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Differential and Integral Equations 2 (1989), 405-410

Recently the asymptotic properties of solutions of systems of functional
differential equations have begun to be studied. (See, e.g., [1]-[10].) Here we
give sufficient conditions for rather general functional differential systems to
have solutions that approach given constant vectors as t — oo. This question
has been thoroughly investigated for ordinary differential equations, and it
seems clear that the methods applied to them can be adapted to functional
equations. For example, in [10] the author and T. Kusano obtained sufficient

conditions for a functional differential system of the form

x;(t) :fi(tvxl(gil(t))v""xn(gin(t)))v 1<q STL, (1)

to have solutions which approach constant vectors as ¢ — oo, given that
fi  [a,00) x R® — R and ¢;; : [a,00) — R, 1 <4, j < n, are continuous

and that
|f1(t7§1756n)| Swl(tv |§1|7;|§n|): 1§Z§TL, (2)
where wy, ..., w, satisfy certain monotonicity and integrability conditions.

Assumptions of this kind are standard in connection with systems

2i(t) = fi(t,x1(t),...,2,(t)), 1<i<n,
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of ordinary differential equations. It is interesting that they lead to results for
the system (1), in which no assumptions other than continuity are imposed
on the deviating arguments {g;;}. Nevertheless, although (1) is a consider-
ably more general system than (2), it is not very general in the context of
functional differential equations, which may take a great variety of forms.

For example, one may wish to consider a functional system
X'(t) = F(t; X), (3)
or, in component form,
zi(t) = fi(; X), 1<i<n

(here X = [z1,...,2y]), in which each f;(¢; X) depends on X evaluated
at several (perhaps infinitely many) values of the independent variable t.
Therefore, it would seem to be useful to replace assumptions like those stated
above by conditions which are easy to check for specific systems, but are not
strictly limited in their applicability to systems of a given special form. This

is our objective here.
We begin with the following definition from [10].

Definition 1. If —oco < tg < 00, then Cy,(to) is the space of continuous
n-vector functions X = (x1,...,2n) on (—00,00) which are constant on
(—o0, to], with the topology induced by the following definition of convergence:
Xj = X as j — 00 if limj oo [sup_ocpcr [[X;(t) — X(@)]| ] =0 for

every T in (—o0,00).

Here || - || is any convenient vector norm. Notice that C, (o) is a Fréchet

(= complete linear metric) space and that C,(to) C Cn(a) if tg > a.
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We now state our main assumption on the functional F' in (3). It is to

be understood that this assumption holds throughout the paper.

Assumption A. Suppose that a € (—o0,00) and r is a given integer,
1 <r <n. Let Cpr(a) be the set of functions X in C,(a) such that |z;(t)| >

0, —co<t<oo, r+1<1i<n. Suppose further that:
(i) For each X in Cpr(a), F(-; X) is continuous on [a,0).

(it) If {X;} C Cpr(a) and X; — X € Cpr(a), then limj_,o F(t; X;) =

F(t; X) (pointwise), t > a.

(113) The component functionals f1(-; X), ..., fn(+; X) satisfy the inequal-
ities
|fl(t7X)|§wz(tvplvapn)v tZa, ]-SZSTL: (4)

whenever X € Cpyr(a) and

|z (t)] < piy, —co<t<oo, 1<i<r, (5)
and
where, for each i =1,...,n, w; : [a,00) x (0,00)" x (0,00)""" — [0,00) is
continuous, nondecreasing in pi,...,pPr, and NONINCTEASING N Pril,- - - Pr-
Suppose also that
/ wi(t, p1,...,pn) dt < oo, 1<i<n, (7)

for all p1,...,pn > 0.



Some of these conditions are obviously vacuous if » = 0 or r = n. This

is also true of other assumptions and of some of the conclusions below. The

proofs simplify in obvious ways in these special cases.

We first prove a lemma which will facilitate the derivation of our main

results.

Lemma 1. Suppose that to > a and p1,...,ppn, 01,...,0, are positive

numbers such that 0 < 0; <1 ifr+1<i<n,

wit, N ) dt < 7y 1<i<T,
/to (t, ;1 Pn) < 1rar <i<

and
> 0; ,
wz(tvplvapn) dtgipu r+1<i<n.
to 1—-6;
Let cq,...,cp be given constants such that
Pi .
C; <7, 1<7,<7°,
jeil < 14 6; -
and
e > -2 rrl<i<n
—1-0; -

(2

Then there is a function X in Cnr(to) such that

A ~

X'(t)=F(t;X), t > to,

|Z:(t) — ¢ —o<t<oo, 1<i<r,

<,

(10)

(11)



0; ,
|§7i(t)_ci|§ﬁpi: —oo<t<oo, r+1<1<n, (14)

and

limtﬁooffi(t) = C4, 1 S 7 S n. (15)

PROOF. We obtain X as a fixed point (function) of the transformation

Y =TX defined by

Ci—ftoo fi(S;X) dS, tzto,
yi(t) = 1<i<n. (16)
C; — ftooo fi(S;X) dS, t < 1o,

which is to act on the set S of functions X in C,(tg) such that

0; :
|xi(t)_ci|§ﬂpi: —oo<t<oo, 1 <1<, (17)
and
0; :
|xi(t)—ci|§ﬁpi, —co<t<oo, r+1<i<n. (18)

Since S is a closed convex subset of C,(tg), the Schauder—Tychonoff

theorem asserts that X = T'X for some X in S provided that
(a) T is defined on S;
(b) T(S) C S;

() TX; - TX if {X,;} CS and X; — X; and
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(d) T'(S) has compact closure.

For the rest of the proof we assume that X € §. Then (10) and (17)
imply (5), while (11) and (18) imply (6), so that S C Cpr(a). Now (5) and
(6) imply (4); hence, (8) and (9) imply that ¥ = T'X is defined, and that
(17) and (18) remain valid with z; replaced by y; (cf.(16)). This establishes

hypotheses (a) and (b) of the Schauder—Tychonoff theorem.

Suppose that {X;} C S and X; — X. Let Y; = TX; = (Y15,---,Ynj)
and Y =TX = (y1,...,yn). From (16),

i (1) =i (t)] < /OO |fi(s; X5)—fi(s; X)| ds, —oo <t < o0, 1<i<mn. (19)

to

Since part (ii) of Assumption A implies that the integrand here converges

pointwise to zero and (iii) implies that

(7) and Lebesgue’s dominated convergence theorem imply that the integral
in (19) converges to zero as j — oo; hence, {Y;} converges to Y uniformly
on (—oo,00). This establishes hypothesis (c) of the Schauder-Tychonoff the-

oreml.

To see that T'(S) has compact closure, we first observe that it is uni-
formly bounded on (—o0,00), since T'(S) C S. Differentiating (16) and

applying (4) yields the inequality

lyi ()] < |filt; X)| < wi(t,p1,...pn), t =10, 1< i<n
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(with the appropriate one—sided interpretation when ¢ = ¢y.) This implies
that 7'(S) is equicontinuous on compact subintervals of [tp,c0), and now
the Arzela—Ascoli theorem and Definition 1 imply that 7'(S) has compact
closure. Therefore, the Schauder-Tychonoff theorem implies that T X =X
for some X in S. It is trivial to verify that X satisfies (12), (13), (14), and

(15). This completes the proof of Lemma 1.

Theorem 1. Let cq,...,c, be given constants, with ¢; # 0 if r+1 <1i <
n. Then, if to is sufficiently large, there is an X in Cnr(to) which satisfies

(3) for t >ty and has the asymptotic behavior (15).

PROOF. Choose positive numbers 61, ...,0,, with0 < 6; < 1forr+1<
i < mn. Then choose p1, ..., p, to satisfy (10) and (11). Finally, choose ty so

that (8) and (9) hold, and apply Lemma 1.

Theorem 2. Suppose that p1,...,pn and to (> a) are such that

/ wi(t, p1y.ypn) dt < pi, 1 <i<r. (20)

to

Then there is an X in Cpy(to) which satisfies (3) for t > to and has the
asymptotic behavior (15), provided that |c;| is sufficiently small for 1 < i <r

and |c;| is sufficiently large for r +1 <i < n.

PROOF. Choose 61, ..., 0, sufficiently large to imply (8). (This is pos-
sible because of (20).) Next choose 6,41,...,6, in (0,1) to satisfy (9). Now
Lemma 1 implies the conclusion, provided that ci,..., ¢, satisfy (10) and

(11).



Theorem 3. Suppose that r = 0; i.e., that w;(t,p1,...,pn) is non-
increasing with respect to p1,...,pn for 1 < i < n. Then there is an X in
Cnr(a) which satisfies (3) on the entire interval [a, 00) and has the asymptotic

behavior (15), provided that |c1],...,|cn| are sufficiently large.

PRrROOF. Here (8) and (10) are vacuous. Let p1,...,p, be arbitrary
positive numbers, and choose 61, ..., 0, in (0, 1) so that (9) holds with ty = a
and r = 0. Then Lemma 1 implies the conclusion, provided that (11) holds

with r = 0.

Theorem 4. In addition to Assumption A, suppose that 1 < r <mn and

that the following conditions hold for 1 < i <r:

wi(t, p1,-- -, pn) = wi(t, p1, ..., pr) F0i(t, pro1, .. Pn), (21)
where
)\lim vi(t, A, ..., A) =0 (22)

ifr <norv;=0ifr=mn; p tuit,p,...,p) is monotonic in p for each t,
and, for some tg > a,
lim p_lui(tvpv'--ap) :Az(t)v t2t07 1 Siﬁr, (23)
p—a
where
/ A() dt= s <1, 1<i<r (24)
to

and either o = 07 or o = oo . Then there is an X in Cnr(to) which satisfies

(3) for t > to and has the asymptotic behavior (15), provided that |c;| is
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sufficiently large for r +1 < i < n and either (i) a = 0% and |c1|,...,|c/]

are sufficiently small or (ii) o = 0.

ProOOF. Choose 0 sufficiently large so that ¢; < 0/(1 +6), 1 <i <r.

Then, from (23), (24), and Levi’s monotone convergence theorem,

o 0
wi(t,py...,p)dt < ——p, 1 <i<r,
/. o

if p is sufficiently near a. Moreover, (22) and Lebesgue’s dominated conver-

gence theorem imply that

A—00 to

Therefore, we can choose pg sufficiently near o and Ao sufficiently large so

that
/ Ui(t:POa---aPO) dt+/ Ui(tv)\():"'a)\O) dt < P0; ]-SZST:
to to 1"1‘0
which, from (21), is equivalent to
wi(t, poy .-y PO A0y -5 Ap) dt < , 1< < 25
/to (t, po Po, A0 0) 1+900 (25)

If 7 < n, now choose § in (0,1) so that

A~

> 6
/ wi(tvp():"'ap():)\():"'a)\O)dtS1 éPO:7°+1§ 1< n.

to -
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Now Lemma 1 implies that there is an X in Cpr(to) which satisfies (3) for

t > to and has the asymptotic behavior (15), provided that

Po

and

Hence, the conclusion of the present theorem is now immediate under as-
sumption (i) above. To see that it also holds under assumption (ii), we
simply observe that if @« = co and |ey|, ..., |c.| are arbitrary, we can pick pg

so large that (25) and (26) both hold.

Theorem 4 generalizes results obtained in [10] with » = n and A;(¢) =
0, 1 < i < n. Notice that if A;(t) =0 for 1 < ¢ < r, then Theorem 4 is
global result, since then we can conclude that there is an X in C,,,(a) which
satisfies (3) on the entire interval [a,00) and has the asymptotic behavior

(15). Of course, Theorem 3 is also of this nature.
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