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THE METHOD OF LAGRANGE MULTIPLIERS

William F. Trench

1 Foreword

This is a revised and extended version of Section 6.5 of my Advanced Calculus (Harper
& Row, 1978). It is a supplement to my textbook Introduction to Real Analysis, which
is referenced via hypertext links.

2 Introduction

To avoid repetition, it is to be understood throughout that f and g1, g2,..., gm are
continuously differentiable on an open set D in R”.
Suppose that m < n and

g1(X) = g2X) = =gn(X) =0 (1

on a nonempty subset D of D. If Xy € D; and there is a neighborhood N of Xy such
that

FX) = f(Xo) 2

forevery X in N N Dy, then Xy is a local maximum point of f subject to the constraints
(1). However, we will usually say “subject to” rather than “subject to the constraint(s).”

If (2) is replaced by
JX) = fXo), 3)

then “maximum” is replaced by “minimum.” A local maximum or minimum of f
subject to (1) is also called a local extreme point of f subject to (1). More briefly, we
also speak of constrained local maximum, minimum, or extreme points. If (2) or (3)
holds for all X in D, we omit “local.”

Recall that Xo = (X109, X20, - - - , Xno) iS a critical point of a differentiable function
L = L(x1,x3,...,xp)if

in(XIOaXZOawwan):Oa 1 Sl Sn‘

Therefore, every local extreme point of L is a critical point of L; however, a critical
point of L is not necessarily a local extreme point of L (pp. 334-5).

Suppose that the system (1) of simultaneous equations can be solved for xq, ...,
Xm in terms of the X, 41, ..., Xp; thus,

‘x/ = hj(Xm-{—l,...,Xn), 1 S j Sm‘ (4)
Then a constrained extreme value of f is an unconstrained extreme value of

f(hl(xm-l—la‘*‘a-xn)a”*ahm('xm-l—la”‘axn)axm-l—la”‘axn)‘ (5)
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However, it may be difficult or impossible to find explicit formulas for A1, ha, ..., hp,
and, even if it is possible, the composite function (5) is almost always complicated.
Fortunately, there is a better way to to find constrained extrema, which also requires
the solvability assumption, but does not require an explicit formula as indicated in (4).
It is based on the following theorem. Since the proof is complicated, we consider two
special cases first.

Theorem 1 Suppose thatn > m. If Xy is a local extreme point of [ subject to

g1X) =gX)=-=guX) =0
and
9g1(Xo)  9g1(Xo) o 9g1(Xo)
0xr, 0xr, X7,
0g2(Xo)  9g2(Xo) ~ 0gm(Xo)
0xr, 0xr, 0xy,, #0 (6)
dgm(Xo) dgm(X0)  dgm(Xo)
0xr, 0xr, Xy,
for at least one choice of ri <1y < -+ <ryin{l,2,...,n}, then there are constants
Ats A2, ..., A such that Xy is a critical point of
f=2g1—A282— = Am&m:
that is,
X X X m (X
9./ (Xo) _11381( 0) _12382( 0) _____Amf)g (Xo) —o.
3)6[ 3)6[ 3)6[ 3)6[
1<i<n.

The following implementation of this theorem is the method of Lagrange
multipliers.

(a) Find the critical points of

S —Aigr— 28— — Am&m,
treating A1, A2, ... Ay, as unspecified constants.
(b) Find A1, Az, ..., Ay so that the critical points obtained in (a) satisfy the con-
straints.

(¢c) Determine which of the critical points are constrained extreme points of f. This
can usually be done by physical or intuitive arguments.

Ifa and by, b, ..., by, are nonzero constants and c is an arbitrary constant, then the
local extreme points of f subjectto g1 = g2 = --- = g = 0 are the same as the local
extreme points of af — ¢ subject to b1 g1 = bags = -+ = byygm = 0. Therefore, we
canreplace f—A1g1—A282— - —Amg@mbyaf —A1b1g1—A2brgo— - —Ambmgm—c

to simplify computations. (Usually, the “—c” indicates dropping additive constants.)
We will denote the final form by L (for Lagrangian).


http://www-history.mcs.st-and.ac.uk/Mathematicians/Lagrange.html

3 Extrema subject to one constraint
Here is Theorem 1 withm = 1.

Theorem 2 Suppose thatn > 1. If Xq is a local extreme point of [ subject to g(X) =
0 and gx, (Xo) # 0 for somer € {1,2,...,n}, then there is a constant A such that

Jx; Xo) — Agx; Xo) =0, @)
1 <i < n;thus, Xy is a critical point of f — Ag.
Proof For notational convenience, let r = 1 and denote
U = (x2,x3,...x,) and Uy = (x20, X30, - - - Xn0)-

Since gy, (Xo) # 0, the Implicit Function Theorem (Corollary 6.4.2, p. 423) implies
that there is a unique continuously differentiable function # = h(U), defined on a
neighborhood N C R"~! of Uy, such that (h(U),U) € D forallU € N, h(Up) = x10,
and

g(h(U),U) =0, UeNl. (8)

Now define o (Xo)
A= 20 9
gxl(XO) ( )

which is permissible, since g, (Xo) # 0. This implies (7) withi = 1. If i > 1,
differentiating (8) with respect to x; yields

dg(h(U), U) N dg(h(U), ) 9h(U) _
0x; 0x1 0x;

0, UeN. (10)

Also,
If (hU), 1)) _ 3/ (h(U), U) N d9f (h(U), U) dh(U)

0x; 0x; 0x1 0x; Uen. (i
Since (h(Uyp), Ug) = X, (10) implies that
X Xo) 0h
9g(Xo) N 08(Xo) 0h(Wo) _ (12)

3)6,‘ 3x1 Bxi

If X is a local extreme point of f subject to g(X) = 0, then Uy is an unconstrained
local extreme point of f(h(U), U); therefore, (11) implies that

af Xo) N 9f (Xo) 9h(Uo) _

3)6,‘ 3x1 Bxi

0. 13)

Since a linear homogeneous system

Lallv=[o]
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has a nontrivial solution if and only if

a
c

b
d‘_o’

(Theorem 6.1.15, p. 376), (12) and (13) imply that

df (Xo)  f(Xo) df (Xo) 09g(Xo)
3)6[ 3)61 Bx,» Bxi
=0, so =0,
9g(Xo) 0g(Xo) df (Xo) 0g(Xo)
3)6[ 3)61 3)61 3)61

since the determinants of a matrix and its transpose are equal. Therefore, the system

9f (Xo)  9g(Xo)

NN R
0f(Xo) dg(Xo) LV 1 LO

3)61 3)61

has a nontrivial solution (Theorem 6.1.15, p. 376). Since gx, (Xo) # 0, u must be
nonzero in a nontrivial solution. Hence, we may assume that u = 1, so

9f(Xo)  9g(Xo)

3xi 3xi 1 0
)=o) s
3fXo)  9g(Xo)

3)61 3)61

In particular,
0fXo) | 0eXo) _ 0 o Su o)
dax1 dax1 ’ 8x1 (XO) ’

Now (9) implies that —v = A, and (14) becomes
3/ (Xo)  9g(Xo)

N REG
0f(Xp) 9g(Xo) |L 4 o1

3)61 3)61

Computing the topmost entry of the vector on the left yields (7). [ ]
Example 1 Find the point (x¢, yo) on the line
ax +by =d

closest to a given point (x1, y1).
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Solution We must minimize \/ (x — x1)? + (y — y1)? subject to the constraint. This
is equivalent to minimizing (x — x1)? 4+ (y — y1)? subject to the constraint, which is
simpler. For, this we could let

L=(x—-x1)>+—y)*—AMax + by —d);

however,
_ & —x1)2+ (y —»)?
2

L

— AMax + by)
is better. Since
Ly=x—-x1—Aa and Ly, =y—y —Ab,

(x0,y0) = (x1 + Aa, y1 + Ab), where we must choose A so that axg + byy = d.
Therefore,
axo + byo = axy + by, + AMa* + b*) =d,

SO

. d—axy —by
a2 +b%2
(d —ax1 —byy)a (d —ax1 —by)b
Xo = x1 + P . and yo = y1 + IRy
The distance from (x1, y;) to the line is
|d —ax; —by|
(xo =x1)2 + (Yo — y1)? = —F——x—
v Va2 + b2

Example 2 Find the extreme values of f(x, y) = 2x + y subject to
x2+y?=4.
Solution Let s
L=2x4y—2(>+%;

then
Ly=2—Ax and Ly, =1—- 21y,

s0 (x0, yo) = (2/A,1/1). Since x2 + y3 = 4,1 = ++/5/2. Hence, the constrained
maximum is 2+/5, attained at (4 /~/5,2/+/5), and the constrained minimum is —2+/5,
attained at (—4/+/5, —2/+/5).

Example 3 Find the point in the plane

3Ax+4y+z=1 (15)
closest to (—1, 1, 1).
Solution We must minimize

fxoy.)=@+D*+ 0 -D>+@@—-1)?



subject to (15). Let

:(x+1)2+(y—1)2+(z—1)2

L 3 —AGBx +4y + 2);
then
Ly=x+1-3A, L,=y—1—4A, and L; =z—-1-A4,
SO
xo=—-143%, yo=1441, zo=1+4+ 1.
From (15),

31430 +41+4) +(1+1)—1=1+4261=0,

soA = —1/26and
29 22 25)

26726726

The distance from (xg, Yo, Zo) to (=1, 1, 1) is

(X0, ¥0,20) = (

VGt P+ o= 1P+ (zg— 1) = JL%

Example 4 Assume thatn >2and x; > 0,1 <i <n.

n n
(a) Find the extreme values of Z X; subject to Z xl-2 = 1.

i=1 i=1
n n
(b) Find the minimum value of Z xl-2 subject to Z x; = 1.
i=1 i=1
Solution (a) Let

then |
Ly =1—2Ax;, so xjo=—, 1<i<n.

A

n
Hence, inzo =n/A%s0 A = +./n and

i=1
( )=+ 1 1 1

X105 X205 - - -5 Xpo) = —_— ..., — .
105 X20 n0 NN N

Therefore, the constrained maximum is /7 and the constrained minimum is —+/7.

Solution (b) Let

1 n n
L= EZX?—AZXI,

i=1 i=1



then
Ly, =xi—A, so xjo=A, 1=<i<n.
n
Hence, Z Xio = nA = 1,0 xjo = A = 1/n and the constrained minimum is

i=1

n
5 1
§ Xio = —
n

i=1
There is no constrained maximum. (Why?)

Example S Show that

N R )
P 9
if 1 1
—4+—-=1, p>0, and ¢ > 0. (16)
P q

Solution We first find the maximum of

fx,y) =x'ryl/a

subject to

TiY¥ o5 x>0, y>o A7)

P q
where o is a fixed but arbitrary positive number. Since f is continuous, it must assume
a maximum at some point (xg, yg) on the line segment (17), and (x¢, y¢) cannot be an
endpoint of the segment, since f(po,0) = f(0,go) = 0. Therefore, (xo, yo) is in the
open first quadrant.

Let
L =xVryla_ (f + X).
JZ)
Then | ) | )
Lx = —f(X,y)_— and Ly = _f(x’)’)—— :Ov
px p qy q

$0 X0 = yo = f (X0, Yo)/A. Now(16) and (17) imply that xo = yo = o. Therefore,

[ y) < f0,0) =c"PeVl =g == 4 L.

p 9

This can be generalized (Exercise 53). It can also be used to generalize Schwarz’s
inequality (Exercise 54).
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4 Constrained Extrema of Quadratic Forms

In this section it is convenient to write

X1
X2

Xn
An eigenvalue of a square matrix A = [aij];t,j=1 is anumber A such that the system
AX = AX,
or, equivalently,
A-ADX =0,

has a solution X # 0. Such a solution is called an eigenvector of A. You probably
know from linear algebra that A is an eigenvalue of A if and only if

det(A — AI) = 0.
Henceforth we assume that A is symmetric (a;; = a;;, 1 <1, j < n). In this case,
det(A —AD = (=D)" (A = A1)(A — A2) -+ (A = An),

where A1, Ao, ..., A, are real numbers.
The function

0(X) = Z aijXix;

i,j=1

n
is a quadratic form. To find its maximum or minimum subject to E xl-2 = 1, we form
i=1

the Lagrangian
n
L=0X)—-1) x7.
i=1

Then

S0
n
Zai‘/’x‘jo =Axjo, 1<i<n.
Jj=1
n
Therefore, Xy is a constrained critical point of Q subject to lez = 1 if and only

i=1
if AXg = AXj for some A; that is, if and only if A is an eigenvalue and Xj is an



n
associated unit eigenvector of A. If AXy = Xy and Z xizo =1, then

1

n n

Z Z aijxjo | xio = Z(lxio)xio

i=1 \j=1 i=1

A xly =2

i=1

0(Xo)

therefore, the largest and smallest eigenvalues of A are the maximum and minimum

n
values of Q subject to Z xi2 =1
i=1

Example 6 Find the maximum and minimum values
O(X) = x2+ y2 + 222 —2xy + 4xz + 4yz

subject to the constraint

x24+y24+z22=1. (18)
Solution The matrix of Q is
-1 2
A=| — 2
2
and
1-12 -1 2
det(A — AI) = -1 1-A 2
2 2 2—A
= —(A+2)A—-2)(A—4),
)
AM=4, A =2, Az =-2
are the eigenvalues of A. Hence, A1 = 4 and A3 = —2 are the maximum and minimum

values of Q subject to (18).

To find the points (x1, y1,z1) where Q attains its constrained maximum, we first
find an eigenvector of A corresponding to A; = 4. To do this, we find a nontrivial
solution of the system

X1 -3 -1 2 X1 0
A-4D| y |=| -1 =3 2 yi | =] 0
Z1 2 2 =2 21 0

10



1
All such solutions are multiplesof [ 1 | . Normalizing this to satisfy (18) yields
2

1|
X1 = — Y1 =+
Vo 21 1
To find the points (x3, y3, z3) where Q attains its constrained minimum, we first
find an eigenvector of A corresponding to A3 = —2. To do this, we find a nontrivial
solution of the system
X3 3 -1 2 X3 0
A+2D| y3 | =] —1 32 y3 | =10
23 2 2 4 Z3 0
1
All such solutions are multiples of 1 | . Normalizing this to satisfy (18) yields
X2 1
Xs3=| y |=xt—
= V3| _

As for the eigenvalue A, = 2, we leave it you to verify that the only unit vectors
that satisfy AX, = 2X, are

1
X =+— 1
V2| o

For more on this subject, see Theorem 4.

5 Extrema subject to two constraints

Here is Theorem 1 withm = 2.

Theorem 3 Suppose thatn > 2. If Xg is a local extreme point of f subject to g1(X) =
g2(X) = 0and
9g1(Xo)  0g1(Xo)

ax, Xy
#0 (19)
9g2(Xo)  9g2(X0)
ax, Xy
forsome r and s in {1,2,...,n}, then there are constants A and |4 such that
af (X g1 (X g2 (X
fXo) _, 381( 0)—M ga( 0)20’ 20)
ax; ax; ax;

11



Proof For notational convenience, let r = 1 and s = 2. Denote

U= (X3,X4, .. .xn) and U() = (X30,X30, .. .xno).

Since
0g1(Xo) 9g1(Xo)
3)61 sz
# 0, 21
0g2(Xo)  0g2(Xo)
3)61 3)62

the Implicit Function Theorem (Theorem 6.4.1, p. 420) implies that there are unique
continuously differentiable functions

hy = hi1(x3,X4,...,%xy) and hy = hy(x3, X4, ..., Xn),

defined on a neighborhood N C R"~2 of Uy, such that (k1 (U), h2(U), U) € D for all
U e N, h1(Uo) = x10, h2(Up) = x20, and

g1(h1(U), h2(U), U) = g2(h1(U), h2(U),U) =0, Ue€N. (22)
From (21), the system
9g1(Xo)  9g1(Xo)

0x1 0x2 [ A ] [ Fe1 Xo) ]
=1 7 (23)
0g2(Xo)  9g2(Xo) K Sx>(Xo)
0x1 0xo

has a unique solution (Theorem 6.1.13, p. 373). This implies (20) withi = 1 and
i = 2. If 3 <1i < n, then differentiating (22) with respect to x; and recalling that
(h1(Uo), h2(Up), Up) = X yields
0g1(Xo) | 9g1(Xo) 9h1(Uo) = 9g1(Xo) dh2(Uo)
+ + =
3)6[ 3)61 3)6[ 3)62 3)6[

0

0g2(Xo) | 982(Xo) 0h1(Uo) = 9g2(Xo) 9h2(Uo)
+ + =0
3)6[ 3)61 3)6[ 3)62 3)6[
If Xo is a local extreme point of f subject to g1(X) = g2(X) = 0, then Uy is an
unconstrained local extreme point of f (k1 (U), i (U), U); therefore,
df (Xo) | 9f(Xo) dh1(Up) = 3f(Xo) 0h2(Uy)
+ + =
3)6[ 3)61 3)6[ 3)62 3)6[

0.

The last three equations imply that

fXo) 9df(Xo)  9f(Xo)
3)6[ 3)61 3)62
9g1(Xo)  981(X0)  9g1(Xo0) | _ 0
3)6[ 3)61 3)62 ’
0g2(Xo) 0g2(Xo) 3g2(Xo)
3)6[ 3)61 3)62

12
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fXo) 0dg1(Xo) 39g2(Xo)
3)6[ 3)6[ Bx,»

0fXo) 0dg1(Xo) 39g2(Xo)
3)61 3x1 3x1

0fXo) 0dg1(Xo) 39g2(Xo)
3)62 3)62 3)62

Therefore, there are constants c1, ¢3, c3, not all zero, such that

" 0f(Xo)

0g1(Xo)

0g2(Xo) 7]

3)6[

df (Xo)

3)6[

0g1(Xo)

3)6[

3)61

df (Xo)

3)61

0g1(Xo)

3)61

0g2(Xo) [ c1

0g2(Xo)

3)62

If ¢4 = 0, then

dg1(Xo)

3)62

g1

3)62

(Xo)

3)61

9g2(Xo)

3)62

0g2(Xo)

3)61 d

so (19) implies that ¢, = ¢3 = 0; hence, we may assume that ¢; = 1 in a nontrivial

solution of (24). Therefore,

X2

" df(Xo) 0g1(Xo) 0g2(Xo0) ]
3)6[ 3)6[ 3)6[
f(Xo) 9g1(Xo) 3g2(Xo) 1
0x1 dx1 dax1 2
C3
f(Xo) 9g1(Xo) 3g2(Xo)
3)62 3)62 3)62
which implies that
9g1(Xo)  9g1(Xo)
3)61 3)62 [ —cy i| _ [
9g2(Xo)  9g2(Xo) I
3)61 3)62

13

fxl(XO)
fxz(XO)

]

(24)

(25)



Since (23) has only one solution, this implies that c; = —A and ¢ = —pu, so (25)

becomes
" df(Xo) 0g1(Xo) 0g2(Xo) ]
3)6,’ 3)6,’ 3)6,’
f(Xo) 9g1(Xo) 3g2(Xo) 1 0
3)61 3)61 3)61 —A = 0
- 0
f(Xo) 9g1(Xo) 3g2(Xo)
3)62 3)62 3)62

Computing the topmost entry of the vector on the left yields (20).

Example 7 Minimize

subject to
x+y+z+w=10and x—y +z+ 3w =6.
Solution Let
x2+y?+z22+w?
L= Y 3 —Ax+y+z+w)—pulx—y+z+3w);
then
Ly X—A—pu
Ly = y—A+np
L, = z—A-p
Ly, w—A-—3u,
o)
Xo=A+u, Yo=A—p, Zo=A+pu, wo=A+3u.
This and (26) imply that
A+W+A-w+A+w+@A+30) = 10

A+w)—A—p)+ @A+ )+ GA+90)

Therefore,

f(X,y,Z,w):x2+y2+Z2+w2

|
&

A+ 4p = 10
A +12u = 6,

soA =3and u = —1/2. Now (27) implies that

57 53
(X0, Y0, 20, Wo) = )

2°2'22

14

(26)

27)



Since f(x, y, z, w) is the square of the distance from (x, y, z, w) to the origin, it attains
a minimum value (but not a maximum value) subject to the constraints; hence the

constrained minimum value is
5753
N A A A = 27‘
S (2 22 2)

Example 8 The distance between two curves in R? is the minimum value of

V(1 —x2)2 + (1 — y2)2,

where (x1, y1) is on one curve and (x5, y2) is on the other. Find the distance between
the ellipse
x24+2y2 =1

and the line
x+y=4. (28)

Solution We must minimize

d? = (x1 — x2)> + (y1 — »2)*

subject to
xf+2yf:l and x; + yo = 4.
Let 2 2 2 2
X1 —Xx2)° + —y2)* —A(x{ + 2y7)
L:( 1 2 (YI 2)’2 ( 1 yl _“(x2+y2)’
then
Lxl = X1 — X2 — )kxl
Ly, = y1—y2—2y
Ly, = x2—x1—p
Ly, = y2=y1—p
SO
X10—xX20 = Axio (i)
Yio—Y20 = 2Ayio (ii)
X20 —X10 = [ (iii)
Y20 — Y10 = [ (iv)
From (i) and (iii), © = —AXx19; from (ii) and (iv), u = —2Ay10. Since the curves do

not intersect, A # 0, 0 x19 = 2y10. Since xfo + nyo = 1 and (xo, yo) is in the first

quadrant,
2 1
(10, y10) = (%’ %) . (29)

15



Now (iii), (iv), and (28) yield the simultaneous system

X20 — Y20 = X10 — Y10 = % X20 + Y20 = 4,
SO

1 1
(x20, y20) = (2 + ﬁ,Z— ﬁ) .

From this and (29), the distance between the curves is

2 o VT a3
[(2+2«/6 «/€)+(2 2./6 «/6)] B 2(2 2

6 Proof of Theorem 1

3
NG

Proof For notational convenience, let rp = £, 1 < £ < m, so (6) becomes

9g1Xo)  9g1(Xo)  9g1(Xo)

0x1 0x2 0Xm
9g2(Xo)  9g2(X0)  9g2(Xo)

0x1 0x2 0Xm £0
agm(XO) agm(XO) M

0x1 0x2 0Xm

Denote

U= (Xm+t1:Xms2,...Xp) and Uy = (Xpm41,0, Xm+2,05 - - - Xno)-

).

(30)

From (30), the Implicit Function Theorem implies that there are unique continuously
differentiable functions iy = hy(U), 1 < £ < m, defined on a neighborhood N of Uy,

such that
(h1(U), ha(U), ..., hy(U),U) € D, forall Ue N,

(h1(Uy), h2(Up), ..., hm(Up), Ug) = Xo,

and

ge(h1(U), hz2(U), ..., hn(U),U) =0, UeN, 1={=m.

Again from (30), the system

16

T 0g1(X0)  0g1(X0)  081(Xo) ]
dx1 0x2 0Xm
9g2(Xo)  g2(Xo) 9g2(Xo) A fx1(Xo)
T A Jx> (Xo)
dx1 0x3 X m ‘ _ )
dgm(Xo)  dgm(Xo)  Ogm (Xo) Am Jxem Xo)
dx1 0x2 0Xm

€19

(32)

(33)



has a unique solution. This implies that

0fXo) _, 9&1(Xo) , 9£:(Xo) 9gm(Xo) _

3)6,‘ 3)6,‘ Bxi " Bxi 0 (34)

forl <i <m.
If m 4+ 1 <i < n, differentiating (32) with respect to x; and recalling (31) yields

0, 1<{l<m.

9ge(Xo) |~ 0g¢(Xo) 0h;(Xo)
3)6,‘ + /Z=:1 E)xj Bxi n

If X is local extreme point f subject to g1(X) = g2(X) = -+ = gm(X) = 0, then Uy
is an unconstrained local extreme point of f (ki (U), hy(U), ... hy, (U), U); therefore,

9/ Xo) Z’”: 0f (Xo) 3h; (Xo) _

3)6,‘ E)xj Bxi

The last two equations imply that

1/Xo)  0fXo) 3fXo) 3 (Xo)
3)6,‘ 3x1 3x2 me
9g1(Xo)  981(Xo) 951(Xo)  981(Xo)
3)6,‘ 3)61 3x2 3xm
0g2(Xo)  9g2(Xo) 0g2Xo)  0g2(Xo) | = 0,
3)6,‘ 3)61 3x2 3xm
9gm(Xo)  9gm(Xo) dgmXo)  dgm(Xo)
3)6,‘ 3)61 3x2 3xm
SO
f(Xo) 9g1(Xo) 9g2(Xo) dgm (Xo)
3)(?1‘ 3)(?1‘ 3)(?1‘ o E)xi
f (Xo) 0g1(Xo) 9g2(Xo) dgm (Xo)
3)61 3)61 3x1 o 3x1
= 0.
f(Xo) 0g1(Xo) 9g2(Xo) dgm (Xo)
3)62 3)62 3x2 o 3x2
f (Xo) 0g1(Xo) 9g2(Xo) dgm (Xo)
0Xm 0Xm 0Xm o 0Xm

17



Therefore, there are constant cg, c1, ...cm, not all zero, such that

[ 0f(Xo) 081(Xo) 0g2(Xo) dgm(Xo) ]
3)6[ 3)6[ Bx,» Bx,»
df (Xo) 9g1(Xo) 9g2(Xo) dgm(Xo) Co 0
dx1 dx1 dx1 9x1 c1 0
€3 0 1. 35
f(Xo) 9g1(Xo) 3g2(Xo) 0gm(Xo) :
e e ] Lo
df (Xo) 9g1(Xo) 9g2(Xo) dgm(Xo)
L O0xm 0Xm 0Xm 0Xm
If ¢y = 0, then
- 081(Xo)  9g1(Xo) 9g1(Xo) ]
dx1 0xy 0Xm
9g2(X0)  dg2(X0) 992(Xo) || ¢!
dx1 0xy 0Xm 2
dgm(Xo)  9gm(Xo) dgm(Xo) Cm
dax1 0xy 0Xm
and (30) implies that c; = ¢, = --+ = ¢, = 0; hence, we may assume that co = 1 in
a nontrivial solution of (35). Therefore,
[ 0f(Xo) 081(Xo) 0g2(Xo) dgm(Xo) ]
3)6[ 3)6[ 3)6[ 3)6[
f(Xo) 9g1(Xo) 3g2(Xo) dgm(Xo) 1 0
0x1 0x1 dax1 0xg C1 0
€2 0 1. 36
f(Xo) 9g1(Xo) 3g2(Xo) 0gm (Xo) :
e L] Lo
0f(Xo) 951(X0)  9g2(Xo) dgm(Xo)
L Oxm 0Xm 0Xm 0x,;

18




which implies that

0 (Xo)  90Xe)  951(Xo)
dx1 0xy 0Xm
3g:(X0)  9g2(X0) 15X || T4 S Xo)
—c2 frr (Xo)
0x1 0x2 0Xm ) — )
08gm (XO) 0gm (XO) B 0gm (XO) Cm fxm (Xo)
dx1 0xy 0Xm
Since (33) has only one solution, this implies that ¢c; = —A;, 1 < j < n, so (36)
becomes
[ 0f(Xo) 0g1(Xo) 09g2(Xo) dgm(Xo) ]
3)6[ 3)6[ 3)6[ o 3)6[
f (Xo) 9g1(Xo) 9g2(Xo) 9gm(Xo) 1 0
dx1 dx1 dx1 o dx1 —A1 0
X || O
9/ (Xo) 9g1(Xo) 9g2(Xo) 9gm(Xo) . .
weoodm e e ] Lo
df (Xo) 9g1(Xo) 982(Xo) dgm(Xo)
L Oxm 0Xm X m 0xm

Computing the topmost entry of the vector on the left yields yields (34), which com-

pletes the proof.

n
Example 9 Minimize Z xi2 subject to

i=1

n
E arixi =c¢r, 1=<r <m,
i=1

where
Z”:a Lo ifr=s,
LT 0 i r s
i=1

Solution Let

1 n m n
L= EZX?—ZAS Zasixi.
i s=1 i=1

i=1

Then

m
Lxl-:xi_E Asasi, 1<i<n,

s=1

19
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(37)

(38)



SO

m
Xio=Y Asasi 1<i<n, (39)
s=1
and
m
ariXio = stariasi‘
s=1
Now (38) implies that
n m n
Zarixio = As Zariasi = Ar.
i=1 s=1  i=1
From this and (37), A, = ¢, | <r <m, and (39) implies that
m
Xio =Y csasi, 1<i<n.
s=1
Therefore,
m
Xp= Y cresariag, 1<i<n,
r,s=1
and (38) implies that
n m n m
2 2
b= Y e Yaan =Yk
i=1 r,s=1 i=1 r=1

The next theorem provides further information on the relationship between the
eigenvalues of a symmetric matrix and constrained extrema of its quadratic form. It
can be proved by successive applications of Theorem 1; however, we omit the proof.

Theorem 4 Suppose that A = [ays]} _ € R is symmetric and let

n

okx) = ArsXyXs.
r,s=1
Suppose also that
X11
X21
X1 =
Xnl1

minimizes Q subjectto Y :_, xiz. For2 <r < n, suppose that
X1r
Xar

Xr: . ’

Xnr

20



minimizes Q subject to

n n
inzzl and insxi=0, I<s=<r-1L

i=1

Denote

n

i=1

Ar = E ajjXirXjr, 1=r=<n.

Then

A Ay <o <Ay and Axy = Arxy,

i,j=1

21
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7 Exercises

1.

2.

10.

11.

12.

13.

14.

Find the point on the plane 2x + 3y + z = 7 closest to (1, -2, 3).

Find the extreme values of f(x, y) = 2x + y subject to x? 4+ y? = 5.

Suppose that a,b > 0 and aa?® + bB? 1. Find the extreme values of
f(x,y) = Bx + ay subject to ax? + by? = 1.

Find the points on the circle x? + y? = 320 closest to and farthest from (2, 4).

Find the extreme values of

f(x,y,2) =2x+3y +z subjectto x2+2y%+3z2=1.

Find the maximum value of f(x,y) = xy on the line ax + by = 1, where
a,b>0.

A rectangle has perimeter p. Find its largest possible area.
A rectangle has area A. Find its smallest possible perimeter.
A closed rectangular box has surface area A. Find it largest possible volume.

The sides and bottom of a rectangular box have total area A. Find its largest
possible volume.

A rectangular box with no top has volume V. Find its smallest possible surface
area.

Maximize f(x,y,z) = xyz subject to

X y z
S+ =1,
a b ¢

where a, b, ¢ > 0.

Two vertices of a triangle are (—a, 0) and (a, 0), and the third is on the ellipse

2 2
x_+y_:1‘
a? b2

Find its largest possible area.

Show that the triangle with the greatest possible area for a given perimeter is
equilateral, given that the area of a triangle with sides x, y, z and perimeter s is

A= \/s(s —x)(s —y)(s —2).
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

A box with sides parallel to the coordinate planes has its vertices on the ellipsoid

X2 2 Z2

4 -
STt a=l

Find its largest possible volume.
Derive a formula for the distance from (x1, y1, z1) to the plane

ax +by +cz =o0.

Let X; = (xi, ¥i,2i), | <i < n. Find the point in the plane
ax +by+cz=o0

for which Y 7, X —X; |2 is a minimum. Assume that none of the X; are in the
plane.

n

n
Find the extreme values of f(X) = Z(xi — ¢;)? subject to Z xi2 =1

i=1 i=1
Find the extreme values of
f(x,y,2) =2xy +2xz +2yz subjectto x*+ y? +z>=1.
Find the extreme values of
f(x,v,2) =3x% +2y% + 322 + 2xz subjectto xZ+ y24+z2=1.
Find the extreme values of
f(x,y) = x?*+8xy + 4y subjectto x%+2xy+4y* =1.

Find the extreme value of f(x,y) = o + Bxy subject to (ax + by)> = 1.
Assume that ab # 0.

Find the extreme values of f(x,y,z) = x + y? + 2z subject to

4x% + 9y% — 3672 = 36.

Find the extreme values of f(x, y,z,w) = (x + 2)(y + w) subject to
2y + 2 +wi=1.

Find the extreme values of f(x, y,z,w) = (x + 2)(¥ + w) subject to

x>+ y?=1land 22+ w?=1

23



26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Find the extreme values of f(x, y,z,w) = (x + 2)(y + w) subject to

x24+z2=1and y>+w?=1.

Find the distance between the circle x2 4+ y2 = 1 the hyperbola xy = 1.

X2y 2

Minimize f(x,y,x) = — + ﬁ + — subjecttoax + by +cz = d and x,
o 14

v,z >0.

Find the distance from (cy, ¢2, . .., c,) to the plane

a1xi1 + azxs + -+ apx, =d.

n n
Find the maximum value of f(X) = Z a; x? subject to Z bix} = 1, where
i=1 i=1
p,q>0anda;, b x; >0,1<i <n.

n n
Find the extreme value of f(X) = Z aixf subject to Z bi x? = 1, where p,
i=1 i=1
g>0anda;, b;, x; >0,1 <i <n.

Find the minimum value of
f(X,y,Z,w):x2+2y2+Zz+w2

subject to

x+y+ z+3w
x+y+2z4+ w = 2.

Find the minimum value of
2 2 2

X y z
f(x’y’Z):a_2+b_2+c_2

subject to p1x + p2y + p3z = d, assuming that at least one of pi, pa, p3 is
nonzero.

Find the extreme values of f(x,y,z) = pi1x + p2y + p3Z subject to

X2 y2 Z2

—+=+==1,
a? b2 2
assuming that at least one of p;, p2, p3 is nonzero.

Find the distance from (—1, 2, 3) to the intersection of the planes
x+2y—-3z=4and2x —y + 2z =5.

24



36. Find the extreme values of f(x,y,z) = 2x + y + 2z subject to x2 + y? = 4
and x +z = 2.

37. Find the distance between the parabola y = 1 + x2 and the linex + y = —1.

38. Find the distance between the ellipsoid
3x2 4+ 9y + 622 =10

and the plane
3x + 3y + 6z =70.
39. Show that the extreme values of f(x, y,z) = xy + yz + zx subject to

X2 y2 Z2

aetptas!

are the largest and smallest eigenvalues of the matrix

0 da? 4?2
b2 0 b2
¢z 2 o0

40. Show that the extreme values of f(x, y,z) = xy + 2yz + 2zx subject to

2 2 2
X y Z
_2+b_2+c_2:1

are the largest and smallest eigenvalues of the matrix

0 a%?/2 a?
b%2/2 0 b?
c? 2 0

41. Find the extreme values of x(y + z) subject to

42. Leta,b,c, p,q,r,a, B, and y be positive constants. Find the maximum value
of f(xv Vs Z) = xayﬁzy SubjeCt to

ax? +by? +cz" =1 and x,y,z> 0.

43. Find the extreme values of

f(x,y,z,w)=xw—yz subjectto x2 + 2y2 =4 and 222+ w?=09.
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44.

45.

46.

47.

Leta, b, c,and d be positive. Find the extreme values of

fx,y,z,w)=xw—yz

subject to
ax? +by?> =1, cz2+dw? =1,

if (a) ad # bc; (b) ad = bc.
Minimize f(x,y,z) = ax? + By? + yz? subject to
aix +axy +asz =c and bix + by + b3z =d.
Assume that
a,B,y>0, a?+al+a3#0, and b? + b2 + b3 #0.
Formulate and apply a required additional assumption.

n
Minimize f(X,Y) = Z(xi — a;)? subject to

i=1

n n
Zaixi = ¢ and Zbixi =d,

i=1 i=1
where
n n n
Zaf = Zblz =1 and Zaibi =0.
=1 =1 i=1
Find (x10,x,9 - - - » Xr0) to minimize
n
2
0X) =) x;
i=1
subject to

n n
Zx,- =1 and Zix,- =0.

i=1 i=1

Prove explicitly that if

n
dovi=1 D ivi=0

j=1 i=1
and y; # x;o forsomei € {1,2,...,n}, then
n n
2 2
DI BE
i=1 i=1
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48.

49.

50.

51.

52.

53.

Let p1, pa2, ..., pn and s be positive numbers. Maximize
FX) = (s —x)P (s — xp)P2 -+ (s — xp)P"

subjecttox; + x2 + -+ x5 = 5.

Maximize f(X) = x{'xJ?---x}" subjectto x; > 0,1 <i <n, and
°x
i
—_— = S’
Za.
i=1 "

where p1, p2,..., Pn, 01,02, ..., On,and V are given positive numbers.

Maximize
n

=3
2,

subjecttox; > 0,1 <i <n, and

pP1,.pP2 . . DPn _—
x| X5 xpt =V,

where p1, p2,..., Pn, 01,02, ..., Op, and S are given positive numbers.
Suppose that o1, o>, ...a, are positive and at least one of ay, as, ..., a, is
nonzero. Let (¢y, ¢3, ..., cy) be given. Minimize
n 2
(xi —ci)
o0X) =) ——=
‘ o
i=1
subject to

ar1x1 +axxo + -+ apx, =d.

Schwarz’s inequality says that (ay,as,...,a,) and (x, x2,..., x,) are arbi-
trary n-tuples of real numbers, then

a1 X1 +azxs + -+ anxy| < (@ +a3+---+aH)2( 2434+ xHV2
n n

Prove this by finding the extreme values of f(X) = Zaixi subject toZ:xi2 =
i=1 i=1

Let x1, X2, ..., Xm, r1, 72, ..., I'my be positive and

ri+ry+---+ryp=r.

Show that n n
1/r riX1 X2+ ImXm
(xrlxrz___xrm) / < ,
172 m
r
and give necessary and sufficient conditions for equality. (Hint: Maximize
x1'x5% -+ X" subject to Z";':l rixj=0>0,x1>0,x2>0,...,xp >0.)

27
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54.

55.

56.

Let A = [g;;] be an m x n matrix. Suppose that pi, p2, ..., pm > 0 and

and define
n
o; = E |aU|pH 1<i<m.
Jj=1

Use Exercise 53 to show that

n
1/p1 _1/p> 1
Y aijazj - ami| < o' Py o

Jj=1
(With m = 2 this is Holder’s inequality, which reduces to Schwarz’s inequality

if pr=p2=2)

Let ¢y, c1, ..., ¢ be given constants and n > m + 1. Show that the minimum
value of

n
0X) => "x7
r=0
subject to

n
E xri=cs, 0<s<m,
r=0

is attained when

where

m n
ZUH_(A( =c¢; and oy = er, 0<s<m.
=0 =0

Show that if {x,}”_, satisfies the constraints and x, # x,¢ for some r, then
n n
2 2
pRLES SN
r=0 r=0

n
Suppose that n > 2k. Show that the minimum value of f(W) = Z w?,

i=-n
subject to the constraint

> wiP(r—i)=P(r)

i=—n

28
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57.

58.

whenever r is an integer and P is a polynomial of degree < 2k, is attained with

2k
wi0: § Arir’ lflfna
=0

where

2k 1 ifs=0 "
A0 = v and o, = S,
2”“ 0 ifl<s <2k, =2

j=—n

Show that if {w;}7__ satisfies the constraint and w; # w;o for some 7, then
n n
2 2
> uts Y ud,
i=-n i=-n

n
Suppose that n > k. Show that the minimum value of f Z wl-z, subject to the
. i=0
constraint

n
Y wiP(r—i)=P(r+1)
i=0
whenever r is an integer and P is a polynomial of degree < k, is attained with

k
wl‘ozzkrira Oflfna
=0
where
k n
ZUH_SA,:(—I)S, 0<s<k, and CT(ZZZ'(, 0<{<2k.
=0 i =0

Show that if .
Y uiP(r—i)y=P(r+1)

i=0
whenever r is an integer and P is a polynomial of degree < k, and u; # wjg

for some i, then
n n
2 2
E u; > E Wig-
i=0 i=0

Minimize

n . )2
f(X):Z(xl ci)

o
i=1 !
subject to
n
E aipxi =dr, 1=<r=<m

i=1

29



Assume thatm > 1, a1, o2, ...0, > 0, and

n .

Z 1 ifr =9,
Oidirdis = .

= 0 ifr #s.

30



8 Answers to selected exercises

L(2-22) 2.45 3.1/Vab,~1/Vab
4. (8,16) is closest, (—8, —16) is farthest. 5. +£./53/6 6. 1/4ab 7. p*/4
8.4V/A 9.4%2/636 10. 432/6:/3 11.32V)*/3  12.abc/27
13.ab 15.8abc /33

1/2

n
18. (1 — p)? and (1 + )2, where u = Z c? 19. —-1,2  20.2,4
Jj=1

21.-2/3,2  22.a £ |B|/4lab|] 23.—+/5,73/16 24.+1 25,42

dz
26.+2 27./2-1 28.
(aa)? + (bB?) + (cy)?
1/2
2. |d—611C1—a2C2—"'—ancn)ai| 30. Zn:ﬁ
a? +a3+---a? = bi
1 2 n 1=

n 1-p/q

31. (Z a?/(q_p)bip/(p_q)) is a constrained maximum if p < ¢, a constrained
i=1

minimum if p > ¢

dz
pia? + p2b? + p3c?
35.  /693/4536.2,6 37.7/442 38.1046/3 41. £|c|va? + b2)2

-3
42.@(3+é+1) 43.+3  44. (a) +£1/vbe (b) +1/vad = +1//be
par\p q r

32.689/845 33. 34. £(p2a® + p2b? + p2c2)l/?

46. (c — Zaiai) + (d — Zbiozi) 47. xjo = dn +2—6i)/n(n — 1)
i=1 i=1

48 (n—=1)s P p1 D2 Pn
. P P1 P2 Pn

S P1+p2t-+pn
49. (p1 T ———— ) (P101)” (p202)"? -+ (pnon)™"
n

14 ERezsaao
50. (p1 + p2 + -+ pn) ((Ulpl)”‘ (02 p2) 72 "'(Unpn)””)

n n n 1/2 n 1/2
(o= S (Soter) 22 () (309
i=1 i=1 i=1 i=1

m n 2
58. Z (dr — Zai,ci)
r=1 i

i—1

5

-
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