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Abstract

We consider the following inverse problems for the class C, of
unilevel block a-circulants C = [Cs_ar]f7;i0, where k£ > 1, Cy, C1,
cory Opg € CHxd2 o€ {1,2,...,k—1}, ged(a, k) = 1, and || - || is
the Frobenius norm.
Problem 1 Find necessary and sufficient conditions on Z € Ckd2xh
and W € CF4*" for the existence of C' € C, such that CZ = W, and
find all such C if the conditions are satisfied.

Problem 2 For arbitrary Z € CF2*" and W e CFh1 " find
0a(Z,W) = CI'IéICIl 1CZ - W,

characterize the class
My (Z, W) = {C’ € Cq ] ICZ —W| = oa(Z, W)},

and find C in this class with minimum norm.
Problem 3 If A € C, is given, find

calZ,W, A)= _min O —A|
CeMu(Z,W)

and find C € M, (Z, W) such that ||C — A| = 0,(Z, W, A).
We also consider slightly modified problems for the case where
ged(a, k) > 1.

MSC: 15A09; 15A15; 15A18; 15A99
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1 Introduction

We consider inverse problems for the class C, of unilevel block a-circulants
C= [Cs_m]f;io, where k > 1, Cy, C1, ..., Cp_y € Ch*% o e {1,2,... k—
1}, ged(a, k) = 1, and all subscripts specifically associated with circulants
are to be interpreted modulo k. Throughout the paper || - || denotes the
Frobenius norm; i.e., if

P q 1/2
V = [vrshicr<pics<g € CP9, then V]| = (ZZ |?frs|2> '
r=1s=1

Problem 1 Find necessary and sufficient conditions on Z € Cke*" and
W e Ckdixh for the existence of C' € C, such that CZ = W, and find all
such C if the conditions are satisfied.

Problem 2 For arbitrary Z € CF2*" and W € CF>"_ find

0a(Z, W) = min |CZ - W,
characterize the class
Ma(2,W) ={C € Cu||ICZ =W | = 0u(2,W)},
and find C' in this class with minimum norm.
Problem 3 If A € C, is given, find

UQ(Z>W>A) = min ||C_A||>
CEMa(Z,W)

and find C' € M, (Z, W) such that ||C — Al = 0,(Z, W, A).

If ged(a, k) = g > 1 then the first p = k/q block rows of an a-circulant
C= [Cs_m]f;io are repeated ¢ times, which obviously restricts the ranges of
all such C'. Since Problems 1- 3 do not reflect this restriction, it is reasonable
to regard them as ill posed in this case. Section 4 is devoted to this question.

These problems and the results contained here are related to previous
results and methods developed in [1, 2, 3, 4].



2 Preliminary considerations

Henceforth ¢ is a primitive k-th root of unity. If Cy, Ci, ..., Ch_1 € Chxd2,
let
k—1
Fo=3% ¢"Cpn, 0<(<k-—1; (1)
m=0

thus { Fy, F1, .. ., Fx_1} is the discrete Fourier transform of {Cy, Cy, ..., Cx_1}.
Solving (1) for Cy, C4, ..., Cr_1 yields

1 k—1
Con==> C"F, 0<m<k-1L (2)
ks
Conversely, solving (2) for Fy, Fy, ..., Fyp_y yields (1); thus, (1) and (2) are
equivalent.
Now let
L4, L4,
1 ‘I 1 ‘I
P =—— C,dl and Q= —— C,dz . 0<l0<k-—1,
Vk : Vk :
C(k—l)éldl C(k—l)éldz
SO
Pg*Pg = 5£mId1 and QZQm = 5ngd2, 0 S f,m S k— 1. (3)
Note that

P Pom = 0imla,, 0 < l,m <p—1, wherep =£k/q andq = ged(o, k). (4)
Lemma 1 If {Cy,C,...,Cx_1} and {Fy, Fy,...,Fx_1} are related by the
equivalent equations (1) and (2), then

k—1

(a) C = [Cs_m]f;io if and only if (b) C =Y PuFQ;. (5)
=0



PROOF. Starting from (2) yields

k—1 1 = —Z(s—ar)_ o
[CS—ON“]T,SZO = E Z FKC
/=0 4r,5=0
Iy, [ Iy "
R B (I,
=—>Y . Fy .
k= : :
C(k—l)éa I C(k—l)éldz

k—1
=Y PuFiQ;,

=0

so (5)(a) implies (5)(b). To see that (5)(b) implies (5)(a), start from (1) and
work through these equalities in the opposite direction. 0O
In connection with Problems 1- 3, we write

k—1
ZZZQ@U@ with UgECdeh, OSESI{?—L
=0
and
k—1
W=> PV, with V,eC"" 0<(<k-1. (6)
=0
It is to be understood that Z and W are fixed and Uy, Uy, ..., Ux_1 and V},
Vi, ..., Vk_1 have these meanings throughout the rest of this paper.

If ged(a, k) = 1 then ¢ — af (mod k) is a permutation of {0, 1,... k—1},
so we can rewrite (6) as W = Z';;& P,/Vae. (Recall that the subscripts here
are to be interpreted modulo k.) Therefore

k—1

CZ-W = Z Poo(FoUp — V). (7)

/=0

Since [ Py P, - Pi-1)a } is unitary if ged(a, k) =1 (see (4)),

k—1
ICZ —W|* =D IFeUe — Vel *
=0

Hence Problems 1-3 each reduce to k independent analogous inverse problems
for F(], Fl, ceey Fk—l-



As usual, U denotes the Moore-Penrose inverse of U; i.e., the unique
matrix such that

vutv=u, vtvut=ut, (UuhY*=uvut, (U'U)*=UU.

We will invoke these properties repeatedly without explicit citation.

The following lemma is from [2]. We include the short proof here for
completeness. Parts of the proofs of our main results are also implicit in
other lemmas from [2]; however, the self-contained proofs given below require
less space than it would take to state the appropriate lemmas from [2] and
explain their application here.

Lemma 2 If H € Ch*% gnd U € C®*P, then HU = 0 if and only if
H = K(I —UU") where K € Ch*% s arbitrary.

PrOOF. If H = K(I — UU') then HU = 0. For the converse, suppose
HU = 0. If x € C% then z = v+ Uw, where v € C2, w € C", and v*U = 0.
Then Hx = Hv+ HUw = Hv. Now choose K so that Kv = Hv if v*U = 0.
(For example, K = H is acceptable.) Then
K(I-UUYe=KI-UUY(v+Uw)=KI—-UUv
= Kv— K(u'UU"* = Kv = Hv = Ha.
Since we have now shown that Hr = K (I — UUT):E for all z € C%, it follows
that H = K(I —UUY). O
We remind the reader that

IR+ SIP=IIRI*+SI* it RS"=0. (8)

3 Main results for the case where ged(a, k) = 1

Throughout this section we assume that ged(a, k) = 1.

Theorem 1 If Z = Z'g;& QoUp and E is an a-circulant, then EZ = 0 if and
only if

k—1

1
E = [Es_m]f;io where B, = % Z C—Zng(I—UgUg), 0<m<k-1, (9
=0
and Ky, K1, ..., Ky_1 € C"*% gre arbitrary.

bt



ProOOF. From Lemma 1, if £ = [E,_ m]rs o then there are Hy, Hy, ...,
Hy_; € Ch*d2 gych that

k—1 1 k—1
E=> P,HQ;, and E,= Z (""Hyy 0<m<k-1
=0

Therefore (3) implies that

k1 k-1 k-1
= (Z PazHeCE) (Z Q£U£> =Y PyHUy,
{=0 =0 /=0

so (4) with ¢ =1 and (8) imply that
IEZ|* = Z | H U ||

hence, £Z = 0 if and only if H,U; =0, 0 < ¢ < k—1. Now Lemma 2 implies
that H, = K,(I — U,U}), 0 < £ < k — 1, so Lemma 1 (with C = E and
Fy=Hy, 0 <{¢<k—1)implies the conclusion. 0O

The following theorem solves Problem 2.

Theorem 2 Let &, be the set of all a-circulants of the form (9), and let

1 k-1
Cl = [Cs(f)m]f;io, where C'¥) = A > VLU, 0<m<k—1.
=0
(10)
Then
b1 1/2
0a(Z, W) Zaet min [|CZ — W|| = (Z Ve (1 — UeTUe)Hz) , (1)
=0
and this minimum is attained if and only if
C=CY+E, where EE€E&,. (12)

Moreover, C'® is the unique circulant of this form with minimum norm

k—1 1/2
) = (Z ||van2||2) |

=0



PROOF. Since (4) with ¢ = 1 implies that [ Py P, -+ Pu-1a } is unitary,
(7) and (8) imply that

k—1
1CZ = W2 =" || FaUs — Viae|*. (13)
/=0
Now write
FyUp — Vg = (Fy — Vg UN Uy — Voo (I — U U).
Since

(Fy — VaeUDUe[Vae(I = ULUO)]" = (Fy = Vol UDU(I = USU)VZ, = 0,

(8) implies that (13) can be rewritten as

k-1 k—1
1CZ = W|? = S 1(Fr = VaeUDU? + 3 |[Vae (I = U U |2
=0 =0

This implies (11), and that the minimum is attained if and only

(Fy— VooUDU, =0, 0<0<k—1.
From Lemma 2, this is equivalent to

Fy=VoUl + K,(I-UUN, 0<0<k-—1,
which is equivalent to (12), by Lemma 1. Moreover, since
VadUN K (I — UUNT = Voo UN(I = UUDK; =0, 0<0<Fk—1,

(8) implies that

1E® = [VaeUJ 1 + | Ke(1 = UUY) |

This implies the last sentence of Theorem 2. O
This implies the following theorem, which solves Problem 1.

Theorem 3 There is an a-circulant C such that CZ = W if and only if
VeI —UJU) =0, 0<0<k—1,

in which case CZ =W if and only if C is as in (12).



Corollary 1 If Z = Y5 Q,U, then 0o(Z,W) = 0 for all W € CF> jf
and only if rank(U,) = h, 0 <I(<Ek-1.

The following theorem solves Problem 3.

Theorem 4 Let
k—1 k—1

A=[Ac ol lo =Y PuGQ; withGy=> (™A, 0<m<k—1, (14)
=0 =0

be a given member of C,. Then

0a(Z, W, A) =aet cem IC = All = [|(Vae = GUUJ P, (15)

which is attained if and only if C' = C®) + [Es_m]f;io, where
R 1 k=1
E, = kZUmG(I UU)), 0<m<k-1. (16)

/=0

PROOF. From Theorem 2, C' € M, if and only if C = C® + E, where F is
as in (9). For any such C, (9), (10), and (14) imply that

k-1
C—A=CY4rE-A=Y P,HQ;,
=0

where
Hy = VaoUJ + Ko(I — UU]) — Gy
= (VaeUf + Ky — G)(I = UU}) + (VaoUS — G)ULU] .
Since (I — U,U))(U,U})* = 0, (8) implies that
1Hell? = IVaeUf + Ko = Gel|* + || (Vae = GeUUL |1
This verifies (15) and implies that the minimum is attained if and only if
Ki=Gy— VU, 0<0<k—1.
Then
Ko(I = UUf) = (G = VU = UU]) = Go(I = UUf),
which implies (16). O



4 The case where ged(a, k) > 1
Throughout this section,
ged(a, k) =q and p=k/q. (17)

In this case every integer in {0, 1, ..., k— 1} can be written uniquely as {+vp
with 0 </ <p—1and 0 < v < ¢g— 1. Therefore the second equality in (5)
can be rewritten as

¢= pf qf Po(etvp) F€+VPQZ+up = pf Fou qf F€+usz+up> (18)
=0 v=0 =0 v=0
since ap = (a/q)k =0 (mod k). Now define
Fo=|F Frp - Frgon, | €CP% 0<0<p—1, (19)
and
Q= [ Qe Qerp + Quig-1p } eChxat 0<(<p-—1,
o (18) becomes
C= YZX_:IPMF@Q;. (20)
=0

To be more specific: (17) implies that [Cs_a,]5s2 can be written as (20).

On the other hand, if C'is presented in the form (20), then C' = [Cs_m]f;io,
where Cy, C1, ..., Cx—1 can be computed from (2) after determining Fp, F7,
..., Fi_1 by partitioning Fo, Fq, ..., F,_1 as in (19). For brevity, we omit
this step in the theorems stated in this section.

Since [ Qo Qi -+ Q1 } is unitary, we can write an arbitrary Z €

deg xXh as

p—1
Z=> QU, with U,eC™" 0<(<p-1. (21)

¢=0
This and (20) imply that
p—1
CZ=> PyuF,U,,

/=0

9



so every W in the range of any C' = [Cs_m]f;io is necessarily of the form

p—1
W => PyuVo with Vy € CH*P. (22)

/=0

Therefore, if (17) holds, we can repair Problems 1-3 by simply replacing
“W e Ckixh in all of its occurences by “W of the form (22).” Then

p—1
CZ-W = Zpag(FgUg — Vag).

=0
Now (4) and (8) imply that

p—1
ICZ = WI* = |FU: — Vel
=0

and the proofs of the following four theorems are analogous to the proofs of
Theorems 1- 4.

Theorem 5 If F is an a-circulant and Z is as in (21), then EZ =0 if and
only if

p—1
E =Y PuK,(I -UU)Q; with K,eCh % 0<i<p—1. (23)

=0

Theorem 6 Let &, be the set of all a-circulants of the form (23), and let

p—1
C@ =% P,V UlQ;.

(=0
Then

1/2
p—1
0a(Z,W) =aet min [|CZ = W = | 3 [Vaell = UJU 1P|
CeCa =
and this minimum is attained if and only if
C=CY+E where E€&,. (24)

Moreover, C'® is the unique circulant of this form with minimum norm,
which is

b1 1/2
|Cll = (Z ||VazUZ||2-) ;

=0

10



Theorem 7 There is an a-circulant C such that CZ = W if and only if
V(I -UIU,) =0, 0<¢<p-—-1,

in which case CZ =W if and only if C is as in (24).

Theorem 8 Let A = Z*Z’;& P.iG,/Qj be a given member of Co. Then

1/2
p—1
_ ; _ _ _ T2
Ua(Z> W> A) —def Ceﬂr/lril(%,W) ||C AH (gzzo ||(V045 GZU@)UEH ) )

which is attained if and only if
p—1

C =0 4 E  where E = Z PotGy(I — UKUDQ?

=0
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