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1 Introduction

Kac, Murdock, and Szego [1] showed that eigenvalues of

— (pr—s)"
K—(,O )r,s=1’ O<,0<1,
are 5
l—p
A= 1<i< 1
7T 1-2pcosB; + p?’ =/ =" M)
where 0y, 0, ..., 6, are the zeros of
G(0) = sin(n + 1) —2psinnf + p*sin(n — 1) (2)
in (0, ). They also showed that
1 .
u<9‘;< T 1<j=n (3)

n+1 n+1’
They did not find the associated eigenvectors. We address this and other ele-
mentary properties of K, simply for the sake of exposition; nothing that we say
is new.
Since K is a symmetric Toeplitz matrix, it has [n/2] linearly independent
eigenvectors

T
x=[x1 x2 - xp | (4)
such that (a) x, = xp—r41, 1 <r <n, and |n/2] linearly independent eigenvec-
tors such that that (b) x, = —xu—r41, 1 <r < n. Vectors that satisfy (a) are

symmetric and those that satisfy (b) are skew-symmetric. In the terminology
we introduced in [3], an eigenvalue associated with a symmetric eigenvector is
even and an eigenvector associated with a skew-symmetric eigenvector is odd.
In [4] we showed that if

g
ty = i/ f(@)cosrfdd, 0<r<n-—1,
7 Jo

and f is nonincreasing, then 7' = [fr—]} ;_; has distinct eigenvalues A1 > A2 >
-+« > Ay, where Ayp—;1 iseven, 1 <k < [n/2], and Ayt isodd, 1 <k < |n/2].
Based on numerical experiments, Laurie [2] conjectured that the components of
a A j-eigenvector have exactly j —1 changes in sign. A matrix with this property
is oscillatory. Here we show explicitly that K has these properties.



2 Results

Obviously, A is an eigenvalue of K if and only if A = 1/u, where u is an

eigenvalue of

1 —p 0o - 0 0 0
—p 14+p2 —p - 0 0 0
0 —p 14+p* - 0 0 0
K= ! : : . : : :
1—,02 : : : :
0 0 0 1+p2  —p 0
0 0 0 - 1+p% —p
. 0 0 0 0 —p 1
Denote )
a=1+p and b= p .
1—p2? 1—p2?

Then (4) is a u-eigenvector of K~! — and therefore of K — if and only if

—bxp—1+ (@a—pwx, —bx,41 =0, 1<r<n,

where
xXo = px1 and Xp41 = PXp.

The general solution of (5) is
xp=al "+ B, 1<r<n,
where ¢ is a zero of
p(@)=—bz>+(a—pwz—b=-bz——1/0,

and the associated eigenvalue of K~! is

p=a—bl+1/0.

Since p is real, £ = ¢'?; hence u = a —2b cos 0 is an eigenvalue of K~! and

1 1 1—p?

W a—2bcosh - 1 —2pcosf + p?

is an eigenvalue of K.
From (6) and (7),
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The determinant of this matrix is

D) =" (1 = p0)? =" (1 = p/0)? = G().




(Recall (2).) If D(¢) =0, then
a=1=p/¢ B=—(1-pf)
is a solution of (8), and (7) becomes (4) with
xp=c(l=p/OF =1 =pO)™", 1=r=n, 9)
with ¢ # 0 is an eigenvector K. With the appropriate choice of ¢,
Xy =sinrf — psin(r — 1) = (1 —pcosf)sinrd + psinfcosrfd, 1<r <n,

which we can rewrite as

Xy = Asin(rf +«a), 1=<r <n, (10)
where
1-— 0 in 6
4= \/1_2PC059+,02, cosa:%, and sinoa = ’Osjl .

To separate the even and odd spectra of K, we note that
D) = [ p) + L2 - p/0)]
x [0 - ) — gV )]
If ¢ is a zero of the first factor, (9) becomes

c(l—p/OE + "
(1 _p/é-)é.(n+1)/2 (é.—(n—2r+1)/2 + é.(n—2r+1)/2)’ 1<r<n,

Xr

so the associated eigenvector is symmetric. With ¢ = e?, the first factor is
multiple of

n+1)0 (n—1)0
oS ——— — pCcos ———

c®) 2 2

0 0 0 0
(l—p)coszcosn?—(l +p)sin§sinn7,

and a suitable choice of ¢ yields

S(n—2r+1)9

7 , 1 =r=n,

Xy = CO!

If ¢ is a zero of the second factor, (9) becomes

xp = c(l—p/ODE +"H
(1 _p/é-)é-(n+1)/2 (é——(n—2r+1)/2 _ é-(n—2r+1)/2) Cl<r<n.



so the eigenvector is skew-symmetric. With ¢ = ¢’?, the second factor is a
multiple of

S+ DO . (=18
Sin ———— — psin ————

5O) = 2 2

0 0 0 0
= (1—p)cos§sinn7+(1+p)sin§cosn7,

. and an appropriate choice of ¢ yields

-2 16
xrzsin(n%), 1<r<n,

It is easy to verify that C changes sign in
(Z(j —Dr 2j—r

n n

), 1<j<Tn/2],
and S changes sign in

(sz_ﬂ) 1<) <ln/2l.
n n

Since the right side of (1) is a decreasing function of j, it follows that the even
and odd eigenvalues of K are interlaced and the largest is even. Moreover,

. .
(J )7T<9j<J7T’ <j<
-, <

This and (3) yield the slightly improved estimates

. .
(J )ﬂ<9/< T
n ’ n—+1

1<j<n.

Either of the last two inequalities implies that r6; increases by at least (j — )&
but less than jm asr =1, 2, ..., n. This and (10) imply that K is oscillatory.
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