t) = 1,t < to. Suppose that
the integrals [~ a;;(t)dt (1 <1i,j < n) converge (perhaps conditionally) and

that for 1 <i<n andt > tg,

() = | /tooaixs) ds| = O(ei(t)), JEN,  (3)

Bij(t) = I/too |aij (s)@;(9(s)) ds = O(pi(t)), jEN, (4)

and

0i;(t) = /too |aij (s)|((9(5)))" ds = Olpi(t), JjecZ. (5)

For convenience below we define

@ij = sup aij(t)/i(t), j €N, (6)
t>to
Bij = sup (t)/pilt), j €N, (7)
oij = sup oy (t) /i(t), j € Z, (8)
t>to
and
M;; = +0(1 £ 9)%_1|’Yj|ﬁija (9)
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where 6 is a given number in (0,1) and the “+” is “+” if y; > 1 or “—" if

v; < 1. It is also convenient here to define the functions \;(t),1 <i <n, by

Xi(t) =D 1P o) + > e [ai(8) + 0ly; (1L £ 0) 7 8;5(1)] (10)

JEZ JEN

if ¢t > to and )\Z(t) = )\i(to) if t < tg.

THEOREM 1. Ifr; (i € Z) and ¢; (i € N) are constants such that

S+ 3 Myle < {10 ST ()
jEZ JEN T i€ Z,
then (1) has a solution X such that
|2 (t) — ;| < Xi(t) < Oles|pi(t) € N), —oo<t< oo, (12)
and
|Z: ()] < Ni(t) <ripi(t) (1€ Z), —oo<t<o0. (13)

ProOOF. We apply the Schauder—Tychonoff theorem to show that X =
TX (cf.(2))) for some X in the closed convex subset S consisting of functions

X in C,(to) such that

|z (t) — ci| < 0leilei(t) (e N), —oo<t< oo, (14)
and
|z (t)| < ripi(t) (1 € Z), —oo<t< 0. (15)
Since
0<(1—=0)c| <l|zi()| <1 +0)|ci| 1 €N), o00<T< 00, (16)
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the continuity of the {a;;} implies that the functions

X)Zzaij(t)(xj(g(t)))”, l<i<n, Xe€S,

are continuous on [tg,00). Moreover,

|/t°°fi<s;x> ds| < |/t°° fi(s:0) ds|+/t°°|fi<s;x>—fi<s;c>| ds (17)

if the integrals on the right converge, which we will now verify. From (3),

|/ fi(s;C) ds| < Z|c]| o (t (18)

jeN

Now consider

filt; X) = fi(t;C) = as(t) (x5 (g(t)))

jeZ

(19)
+ Y ai; (Ol (g(0)) — '],

jeN

From the mean value theorem, |27 — ¢7| < |y||2]%7~1|z — ¢| with & between
x and ¢, provided that z and ¢ (# 0) have the same sign. Therefore, from

(16) with 7 replaced by g(t),

(@3 (g(@))7 — | < Pysllas 1~ H (@i (g)) 7 — el G eN,  (20)
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where

(1= 0)lejl < ;] <A +0)es|, JeN. (21)

Now (14), (20), and (21) imply that

(25 (g(0)))7 = | < Ol |1 £ )7 g7 s(9(1) (F €N, X €8,

where the “£” is “+7 if ; > 1, “=” if v; < 1. Hence, (4), (5), (15), and

(19) imply that

/t Fils; X) = filssO)lds < S v ou(6) 40 S Iy (1 2 0) ey [ 85 (0),

jeZ JjEN

which, together with (17) and (18) yields the inequalities

with \; as defined in (10). Therefore, (6), (7), (8), (9), and (11) imply that
if Y =TX, then

[yi(t) — cil < Ai(t) < Oleili(t), (i € N) and Jyi(8)] < Xilt) < ripi(t), (i € 2),

for all t. Hence, T'(S) C S. Since it is routine to verify that 7" is continuous

and T'(S) has compact closure, the Schauder—Tychonoff theorem now implies
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that TX = X for some X in S with components which satisfy (12) and (13).

This completes the proof.

Now let Ag = {j € N'| v; > 0} and recall that B={j |1 <j <n and
v; <0} CN.

COROLLARY 1. Suppose that r; (i € Z) and ¢; (i € Ag) are such that
. ‘ Olci|l, i€ Ag
ZO’ijT;J + Z Mij|Cj|% < { . Lz (22)
JjEZ j€Ao T4 ! ’
Then the conclusions of Theorem 1 hold if |c;| is sufficiently large for i € B.
Proor. Clearly (22) implies (11) if |¢;| (i € B) are sufficiently large.

COROLLARY 2. The conclusions of Theorem 1 hold if either:

(i) v; > 1 for all i in A (i.e., the nonsingular part of (1) is purely su-
perlinear), provided that r; is sufficiently small for i in Z, |c;| is sufficiently

small for i in Ao, and |c;| is sufficiently large for i in B.

(i) v; < 1 for all i in A (i.e., the nonsingular part of (1) is purely

sublinear), and the constants |c;| and r; are all sufficiently large.
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