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CHARACTERIZATION AND PROPERTIES OF (R, S)-SYMMETRIC,
(R,S)-SKEW SYMMETRIC, AND (R, S)-CONJUGATE MATRICES

WILLIAM F. TRENCHT ¢

SIAM J. Matrix Anal Appl. 26 (2005) 748-757

Abstract. Let R € C™*™ and S € C"*" be nontrivial involutions; i.e., R = R~ # %I, and
S =871 # +I,. We say that A € C™*X" is (R, S)-symmetric ((R, S)-skew symmetric) if RAS = A
(RAS = —A).

We give an explicit representation of an arbitrary (R, S)-symmetric matrix A in terms of matrices
P and @ associated with R and U and V associated with S. If R = R*, then the least squares problem
for A can be solved by solving the independent least squares problems for Apy = P*AU € C™*F
and Agy = Q*AV € Cs*t where r + s = m and k + £ = n. If, in addition, either rank(A) = n

or 8* = S, then A" can be expressed in terms of ATPU and ATQV. If R=R* and S = S§*, then

a singular value decomposition of A can obtained from singular value decompositions of Apy and
Agy . Similar results hold for (R, S)-skew symmetric matrices.

We say that A € C™*™ is R-conjugate if RAS = R, where R € R™*™ and § € R"*",
R=R1'# 4I,,and S = S™! # 41,. In this case R(A) is (R, S)-symmetric and 3(A) is (R, S)-
skew symmetric, so our results provide explicit representations for (R,S)-conjugate matrices. If
RT = R the least squares problem for the complex matrix A reduces to two least squares problems
for a real matrix K. If, in addition, either rank(A) = n or ST = S, then At can be obtained from
K*t. If both RT = R and ST = S, a singular value decomposition of A can be obtained from a
singular value decomposition of K.

Key words. least squares, Moore—Penrose inverse, optimal solution, (R, S)-conjugate, (R, S)-
skew symmetric, (R, S)-symmetric

AMS subject classifications. 15A18, 15A57

1. Introduction. In this paper we expand on a problem initiated by Chen [1],
who considered matrices A € C™*" such that

RAS=A or RAS=—A, (1.1)

where R € C™*™ and S € C™*™ are involutory Hermitian matrices; i.e., R = R*,
R? =1,,8 = S* and S? = I,. Chen cited applications involving such matrices,
developed some of their theoretical properties, and indicated with numerical examples
that the least squares problem for a matrix of rank n with either property reduces
to two independent least squares problems for matrices of smaller dimensions. He
also considered properties of the Moore—Penrose inverses of such matrices but did not
obtain explicit expressions for them in terms of Moore—Penrose inverses of lower order
matrices.

Here we characterize the matrices A € C™*"™ satisfying (1.1) without assuming
that R and S are Hermitian. We obtain general results on the least squares prob-
lem for the case where R is Hermitian, without assuming that S is Hermitian or
that rank(A) = n. Under the additional assumption that either S is Hermitian or
rank(A) = n, we obtain explicit expressions for AT in terms of the Moore-Penrose in-
verses of two related matrices with smaller dimensions. Finally, under the assumption
that R = R* and S = S*, we obtain a singular value decomposition of A in terms of
singular value decompositions of these related matrices.
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Under the assumption that R € R™*™ and S € R"*" we consider the analogous
questions for matrices A € C™*™ such that RAS = A, so that RR(A)S = R(A) and
R3(A)S = —S(A4). We say that such matrices are (R, S)-conjugate.

We gave related results for square matrices with R = S in [5] and studied other
approximation problems for (R, S)-symmetric and (R, S)-skew symmetric matrices in
[6].

2. Preliminary considerations. Let R € C"™*™ and S € C"*" be nontrivial
involutions; thus R = R™! # 41, and S = S™! # +I,. Then the minimal and
characteristic polynomials of R are

mpr(z)=(x—1)(x+1) and cgr(z)=(x—1)"(z+1)%

where 1 < r,s < m and r + s = m. Therefore there are matrices P € C"™*" and
Q@ € C™*5 gsuch that

PP=1I, QQ=I, (2.1)

RP=P, and RQ=-Q. (2.2)

Thus, the columns of P (Q) form an orthonormal basis for the eigenspace of R associ-
ated with the eigenvalue A =1 (A = —1). Although P and @ are not unique, suitable
P and @ can be obtained by applying the Gram—Schmidt procedure to the columns
of I + R and I — R, respectively. If R is a signed permutation matrix, this requires
little computation. For example, if J is the flip matrix with ones on the secondary
diagonal and zeros elsewhere and R = Jyi, we can take
1 1 k 1 Ik
Pl ] ma=g] 2]

while if R = Jai41, we can take

1 I, Opxa 1 I,
P=—| 01xx V2 and Q= —=| O1xz
V2 Jr o Okx1 V2 —Jk
If we define
~  P*T ~ *(I —
p:M and Q:u, (2.3)
2 2
then
PP=1,, PQ=0 QP=0, and QQ-=I,
)
P
pori=| L (2.4)
Q

Similarly, there are integers k and ¢ such that k + ¢ = n and matrices U € C"**
and V € C™"** such that

U'U =1, VV=I,
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SU=U, and SV =-V. (2.5)
Moreover, if we define
~ *(1 BN (I —
U= Ui +5) and V = M, (2.6)
2 2
then
UU=1,, UV=0, VU=0, and VV=I, (2.7)
SO
_ U
Uvitt=| 4 2.8
vVt =1 o (23)

It is straightforward to verify that if R = R*, then [P @] and [P Q)] are both
unitary. Similarly, if S = S*, then [U V] and [U iV] are both unitary. We will use
this observation in several places without restating it.

From (2.4) and (2.8), any A € C™*™ can be written conformably in block form
as

U

a=wra | g g ] (2.9

AQU AQV

We say that A € C™*" is (R, S)-symmetric if RAS = A, or (R, S)-skew symmetric if
RAS = —A. From (2.2), (2.5), and (2.6),

RAS = [P Q][ Ary ‘APV] (2.10)

U
—Agu  Agv \%

Henceforth, z € C*, 2 € C*, y € C*, w € C™, ¢ € C", and ¢ € C*. We say that
w is R-symmetric (R-skew symmetric) if Rw = w (Rw = —w). An arbitrary w can
be written uniquely as w = P¢ + Qi with ¢ = Pw and S @w From (2.2), P¢ is
R-symmetric and Qv is R-skew symmetric. Similarly, we say that z is S-symmetric
(S-skew symmetric) if Sz = z (Sz = —z). An arbitrary z can be written uniquely as
z=Ux+Vy with x = Uz and Yy = V2. From (2.5), Uz is S-symmetric and Vy is
S-skew symmetric.

3. Two useful lemmas. Suppose that B € C™*™ and consider the least squares
problem for B: If w € C™, find z € C" such that

Bz — = min ||B¢ — 3.1
1Bz — wi| = min | B¢ —wl, (3.1)
where || -] is the 2-norm. This problem has a unique solution if and only if rank(B) =

n. In this case, z = (B*B)~!B*w. In any case, the optimal solution of (3.1) is the
unique n-vector zo of minimum norm that satisfies (3.1); thus, 2o = Bfw where BT is
the Moore-Penrose inverse of B. The general solution of (3.1) is z = zg + ¢ with ¢ in
the null space of B, and

1Bz — w|| = ||(BB" — Iwl|
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for all such z.
The proof of the next lemma is motivated in part by a theorem of Meyer and
Painter [3].
LEMMA 3.1. Suppose that
B =CKF, (3.2)

where C € C™*™ 4s unitary and F € C"*™ is invertible. Then the general solution of

(3.1) is
z=F'K'C*w+ (I - F'K'KF)h, heC", (3.3)
and
1Bz —w|| = [(KK' - I)C*w| (3.4)
for all such z. If either rank(B) = n or F is unitary, then
Bl = F'KTCr,
so the optimal solution of (3.1) is
20 = FIKTC*w. (3.5)

Moreover, zy is the unique solution of (3.1) if rank(B) = n.
Proof. Recall [4] that Z = WT and W = ZT if and only if Z and W satisfy the
Penrose conditions

WZIW =W, ZWZ=2, (ZW) " =ZW, and WZ)*=WZ. (3.6)
Let
B = p-lKTC*. (3.7)
By letting W = K and Z = KT in (3.6), it is straightforward to verify that
B*BB* = B*, BB*B =B, (BB")* = BB*, and B*B=F'K'KF. (3.8)
Any ¢ € C™*" can be written as ¢ = Bl'w + ¢, so
B¢ —w = (BBY — I'w + Bgq.
From the second and third equalities in (3.8),
[(BB* — I)w]*Bg = 0,
SO
1B¢ —wl* = [I(BB* — Dwll* + || Bq]?,
which is a minimum if and only if Bq = 0.

The second equality in (3.8) implies that rank(BL B) = rank(B), so rank(I—BL B)
equals the dimension of the null space of B. Now the second equality in (3.8) implies
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that Bq = 0 if and only if ¢ = (I — BYB)h, h € C"*". Hence, the general solution of
(3.1) is

2= BYw+ (I - BYB)h, heC™™.
Substituting (3.2) and (3.7) into this yields (3.3). From (3.2) and (3.3),
Bz —w=C(KK' - I)C*w,

since C' is unitary. This implies (3.4).

If rank(B) = n, then rank(K) = n, so KK = I and the fourth equality in
(3.8) reduces to BLB = I. If F is unitary, the fourth equality in (3.8) implies that
(BLB)* = BEB. In either case, (3.8) implies that B = BT, so (3.5) is the optimal
solution of (3.1). If rank(B) = n, then (3.3) reduces to (3.5). O

The following lemma is obvious.

LEMMA 3.2. Suppose that B € C™*™ and B = CKF, where C € C™*™ and
F € C™*™ are unitary and K = ZDW™* is a singular value decomposition of K. Then
B = (CZ)D(FW)* is a singular value decomposition of B.

4. Characterization and properties of (R, S)-symmetric matrices. The
following theorem characterizes (R, S)-symmetric matrices.
THEOREM 4.1. A is (R, S)-symmetric if and only if

Apy 0 U
A=|[P ~ 4.1
ral e 2 e (@)
where
APU = P*AU and AQV = Q*AV (42)

Proof. From (2.9) and (2.10), RAS = A if and only if (4.1) holds. If (4.1) holds,
then (2.8) implies that

avvi=pal| 50

so AU = PApy and AV = QAgv. Therefore (2.1) implies (4.2).

The verification of the converse is straightforward. o
The following theorem reduces the least squares problem

Az — = min |A{ — 4.3
14z — wl| = min [|AC —w] (4.3)
to the independent r X k and s x £ least squares problems
A — ¢|| = min ||A —
[Apvz — 4| mnin |Apu€ — 4|
and

A - = min ||A — .
I4avy - ¥l = min | 4qvy — v]
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THEOREM 4.2. Suppose that A is (R, S)-symmetric, R = R*, and w = Pp+ Q.
Then the general solution of (4.3) is

2 =U[ALyo + (I — Aby Apu)&) + VIAL ¥ + (I — ALy, Agv)n], €€ CF, nect,
and
|Az — w||® = |(Apy ALy — 1)) + |(Agv ALy — L)¥|1?

for all such z. If either rank(A) = n or S = S*, then

AL, 0

Al =[U V]
0 Al

and zg = UALU(JH—VATQVd) is the optimal solution of (4.3). Moreover, zq is the unique
solution of (4.3) if rank(A) = n.
Proof. Starting from Theorem 4.1, we apply Lemma 3.1 with

~
U
- )

_ _|Apu O _

z=Uz+Vy, w=Pop+Q¢Y and h=U+Vn.

It is straightforward to verify that

AL, 0

Kt =
0 Al

3

and the other details follow easily, if we recall that since R = R*, P = P* and @ = Q"
O

Theorem 4.1 and Lemma 3.2 imply the following theorem. (Recall that U=ur
and V=V*if §=5*)

THEOREM 4.3. Suppose that R = R*, S = 5*, and A is (R, S)-symmetric. Let

APU = (I)DPUX* and AQV = ‘I/DQ\/Y*

be singular value decompositions of Apy and Agy. Then

D 0
A_[PCIJQ\IJ][ gU Dov

] [UX VY]

is a singular value decomposition of A. Thus, the singular values of Apy are singular
values of A with associated R-symmetric left singular vectors and S-symmetric right
singular vectors, and the singular values of Aqv are singular values of A with asso-
ciated R-skew symmetric left singular vectors and S-skew symmetric right singular
vectors.
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5. Characterization and properties of (R, S)-skew symmetric matrices.
The following theorem characterizes (R, S)-skew symmetric matrices.
THEOREM 5.1. A is (R, S)-skew symmetric if and only if

0 Apy || U
A=|[P ~ 5.1
ral o e | (5.1
where
APV = P*AV and AQU = Q*AU (52)

Proof. From (2.9) and (2.10), RAS = —A if and only if (5.1) holds. If (5.1) holds,
then (2.8) implies that

avvi=pal| 00 Ao,

so AU = QAqu and AV = PApy. Therefore (2.1) implies (5.2).

The verification of the converse is straightforward. o

Theorem 5.1 and Lemma 3.1 imply the following theorem, which reduces (4.3) to
the independent s x k& and r x £ least squares problems

A — = min ||A4 —
[Aquz — ¥ gelggl\ Qué — |
and
|Apvy — ¢[| = min ||Apyn — ¢]|.
necCt

The proof is similar to the proof of Theorem 4.2, noting that in this case

i
K=| 0 A g Kki= ? Aqu
Agu 0 AL, 0

THEOREM 5.2. Suppose that A is (R, S)-skew symmetric, R* = R, and w =
P+ Qip. Then the general solution of (4.3) is

2 =U[AL ¢ + (I — ALy Aqu)é] + VAL, ¢ + (I — ALy Apy )], €€ CF, neCt,
and

Az — w]* = |

(AquAby — L)6[* + [[(Apy Aby — 1)¢||?

for all such z. I’ either rank(A) =norS= S*, then
|: * :|
Q*

and zy = UATQU#)—}-VALV(b is the optimal solution of (4.3). Moreover, zy is the unique
solution of (4.3) if rank(A) = n.
Theorem 5.1 and Lemma 3.2 imply the following theorem.

0 AL,

T
At =[U V] AL, o
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THEOREM 5.3. Suppose that R = R*, S = 5*, and A is (R, S)-skew symmetric.
Let

APV = (I)Dpvy* and AQU = \I/DQUX*
be singular value decompositions of Apy and Agu. Then

Dpy 0

A_[PQJQ\IJ][ 0 Dow

] VY UX]*

is a singular value decomposition of A. Thus, the singular values of Apy are singular
values of A with R-symmetric left singular vectors and S-skew symmetric right sin-
gular vectors, and the singular values of Aqu are singular values of A with R-skew
symmetric left singular vectors and S-symmetric right singular vectors.

6. Characterization and properties of (R, S)-conjugate matrices. In this
section we impose the following standing assumption.

ASSUMPTION A. R € R™*™ S € R R~ = R # +1,,, S™' = S # +1,,
PeR™" Qe R UeR"™ and Ve R, Also, A = B + iC with B,
C e Rmxm,

Under this assumption, (2.3) reduces to

T T(r_
p_PTIAR) 5 QUU-R)
2 2
and (2.6) reduces to
T T(r —
0= w and V= w

Moreover, if R = R”, then pP= PT, @ = Q7, and [P iQ) is unitary. Similarly, if
S=25T then U =UT,V =V", and [U iV] is unitary.

We say that A is (R, S)-conjugate if RAS = A. The following theorem charac-
terizes the class of (R, S)-conjugate matrices.

THEOREM 6.1. A = B +iC is (R, S)-conjugate if and only if

[ Bou —Cpy U
A=[P P 6.1
[P iQ)] [ Cou  Bov ] v | (6.1)
where
Bpy = PT'BU, Bgv =Q"BV, Cpy =PTCV, Cqu=Q"CU. (6.2)

Proof If RAS = A, then RBS = B and RCS = —C. Therefore Theorem 4.1
implies that

B—[PQ][BSU BZV]_

<))

with Bpy and Bgy as in (6.2) and Theorem 5.1 implies that

c-wal L ]|

<D
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with Cpy and Cqu as in (6.2). Therefore

U
V 3

A=B+iC=[PQ [ o ]

which is equivalent to (6.1).
For the converse, if A satisfies (6.1) where the center matrix is in R™*™, then
RAS = A. Moreover, A = B 4 iC with

B = PBPUﬁ + QBQ\/‘/} and C = QCQUﬁ + Pva‘/}.

Now we invoke (2.1) (with * =T) and (2.7) to verify (6.2). |

Theorem 6.1 with m =n and R = S is related to a a result of Ikramov [2]. See
also [5, Theorem 19].

Henceforth

K — Bpy —Cpv c RMX™.
CQU Bgv

An arbitrary z can be written uniquely as z = Uz +iVy with z = Uz and Y= —iV2.
An arbitrary w can be written uniquely as w = P¢p+iQ1) with ¢ = Pw and = —i@w.
For our present purposes it is useful to write z, y, ¢, and ¢ in terms of their real and
imaginary parts; thus,

T =x1 +ize, 1,72 €RF, y=yi+iy, wyi,y2 € R

¢ =¢1+ig2, ¢1,¢02 €R", =11 +ihy, P1,1P2 € R

Theorem 6.1 and Lemma 3.1 imply the following theorem, which reduces (4.3) to
two independent least squares problems for the real matrix K:

2 I | P 1 [ .

THEOREM 6.2. Suppose that A is (R, S)-conjugate, RT = R, and w = Pp + Qu).
Then the general solution of (4.3) is

2= [U V] (KT[‘HHI—KTK)H:), ceck, nect

and

2
+

4z - wlP = |[ent - | U1 ]

2 ’

(KK - 1) [ ;/;2 ]

2

for all such z. If either rank(A) = n or S = ST, then

r T
Al = [U VKT _ _I;QT ]

and

20 = [U iV]KT [ ‘é ]
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is the optimal solution of (4.3). Moreover, zq is the unique solution of (4.3) if rank(A) =Jj
n.

Finally, Lemma 3.2 and Theorem 6.1 imply the following theorem.

THEOREM 6.3. Suppose RT = R, ST = S, and A is (R, S)-conjugate. Let K =
WDZT be a singular value decomposition of K. Then

A =[P iQWD(U iV]Z)*

is a singular value decomposition of A. Therefore the left singular vectors of A can be
written as w; = Po; +iQvy;, with ¢; € R” and ¢¥; € R, 1 < j < m, and the right
singular vectors of A can be written as z; = Ux; +iVy; with x; € R* and Y; € R,
1<j<n
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