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ON PERIODICITIES OF CERTAIN SEQUENCES OF RESIDUES
WILLIAM F. TRENCH, R.C.A. Missile and Surface Radar Division

Let H be the class of polynomials F(x) such that F(m) is an integer when-
ever m is an integer. It is not difficult to show that H is identical with the class
of polynomials of the form

K
F(x)=2a;(’f),

=0 7
where a; is an integer for 0SjS K. Let M be an arbitrary positive integer:
M =1L P,
=1

where Py, - - -, P, are distinct primes and k;=1 (1=i=<n). Let X be a positive
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integer, and r,, - - -, r, be integers chosen so that

ry—

1) P sk < P} (15isn).

Finally, define
N =] P
=1

The symh(ffé M, N, and K will retain these meanings throughout the paper.

Since AX+1F(m)=0 for every integer m,* it is clear that the sequence
{ F(m) (mod M)} must have a period which does not exceed MX. It is our pur-
pose to determine the exact periods of such sequences.

LEMMA 1. The sequence { () (mod M)} (m= - - -, =1,0, 1, -+ ) is peri-
odic with fundamental period N.

Proof. Expand ("%") about N=0 to obtain

@ (")) 20)E)

We first show that (¥) is divisible by M for j=1, - - - , K. Write
3) (N) NN-1N-=-2 N-(@G-=1)
’ gt & 2 j—1

If 1=SR=<j—1, the highest power of P; which divides R is Py~!, since j£K
< Pji. Hence, since Py—' is a factor of N, N—R is divisible by P{i (g;:<r;~1)
if and only if R is. On the other hand, since j is not divisible by Py, the factor
P in the numerator of N/j is not cancelled. As this argument holds for
i=1, - - -, n, we can conclude that

() =0 moa a0 G=1,---,K),
7
and the periodicity follows from (2).

If N’ is a second period, then the greatest common divisor of N and N’ is
also a period. Let (N, N')= [ ], P%. If N is not the fundamental period, then
there is a subscript ¢ such that ¢; <r;+k;—1. Without loss of generality, assume
that 4=1. Then

n
ri+ki—2 ritki—1
N,= P, H P;
Tl

is also a period. We will show that this is impossible for any K = P!, First we
assert that

* A is the forward difference operator. That is, AF(m) = F(m-+1) — F(m).
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N,
4 ( ,1_1) #Z 0 (mod M).
P,
This is obvious if r;=1. If r1>1, expand as in (3). For R=1,2, : - -, Pl it

can again be seen that the powers of P; in factors of the form (N;—R)/R are
cancelled. Now N,/Pj+~! is not divisible by P¥, and (4) follows.
Next let K =Pjr—1+4j with j>0. If {() (mod M)} has period N, it follows
that ’
’ ( Nl + v

PI“’H)EO (mod M) (=0,1,-"-,5.

However, this leads to a contraction of (4), because we could then write

( f'fl’il) - (—1)""( uxe )(’) =0 (mod M).

P, =0 Py +j/\v»

This completes the proof of Lemma 1.
We can immediately generalize to

THEOREM 1. Let

L3 x
©) F(x) = Ea,-( )
0 J
be in H. If (ax, M)=1, the sequence { F(m) (mod M)} is periodic, with funda-
mental period N.

Proof. If K is the least integer which satisfies (1), we can infer from Lemma 1
that [ax(ﬁ) (mod M)} has fundamental period N, while all lower degree terms
have periods which are proper divisors of N. Thus the conclusion follows for
this case. Assume that K —r—1, (r=20), is the least integer which satisfies (1),
and that the theorem is true when K —r is the smallest such integer. Consider

K-1
AF(x) = F(x+ 1) — F(x) = Z dﬂ.;(a_:) .
=0 J
In this equation, K —1 plays the role of K in (5). From the induction assump-
tion, the sequence {AF(m) (mod M)} has the fundamental period N. From this
it follows that the fundamental period of { F(m) (mod M‘); is not less than N,
while from Lemma 1 it follows that it is not greater than N.

CoroLLARY. If F(x) is any polynomial in H, of degree K, then the sequence
{ F(m) (mod M)} has a fundamental period of the form

Ni=TI PY, where 0Sji<rithi—1 E=1,---,n).

=1

As a partial converse to Theorem 1, we have
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THEOREM 2. Let {fa} (— o <m< =) be a sequence of integers, and let
AR+ = 0 (mod M) (m=0,+1,+2,---).
Then there is in H a polynomial F(x) of degree not exceeding K, such that
(6) F(m) = fu (mod M) (m=0,+1,42,-.).

Consequently, the sequence { fm( mod ﬂcf)l has a fundamental period which divides
N.

Proof. Define
LS x
o= 2 )
Then ‘
(?) F(m)=fﬂ (m=0;19"'9K)-

Since F(x) is of degree not greater than K, we have
0 = AR+IF(m) = AR+, (mod M) (—o <m < x),

and (6) follows from (7) by a trivial induction.

It can also be stated that, if in addition to the hypothesis of Theorem 2, there
is an integer m such that (AXf,, M)=1, then the fundamental period of
{fm (mod M)} is precisely N.

In the case where M is a prime, we can obtain a stronger result.

THEOREM 3. Let P be a prime, and F(x) a polynomial in H, of degree K, such
that the coefficient of () is not divisible by P. Then, if P < K <P, the sequence
[ F(m) (mod P) } is periodic with fundamental period Pr. Conversely, if a sequence
of integers {fn}, (— o <m< ®), is such that {fm (mod P)} has fundamental
period Pr, then there is a polynomial F(x) in H, with P—'<deg F(x) <Pr, and

(8) F(m) = fn (mod P) (—0 <m < ®).

Proof. The first statement is a special case of Theorem 1. For the converse,
let {fm (mod P)} have the assumed periodicity, and consider the linear system
in the Pr unknowns {a;}:

Zan(:)zf,. (@iod P) (= 05T viv o P 15

n=0

Since this is a diagonal system, with coefficients on the diagonal equal to unity,
there is a unique solution {a.} in the field of integers modulo P. Define

x
n

B i il
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Then F(x) satisfies (8) for m=0, 1, - - - , Pr—1. By the corollary to Theorem 1,
{ F(m) (mod P)] also has period Pr, and therefore F(x) satisfies (8) for all m.
Deg F(x)Z P}, since if not [F(m) (mod P)} would have period P, and so
would {f. (mod P)}, contrary to assumption.

For an alternate proof of the converse, one can observe that AP’f,,=0 (mod P)
for all m, and the conclusion essentially follows from Theorem 2.

Acknowledgement. The work reported here was stimulated by an attempt to prove [1]. which
follows from Theorem 3 for P=2.

The referee has pointed out that Lemma 1 has appeared previously in [2]. The result is ob-
tained there for m=0, 1, - - -, by a lengthy argument involving a chain of six lemmas and two
theorems which are weaker than Lemma 1.
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