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NCREASED research effort has been
directed toward the solution of soil
compaction problems in the past few
years. Research workers dealing with
these problems have been handicapped
for at least the following four reasons:
1 Lack of definition and understand
ing of soil stress and soil compaction;
a need for a suitable mathematical
model
2 Lack of suitable recording equip
ment for measuring changes in soil
physical phenomena, particularly soil
compaction
3 Lack of basic engineering infor
mation about the mechanics of agri
cultural soils
4 Lack of adequate i n f o r m a t i o n
showing the effect of certain parameters
(soil moisture, soil type, and others)
upon soil properties.
The investigation reported in this
paper has made contributions under
points 2, 3, and 4 above. Another
research worker (5)* has made contri
butions under point 1.
VandenBerg (5) suggests the use of
the model of a continuous media for
the description of soil physical phenom
ena. With this model the description of
soil stress requires a set of quantities
in the form of a stress tensor, rather
than a single value. He showed that
changes in the scaler component of the
stress tensor (change in mean stress) is
simply related to changes in bulk den
sity. Changes in bulk density is a meas
ure of soil volumetric strain often called
"soil compaction."
Cooper and VandenBerg (1) have
developed a transducer which is capable
of measuring a single vectorial compo
nent of soil stress. In this work, an in
strument was developed which is cap
able of continuously measuring and re
cording volume changes in soil. This in
strument, known as the recording vol
umetric transducer can measure volume
changes as small as 0.01 ml (milliliter)
at a point in soil media.
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FIG. 1 Indicating volumeter. (A volume
change AV resulting in a soil sample due
to an applied load o- is indicated by dis
placement of a mercury droplet in a cali
brated capillary tube).
Development of the Recording
Volumetric Transducer and
Indicating Volumeter
The indicating volumeter (Fig. 1)
consists of a capillary tube connected
to a spherical-shaped rubber balloon
(approximately 3 cm in diameter). A
non-collapsible plastic tubing is located
between and connects the capillary tube
and balloon. A droplet of mercury is
placed in the capillary tube and acts
as a movable piston in the tube. When
the balloon, filled with soil, is surround
ed with a larger quantity of the same
type soil, the encompassed minute vol
ume of soil in the balloon represents
a point. When the soil medium is sub
jected to stresses, the change in volume
of the point mass is easily determined
by displacement of the mercury drop
let in the capillary tube since the vol
ume/linear unit of displacement of the
capillary tube is known.

While tests indicated that the indi
cating volumeter would accurately mea
sure changes in bulk density, its use
was limited to static loadings.
The recording volumetric transducer
(Fig. 2) can measure and record dy
namic changes and is more accurate
and sensitive than the volumeter. It
is used with conventional strain-gage
equipment. The instrument was con
structed in two models, the first being
built with a 0.04-in. thick plexiglas
diaphragm and the second with a 0.007"
in. t h i c k stainless s t e e l diaphragm.
Other portions of the transducer were
constructed from plexiglas material.
Basic Principles of Transducer
Fig. 3 is a skeleton sketch of the
volumetric transducer, soil sample and
calibration means. The basis of opera
tion may be analyzed as follows:
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FIG. 2 Volumetric transducer. (Strain
gages measure deflection of diaphragm
which results from volume changes in
soil).

Jri

. . . [2b]
where
APi, AP2, (See Fig. 3) are partial pres
sures on each side of dia
phragm
ATi, AT2 are temperature changes on
either side of diaphragm
AV2, AVi are volume changes on either
side of diaphragm
R is the universal gas constant
Ni, N2 are the number of gas mole
cules on either side of dia
phragm.
The above derivations show a simple
linear relationship between AVi and
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APnet- Since AP ne t is easily and acaccurately measurable with the trans
ducer of Fig. 3, AVi, the unknown
quantity, is easily determined. Calibra
tion is obtained directly in the following
manner:
1 Soil sample (encompassed in bal
loon) is subjected to preload value, o-0.
2 A calibration volume AVC is im
posed into the system by means of an
accurately calibrated pipette.
3 The gain on the amplifier is ad
justed so that the recorder pen deflec
tion is some convenient multiple of
AVC of step 2 above.
In practice AVC was equal to 1 ml
and the corresponding pen deflection
was adjusted to 10 lines; thus each line
represented 0.1 ml volume change. As
straightforward as the above calibration
means seems, a still easier and simpler
method can be used if a series of con
secutive tests are to be run. The steps
of the simpler calibration for a series
of tests are as follows:
1 Make the first calibration as out
lined in the above steps.
2 Depress the calibration switch on
the strain-gage amplifier. (This places
a shunt resistance into the circuit with
one of the strain gages.)
3 Observe what pen deflection oc
curs as a result of step 2.
4 For subsequent calibrations, ad
just the amplifier gain such that the
same pen deflection (observed in step
3) occurs as a result of depressing the
calibration switch.
In order to minimize calibration er
rors in using the latter simplified meth
od, it is necessary to add a volume en
largement as shown in Fig. 3 to the
system to make Vi sufficiently large.
If SVif, the air volume variation ex
pected between soil samples is known
(usually much less than 4 ml), and it
is desirable to keep the error in AP, i.e.,
8(APi)/APi less than 1 percent; then the
lequired volume of Vi can be deter
mined by the following error analysis:
To find the error in AP, S(APi)/APi
resulting from variations in AVi, (SVi),
one must take the partial derivative of
t ^Vt is a change in V4 resulting from an ap
plied load. gVx is variations in V t , existing be
tween different soil samples.

FIG. 3 Skeleton sketch of volumetric
transducer, soil sample and calibration
1959
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FIG. 4 A typical bulk density v versus mean-stress o- relationship for agricultural soils.
NOTE: The function changes when the load is relieved, thus resulting in a permanent
strain.
equation [ 2 b ] considering AP as the
dependent variable and Vi the inde
pendent variable. To put the result in
proper form, it is convenient to take
first the logarithm of both sides of
equation [ 2 b ] to get:
hi AP = - I n Vi + In Pi + In AVi
[2c]
By differentiating both sides of equa
tion [2c] and considering variations in
AP and Vi, the following equations are
obtained:
S(AP)
AP

SVi
Vi

0.01
[2e]

orVi

8(VQ
0.01

4
0.01

400 ml. [2f]

If changes in Vi (8Vi) are expected to
exceed 4 ml, a larger Vi can be selected
by the above means.
Laboratory Technique for Studying
Effects of Parameters upon
Soil Compaction
Data were obtained with the record
ing volumetric transducer described
previously. Various loads (mean-stress
states, a) were applied to small samples
of soil (approximately 15 grams) by
means of hydrostatic pressure. Meanstress values were varied from 1 to 30
psi by using a pressure-regulator valve.
A calibrated Bourdon tube and a mer
cury manometer were used to indicate
hydrostatic p r e s s u r e s (mean - stress
states).
The loads on a soil sample were
repeated several times during one phase
of the experiment. The mean-stress
values were gradually applied and
varied from 1 to 30 psi, and then back
to 1 psi. These repeated cycles per
mitted examination of the effects of

repeated loadings on soil compaction.
The repeated loading tests presented
a minimum of difficulty since the re
sulting volume changes due to load
variations were permanently recorded
for every cycle.
Another phase of tests dealt with
repeated impact loads. Application of
repeated impact loads (mean stress)
presented more difficulty and it was
accomplished in the following manner:
A constant preload, o-0, was sub
jected to the soil sample. The pre
load was applied by means of a
water head equivalent to (1 psi). The
water column was held in place by a
vertical tube. The top of the tube was
subjected to a rapidly applied and re
leased load in the form of air pres
sure. The preload <r0 of 1 psi was
maintained before and after the im
pact application of compressed air. The
magnitude of the maximum mean stress
applied in this way was equal to 27
psi. The time period of impact-load
application was approximately one sec
ond. This one second period closely
approximated the load-application per
iod of field implements.
Analysis of Data
Fig. 4 shows a typical bulk density,
y, versus mean stress, o-, function for
agricultural soils. All soils, except those
containing a considerable amount of
silt, plot as a straight line on semilog
paper (In o- versus y). With silty soils,
a straight line is attained on semilog
paper when a is adjusted as follows:
(cr/o-o + K)/(l + K), where K is a
constant and o-0 is the initial meanstress state (preloaded to 1 psi in these
tests).
The y versus a function complied
w i t h a different r e l a t i o n s h i p for
increasing o- values from o-0 to o-max>
79

than if the values of o- were decreased
from o-max to o-0. This can be expected
because of the change of y with an
initial application of or from o-0 to o-max
which results in a permanent soil strain,
§ '-sf
thus modifying the o- versus y relation
ship. Fig. 4 shows two functions of oversus y and demonstrates the expected
phenomenon. It will be noted that the
two functions are of the "same type"
because both plot straight lines on
semilog paper. The two functions can
be expressed by the same type equa
tion, but with different constants.
The following mathematical equa
I
i
I
I
I
I
!
I
I
!
I—>■
tion was empirically developed and re
NUMBER OF IMPACTS ( I - 2 7 psi )
lates bulk density, y, and mean stress,
a, if initial conditions and "soil para FIG. 5 Repeated impact applications of
mean stress a versus bulk density y for 20
meters" are known:

[

v» + B In
y ~= yo

(q/cro + K) 1

(l + K) J

[4]

in which a0 is the initial mean-stress
state, y0 is the initial bulk density (be
fore loading) and K, a parametric con
stant depending on soil parameters,
and B is a second parametric constant.
As previously discussed, this rela
tionship in equation [4] is valid for
both soil "compression" (o- increasing)
or for soil "relaxation" (a decreasing).
The authors reason that the constants
in equation [4] take different values
because permanent strain occurs as a
result of a load application to the soil.
The same general equation holds be
cause the physical phenomena pre
scribing the y versus cr relationship in
compression also prescribes the rela
tionship in relaxation, This relation
ship usually can be written in the
form:
y =

y0

+

B In (<T/O-O) . . . . .

[4a]

This simplification is possible since
the parametric constant K is most of
ten, except in the case of some silt
soils as discussed above, equal to zero.
Equations [4] and [4a] are in con
formity with laboratory tests performed
with three extreme textural types of
soil at various moisture contents. Mois
ture content varied from an air-dried
condition up to the lower plastic limit.
The initial bulk densities were typical
of actual field values.
When considering only gradually ap
plied loads, and if mean stress values
are subjected to the soil sample in
several cycles, the following result was
noted: the initial application of a from
or0 to (j m a x resulted in a o- versus y
relationship in compression as describ
ed above. Upon relieving of a from
o"max t o o"o> t n e y versus <r function
varied along the relaxation curve as
shown in Fig. 4. Subsequent applica
tions and relief of a gradually applied
load caused the y versus a function to
vary along the relaxation curve, seem80

percent moisture content silty loam soil.
NOTE: About 70 percent of the final
bulk density obtained with twelve or more
impacts, was attained with the first cycle.
ingly i n d e p e n d e n t of t h e n u m b e r
times t h a t t h e cycle w a s r e p e a t e d .

of

Repeated impact test data was se
cured to determine qualitatively how
soils behave under impact loading con
ditions. Figs. 5 and 6 show how bulk
density y varied as impact loads (ap
proximately from 1 to 27 psi) were re
peated. It can be seen from these
bar graphs that from 70 to 90 percent
of the final bulk density occurred dur
ing the first impact application. Sub
sequent changes in bulk density di
minished rapidly as the number of
repetitions were increased.
With the two soil samples tested, no
additional increase in bulk density was
noted when the number of repetitions
exceeded fifteen. Further, the final
bulk density attained as a result of
fifteen or more impacts approached
that which would result from a grad
ually applied load from 1 to 27 psi and
relieved back to 1 psi. Thus, an im
pact load created only 70 to 90 per
cent of the volumetric strain expected
from a gradually applied and relieved
load. It should be further emphasized
that when repeated loads are gradual
ly applied, the final bulk density oc
curred with the first load application.
Further repetition of a gradually ap
plied load caused no further changes
in bulk density. Stated another way,
beyond the first load application, the
a versus y function varies along the
"relaxation" curve as previously de
scribed.
Adaptation of Equations Relating
o- and y to Field Problems
and Special Uses
The foregoing discussion shows that
cr and y can be related by means of a
mathematical equation if initial condi
tions and parametric constants of a
particular soil are known. More spe

cifically, it can be said that the same
general mathematical equation, equa
tion [ 4 ] , will be applicable to virtual
ly all tillable soils. Other investiga
tions (3, 4) reported a similar relation
ship with soils in both civil engineering
and agricultural engineering work. The
g e n e r a l mathematical equation was
also satisfied by other data collected
by VandenBerg (5) and Hovanesian (2).
It is known that
y c = y oc + Bcln l(a/a0+

K c )/(1 +K C )]
[5a]

and
y r = y o r + B r l n [(cr/cr 0 + K r ) / (1 + K r ) ]

[5b]
where B c , B r are parametric constants
during compression c or relaxation r.
y oc is bulk density at a0 on the com
pression curve
y or is bulk density at <j0 on the relaxa
tion curve
crmax is final (max) mean-stress applica
tion
y m a x is final (max) bulk density result
ing from ormax
Kc, K r are parametric constants during
compression c or relaxation r.
Equations [5a] and [5b] of the
above have been adapted for the fol
lowing cases:
Case 1: To find final bulk-density
change Ay occurring in a soil due to
a load application cr0 to crmax then the
load relieved back to o-0:
Ay = (y0

yoc/
/<T0 ~hK P

= B c l n | - °"max' 0"o
(1 + Kc)
/

1 + Kr

\ Br/Bcl

\ CTmax/cr0 + K r /

J
[6]

If Kc = K r = 0,
then Ay = (B r -

Bc) In (crmax/o-0)
[7]

Case 2: y r in terms of a when
y or is not known
y r = y0c ~ Be In [(o-max/o-0 + K C ) /
(1 + K c )] + B r In [(cr/o-o +
K r )/(cr m a x /(J 0 + K r )]

. . .

[8]

Case 3: Determination of crmax for
a prescribed Ay/y o c = j and when
K r = Kc = 0
_
j yoc/(Be - Br)
Omax ~~ cr0 e

. . . |_yj

Problems to which the revised equa
tions of cases 1 through 3 can be ap
plied will be at once realized. For ex
ample, equations [6] and [7] of Case
1 can be used to predict a bulk-density
change resulting from a change in
mean-stress Ao- = (crmax — cr0) that
may be caused by implement traffic
(See example 1).
Equation [8] of case 2 will enable
one to predict the new bulk density
TRANSACTIONS OF THE ASAE
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of the soil resulting from an applied
load not totally relieved to its initial
value o-; thus equation [8] is partic
ularly useful under this circumstance.
Equation [9] is a useful relationship
which can be used to prescribe o-max
for certain permissible values of Ay/
y oc . For example, if one knows the
critical value Ay/y o c for a given soil,
the resulting critical value of o-max may
be determined for that particular soil.
This critical value of o-max can conse
quently be used as a guide for imple
ment selection a n d / o r design, or both
(See example 2).
Examples of Adapted Quations
Example 1
Known: <r0 = 1 psi, amax = 20 psi
(then relieved to 1 psi)
B c = 0.098, Kc = 2, K r =
- 0 . 6 , y oc = 1.17, B r = 0.023
Required: Ay resulting from a load
application from 1 to 20 psi,
then relieved to 1 psi
Solution: From equation [6]

-i

2 Temperature v a r i a t i o n s in the
transducer system will not cause er
rors in readings provided that initial
pressures are equal on both sides of
the sensing diaphragm.
3 The calibration of the transducer
is independent of soil-sample size, pro
vided that a sufficiently large enlarge
ment is added in series with the bal
loon.
4 With tillable soils, bulk-density y
is related to mean stress a by the fol
lowing general formula:

, $

fti

0

t> 'i 1 ' i 1 'i 1 'i 1 ' i 1 ' i ' ' i 1 'i 1 ' i 1 ' i '
5
10
15
NUMBER OF IMPACTS ( 1 - 2 7 psi)

FIG. 6 Repeated impact applications of
mean-stress o- versus bulk density y for 8
percent moisture content sandy loam soil.
NOTE: About 90 percent of the final bulk
density obtained with 12 to 15 impacts
or more was attained with the first impact.

the relationship between bulk density
y and mean stress o- was carefully
studied. Several tests were run with
tillable soils by applying known mean
Ay = 0.098 In
stress values (by means of hydrostatic
pressure) to small samples of soil and
observing the accompanying bulk-den
sity changes. General mathematical
/ I - 0.6 \ 0.023/0.098 1
equations [4] and [4a] were develop
\20 - 0.6/
J
ed empirically. These equations de
= 0.11 grams per cubic centimeter
pend on knowledge of initial conditions
Example 2
and parametric constants. When these
Known: <r0 = 1 psi, B c = 0.138, B r = constants and i n i t i a l conditions are
known, this relationship can be used to
0.009, Kc = K r = 0
accurately predict bulk-density changes
yoe = 1-48
resulting from certain soil load applica
Required: o-max s u c n t n a t Ay/y o c — 0.2
tions.
Solution: From equation [9]
The instrumentation problem of ac
o-max — e 0.2(1.48)/(0.138-0.009)
curate specific-volume measurement at
— 10 pounds per square inch
a point in the soil was solved by de
Summary
velopment of the volumetric transducer.
In this study, the relationship be
tween soil bulk density and mean stress Conclusions
was investigated. Since mean stress is
1 The volumetric transducer success
a measure of soil strain and it is re fully measures specific volume changes
lated to bulk-density change in soil, in soil at a point.

[m
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+ B In

/((TAQ + K U

I (1 + K) /

5 Soil will become p e r m a n e n t l y
strained; that is, the bulk-density, y,
will increase as a result of a load ap
plication and load release. With knowl
edge of soil parametric constants and
initial conditions, this permanent strain
can be predicted for a given meanstress application and release.
6 For a given mean-stress value, im
pact loads will cause less soil strain
than that created by a gradually ap
plied and released load.
7 Fifteen or more repeated impact
loads of a given mean-stress value will
cause the same soil strain attained with
a gradually applied and released load.
8 The bulk density versus meanstress function will obey the relaxation
formulas if the load is repeated after
permanent deformation has occurred.
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