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We explicitly construct the Schwarz-Christoffel map from a (bounded or unbounded) finitely
connected Jordan domain to a (bounded or unbounded) finitely connected polygonal domain.
The map is derived in terms of Green’s function and the harmonic measure functions of the
Jordan domain which need not be a canonical multiply connected domain.
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1. Introduction

The Schwarz-Christoffel (S-C) map from a finitely connected circular domain (i.e.
a domain whose complement consists of a finite number of closed disks) to a finitely
connected polygonal domain has been the object of intense study since the publica-
tion of the milestone paper [1] (see also [2], [3], [4], [5]). Since the Riemann Mapping
Theorem ensures that all simply connected domains are conformally equivalent to
the unit disk, the classical S-C formula is derived from the unit disk or the upper
halfplane. Analogously, the annulus is the domain of the S-C map in the doubly
connected case ([6], [7], [8]).

If the connectivity is three or higher, there are several canonical domains: circular,
a slit disk (a disk with concentric circular slits), a slit annulus (an annulus with
concentric circular slits), a circular slit domain, and others [9]. The first example of
an S-C map for domains of connectivity three or higher seems to be in [10], where
an S-C map is derived from a circular domain onto a polygonal domain consisting of
convex polygons. In [1], [4], and [5], the S-C map is from a circular domain, and the
derivation characterizes the global pre-Schwarzian on the Riemann sphere via the
Reflection Principle. The derivative of the map is expressed as an infinite product.
In [2] and [3], the S-C map is also from a circular domain, and the derivation
uses Schottky-Klein prime functions. In both approaches, the convergence of the
resulting infinite products is proved for sufficiently separated circular domains.

Our construction of the S-C function incorporates, similar to Crowdy’s, an inter-
mediate conformal mapping ¥ from the Jordan domain Dg to a slit disk or a slit
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annulus in the bounded case, or to a circular slit domain in the unbounded case.
The S-C mapping is then rendered in the form fo = f1 09 where f; has the form

fi() = /0 " exp(una(0) + ivr 2())dC. (1)

The function v12 o 1 is harmonic on Dy and its harmonic conjugate, ui2 o9, is
single-valued. The boundary values of v 2 0 %) are a combination of the boundary
values of arg 1, the harmonic measures of the boundary components of Dy, and of
the boundary data of the polygonal domain. The details are presented in Section
2.2 and Section 4.

Our paper is organized as follows. Our main result is stated in Section 6. In Sec-
tion 2.1, we present two observations, Lemma 2.2 and Lemma 2.3, which motivate
our construction of the S-C map from bounded Jordan domains to bounded polyg-
onal domains. We verify the construction in Section 3. While the construction can
be applied to any Jordan domain, in Section 4 we show that when it is applied to
a bounded analytic domain it yields a compact formula for the S-C map onto a
bounded polygonal domain. In Section 5, we discuss the slight modifications of the
construction for the unbounded case. The results up to this point are summarized
in Section 6. The next two sections contain a derivation from our results of the
classical formulas for the unit disk and the annulus. Section 9 discusses the context
of our results and prospects for applications.

2. An explicit construction for the bounded case

Let Ext(T") denote the exterior of the Jordan curve I'. We identify a Jordan curve
with any of its parametrizations.
We assume we are given the following data.

Given Data 2.1

(1) A bounded domain Dy bounded by Jordan curves I'y,...,I'5s, the outer-
most of which is I'y.

(2) A selection of prevertices {a](gj)}j:O,...,M,k:l,...,nj such that a,(cj) € I'; and
raf) <...<I7'ad). |
(3) A selection of reals in (0, 1), {ﬁ](cj)}j:07~--7M7k:17v--»nj’ such that

n;

Sa-p))=2

k=1

(4) A (o € Dy.

We say that these given data are satisfactory if there is a conformal map ¢ onto
a bounded polygonal domain P such that

¢o maps Dy onto P,
j (9)
L

¢ maps a,(cj ) to a vertex of a boundary component of P, p
the exterior angle at p,(gj ) is (1l — ,(Cj )),

¢6(C0) =1, and

$0(Co) = 0.

Not all choices for Given Data 2.1 are satisfactory. See, e.g., page 143 of [11]. So,
henceforth we assume that we are dealing with a satisfactory choice. It then follows
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that ¢9 and P are unique. Our main result is that we can derive ¢g and hence P
from these data. In applications, it may be the case that P is part of the given
data and one wishes to compute the prevertices and thereby ¢g. This leads to the
prevertex problem which is discussed in [12] and [5].

2.1. Some preliminary definitions and observations

Let D; be a slit disk or slit annulus domain for which there exists a conformal map
1 of Dy onto Dy. We also assume that the outermost boundary curve of Dy is JD,
and that the center of Dy is 0. Let {; = 9((p). Let v; = ¢[I';]. Let 7; be the radius

of ;. When j # 0, let b(()j) and bgj) be the two points on I'; that map under ¢ to
endpoints of v;. Let ¢1 = ¢g o L
Let c](co) = ag)). Suppose 1 < j < M. Let

S =1{af 1<k <mj} U 0.

)

Let {c,(f )}kzl,_.,m be an enumeration of S,gj . We can assume this enumeration is

chosen so that

07 e) < 07 e

whenever 1 <k < n;.

For k > nj, let cggj) = cg) where k' € {1,...,n;} and k =k mod n;.

For all £ > 1, let t,(cj) = F;l(cg)). We also let, for all £ > 1, A,(Cj) be the arc on
I'; from céj ) to c,(f_i)rl that does not contain any c](j).

Let F = A,(Cj ). We let ¢o,r be an analytic extension of ¢y past E whose domain

does not contain any c,(j ) Let 1¥E be an analytic extension of i past E whose

domain does not contain any c,(fj ). We can assume dom(¢o,p) = dom(vg). This

extension of ¢ may not be one-to-one. However, there is at least a neighborhood
of E, Wg, in which 9 is one-to-one. Let ¢1 g = ¢o.r © (1/;E|WE)*1.
Let arg; be a branch of Arg on a simply connected domain which omits Q/J(ago))

and contains 71, ...,v, as well as OD — {1#(&&0))}‘

Lemma 2.2:  Suppose E = A,(cj). Then, ¢ — Arg(1(C) ’LE(@Z)(C))) is constant on
E.

Proof: We begin by choosing 61,602 so that rjewl = c,(j) and rjer = c,(gj_zl. We

assume without loss of generality that #; < 2. When 61 < 6 < 65, let
o(f) = quE(rjew).

Therefore, o traces a line segment. Hence, the unit tangent vector to the curve
o is the same at every point. But, the unit tangent vector to o at (6,0(6)) is
exp(i Arg(o’(0))). It follows that Arg(c’) is constant. On the other hand,

o'(8) = 9 p(rje”)ryie”.
Hence,

Arg(o'(8)) = Arg(¥(0)¢} p(¥(8))) + 5
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The Lemma follows. ]

Let C(j) be the value of Arg(e - ng’LE o) on A,gj).
If c( ) = a,(j,) and if ¥(c (j)) is not an arc endpoint in D1, then let (5,(€j) = 5@

() -

w(c,(cj )) is an arc endpoint in Dy, but if ¢’ is not a prevertex, then let (5,9 ) — 2.

Finally, if w( g ) is an arc endpoint in D1, and if c,(j) = a,g,) then let 5(3 B,Ef) +1
Write z = y if x is equivalent to y modulo 27.

Lemma 2.3: C,g{:l — C’lij) =m(l-— 6,221).

Proof: We first choose 61,0s,03 € [0,27) so that

rjewl _ 7/J(C(j))

rjel’ = w(cl(cj-i)-l)

rje' = w(cl(cj-i)&)
Let

(t) = tO2—01)+0; 0<t<1
T =V =1)(05 = 02) + 021 <t <2

Let £y = A,(fj), and let By = AY)

Nl Let

o(t) = { orm (e 0t <1
¢1.5,(rje M) 1 <t <2

We first consider the case where c,@rl is a preimage of an arc endpoint (under )

but is not a prevertex. It follows that, w(1 — (5,&31) = —m. It also follows that o
traces a line segment. Hence, Arg(o’) is constant. However, in this case, 6 — 6,
and 03 — 62 have opposite sign. So, when 0 < ¢ < 1, it follows that Arg( ")) =

J)—|—7T/2 and when 1 < ¢t < 2 it follows that Arg(o’(t)) = C',g_21+7r/2 Hence,
O, Ol = =160,

Now, suppose cg}rl is a prevertex but not a -preimage of an arc endpoint. In
this case, 02 — 01 and 03 — 0> have the same sign. It follows that when 0 < ¢t < 1,

Arg(d'(t)) = (j)iw/2, and when 1 < ¢t < 2, Arg(o’(t)) = C])1+7T/2 It then

follows that C,g le Clij ) is the exterior angle at pgll which is 7(1 — 6,(21)

The remaining case follows by a combination of the above cases. O

2.2. The construction

We now construct a sequence of harmonic functions. Some of these harmonic func-
tions will be constructed to have domain Dy, and some will be constructed to have

domain Dj. We begin in Dy. Let Hl(cj) =7(l- 5](3)). Let:
O’%j) =0
a(j) _ 9(]’)

a,ij)—a,ij)1+9,ij) 1<k <n;
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Let vg,1 be the harmonic function on Dy whose limit at each ¢ € A,(cj ) is

o) — arg; (¥(C)). (2)

The existence and uniqueness of vy ; is guaranteed by say Theorem II.1.1 of [13].
Let w denote the harmonic measure function, and let w; = w(-,I'j, Dy). There

exist unique by, ...,bys such that
M
V0,2 =df V0,1 + Z bjw; 3)
j=1

has a single-valued harmonic conjugate. These numbers can be expressed in terms
of the Riemann matrix of Dy and the harmonic measure functions of Dy. See, e.g.,
Lemma B.2 of [13].

For all z € Dy, let

# 8@0,2 ds
& on

U(]’Q(Z) = —

Hence, the conjugate of ug 2 is vg 2.
We now move to the slit disk domain. Let:

Uy =20t " (4)

-1
V1,2 = V9,2 © (0

It follows that the conjugate of uq o is v1 2.
Let

H(z) = exp(uy2(2) +ivi 2(2)).

For all z € Dy, let

z

fi(z) = i (€)dc¢.

Let fo = f1 0. Hence, for the moment at least, fy and fi are only multi-valued
functions. However, we will show in Section 3 that they are in fact single-valued,
and moreover fp, after normalization, is ¢g. The situation thus far when D; is a
slit disk and M = 2 is diagrammed in Figure 1.

3. Verification of the construction

For the sake of the verification, we can assume that all boundary curves are analytic.
See, for example, Lemma I1.2.2 of [13].
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Figure 1. The construction

Let £ = A,(gj ). We can assume WE is closed under the reflection map of I';. Let:

Up=Wgn Dy
Ap = Y[E]

Cg =¢[Ug]
Sg = Y[WEg]

Let C'; be the reflection of Cr about 7;. Hence, Sp = Cgp U Ag U C%,. These sets
are illustrated in Figure 2.

Lemma 3.1: Suppose E = A](gj). Then, there is an analytic extension of fl|u,
to Wg, fop-

Proof: To construct f[')7 gy we first take a primitive of H on Cg, Fg. That is,
Fj, = H. We will first show that for every ¢ € A,

lim H(z) (5)

z—(,z€Cg

exists and that the resulting extension of H to Cr U A is continuous. We then
demonstrate the resulting extension of F'r maps Ag into a line. This allows us to
extend Fg to Sg and define f{ p to be (F o ¢¥g) - V5.
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Figure 2. The sets Wg, Ug, Sg

Let ( € Ag. To prove (5), it suffices to show that

1.
i, el ©

exists. To this end, let 11 be a conformal map of Cr onto D. Let:
_ -1
u=uz oY

—1
v=vi20Y;

z:remE[D

Then,

—u(z) =

™ 2rsin(¢ — O)v(e?) db
/7r 1 —2rcos(¢p —0) +r22r

_/ 2rsin(¢ — 0)v(e?) o
N P1[AE] 1—2rcos(¢p—0)+ r2 o

+/ 2rsin(¢ — 0)v(e?) 6
OD—u[Ag] L — 27 cos(¢p —0) + 7221

(See, e.g., Exercise I1.11 of [13].) Let € = 1/;(¢). The denominator of the latter
integral is therefore bounded away from 0 as (r, ¢) approaches (1,61). When e ¢
W [Ag], v(e?) = C + arg; (7 1 (e?)) by (2), (3), and (4). Since the conjugate of a
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constant is a constant, it follows that

/ 2rsin(¢ —0)C  db
Y1 [AE] 1-

li —
G 2rcos(¢p — 0) + 12 2w

(r,¢)—(1,61)

exists. Since Ag does not contain a prevertex, we can assume Cg small enough so
as to be contained in dom(arg;). Hence,

=g ()]

™ or sin(6 — 0) arg, (47 (¢")) 0
/_7r 1—2rcos(¢p—0)+r2 2«

And, In |y ()] is defined. Tt follows that u; » has a limit at each point of Ap.

It now follows that the resulting extension of H to CgU Ag is continuous. Hence,
the extension of Fg to Cg U Ag is continuous. By construction, ¢ — Arg(¢F5(¢))
is constant on Ap. Hence, Fp maps Ap into a line segment. O

<f()> :fé,E'
/5 P

Lemma 3.2: Let £ = A,(gj). Then, Arg (%)E s constant on E.

With E = A7) we let

Proof: For each ( € E,

@\ ( eQH@)
e <¢6,E<c>> - (w(cmE(wo)) |

From the construction along with (2), (3), and (4), we infer that the argument
of - (H o) is constant on E. It follows from Lemma 2.2 that the argument of
Y- (¢} g o) is constant on E. O

Lemma 3.3: LetE = A,(gj)UA,(ﬁl. Then, there is an analytic extension of (f/®p)
to a neighborhood of E, (f3/¢y)E- Furthermore, the argument of this extension is
constant on E.

Proof: Let:
B =AY
=AY
2 k+1

Let Ag be a curve contained in Dy such that A\g U E is a Jordan curve, and let
Ug be the interior of Ay U E. Tt follows from what has been shown that f}/¢{, has
a continuous extension to Ug — {b}. Let h denote this extension. We note that if
(1 € 1 and (2 € F», then

arg(Ve, () H (VE, (1)) = arg(Wp, () H(V5, (G2)) + (1 - §)), and
arg (e, (G165, (Vr, (1) = ang (v, ()9, (Vs (G2) + +m(1 = 5).

It follows that h maps E, Es into a line [ through 0. Let o be such that e'“h maps
E, and Es into R. Hence, Im(e'*h) = 0 on E — {b}. It is undefined at b. But, if we
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set it to 0 at b, we obtain the same harmonic function on Ug as Im(e'®h). So, we
can assume Im(e’®h) = 0 on E. Hence, h has a limit at b. Let Wg be the image
of Ug under the reflection map of E. Then, h extends analytically to Wg. Denote
this extension by (f}/¢{)E. Note that the argument of (f;/¢()g is constant on E.
]

It now follows that f{/¢}, has an analytic extension to a neighborhood of Dy. It
also follows that the argument of f}/¢{ is constant on each I';.

Let Q = f}/¢(- Hence, Q[I';] is contained in a ray extending from the origin. Let
wy € C — Q[0Dy]. Hence, the Winding Number of Q[I';] around wyq is 0. It follows
by a simple computation that

Q'(¢) _
/rj Q(¢) - w0

We assume each I'; is positively oriented with respect to Dy. Since () has an analytic
extension to a neighborhood of Dy, it now follows from the Argument Principle
that wy ¢ ran(Q). Hence, the range of @) is contained in a set with empty interior.
It then follows from the Open Mapping Theorem that () is constant.

It now follows that fj is single-valued and

fo(z) — fo(Co)_

wl=) = = r)

Hence, we have constructed ¢g from the given data.

4. An explicit formula for analytic domains

We suppose our boundary curves are analytic so that we can use the Poisson
Integral Formula (see, e.g., Theorem I1.2.5 of [13]). To this end, let G denote the
Green’s function of Dy. At the same time, we abbreviate G(z, (o) by G(%).

When u is harmonic in Dy, let 4 denote the analytic function whose domain is
Dy and whose imaginary part has the form

M

U+ Z bj(u)w.

i=1

The operators by, ...,bys are linear. It follows that u +— 4 is linear. We can then
write

P(z) . R
folz) = /«; exp(A(1(0)) — Q1 (C))dC
- /< "exp(A(C) — QO (Q)de
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where:

Az) =Y o a(z, AP, Do)

k7j
1 0G(z,()
Q = —— A R
()=g | Arawie) 5>
(2) = exp(=G(2))
5. The unbounded case
We assume we are given the following.
Given Data 5.1
(1) Jordan curves I'y,..., 'y such that
T; C | Ext(Ty).
k#j
(2) Prevertices {a,(cj)}j:17._,’M7k:1,,..7nj such that
° a,(g) €I, and
. a;” a9 it kA K.
(3) {8} =1, M k=1 ..., SCh that
n; )
Sa-p7)=2.
k=1
(4) A point
M
(o € Dy =af m E{L‘t(r‘k).
j=1

Assume there is a conformal map ¢g of Dy onto a polygonal exterior domain P

such that
(4)

e ¢o maps a;’ to a vertex of a boundary component of P, p

e the exterior angle at p,(cj) is w(1 — 5}@)7
¢0(Co) = 1, and
$0(Co) = 0.

©)
k

It follows that ¢¢ and P are unique. Let D; be a circular slit domain for which there
exists a conformal map ¥ of Dg onto Di. We can assume these slits are centered
at 0. Let (1 = ¥ ((p). We can now proceed exactly as in Section 2.

6. Main theorem

The above results can be summarized as follows.

Theorem 6.1: Let P be an M + 1 connected polygonal region (bounded or un-
bounded) and Dy be a conformally equivalent domain (bounded or unbounded),
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whose boundary curves are analytic. Then Dy is mapped conformally onto P by a
function of the form afy(z) + b, where

folz) = / "exp(A(C) — QO Q).

Go
ZO’k Z Ak ,Do)
Q(z)z—% [ arglu() 252

and v is as defined in the last two sections.

7. Derivation of the classical formula for the disk

Suppose M = 0 and Dy = D. Let us take (y = 0. Hence, D1 = Dy and ¢ = Idp.
(0)

Let us assume without loss of generality that a;”” = —1. Take arg; to be a branch
of Arg on C — (—00,0]. It now follows that

Z ak A,io), D), and

do

0(z) = /a g (P 5

Since Do = |D, V0,2 = Vo,1-

Let Log; be the analytic branch of Log corresponding to arg;. It follows that
for all ¢ € D, Q(¢) and 2 Log; (1 + ¢) have the same imaginary part. We then infer
that, modulo a constant, (z) = 2Log, (1 + 2).

We now analyze A. Set (p,+1 = ago). It then follows that

(0)
1 z—a
w(z,Ag)), D)= ;Arg (%’;) + Const..
z—ay

(See, e.g. Exercise 1.1(a) of [13].) So,
(0)
1 z—a
cD(z,AECO), D) = — Log % + Const..
m z —ay
A fairly straightforward computation now reveals that,

o

Az) = 1 (Z( 9( )) Log(z — ]go)) + 27 Log(z — ago))) + Const..
k=1

But, z — ago) =1+ 2z, and so it follows that,

)
a

Az) = Q(z2) = Z —(1- (0)) Log(z — ](CO)) + Const.. (7)
k=1
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Since ¢ = Idp, u1,2 = up,2 and v1 2 = vg 2. Hence, there is a constant C' such that

=C H ﬁ(o)

k=1 z—ak

The classical result now follows.

8. Derivation of the classical formula for the annulus

In the first part of this section we assume D; = Dg and @ = Id. In the second
part, the same derivation will be carried out for the situation where D1 is the slit
disk. The derivation in the first part is a warm-up for the next derivation.

Preliminaries

Suppose M = 1. We assume I'g = 0D and I'y = 9D,,(0). We assume (g = 7 € R. We
orient I'g counterclockwise and I'; clockwise. We assume without loss of generality

that the points of each sequence {c,(cj )}k=1,mm_j appear in counterclockwise order.

Let majj, be the interior angle of P at pg) .

Let
9(2’)210_01(1 p ) (1 — e
k=1
Note that
0(u12) = [[(1 - w21 - 1)
k=1
@(MZ)—E[I(l P2 (1 - )

The classical formula can now be rendered

no aom—1 a1,m—1
¢o(z) = Const. x / H (@ ( C(O)>> H <® (uf))) d¢
Co m=1 Ham m=1 am

See, e.g. Section 17.5 of [8]. Note that



October 22, 2010 14:23 Complex Variables and Elliptic Equations andreev'mcnicholl

Complex Variables and Elliptic Equations 13

The numbers «; , satisfy the relations

Hence, we can set aq =2 — ﬁ,(:) and ag j, = ﬁ,(co).

Calculation of A

First of all, we can write GG in the form

G(2,¢) = —[wo(z) Log |¢] + Log |p(z, ()]

where

o0

( C) H 1— ,u2k_2C_IZ 1— /’L2k<2_1
bz, = k—927~ -1
i L= 20z 2k 0

and wp is the harmonic measure function of I'y with respect to Dy. (See e.g. page
260 of [8]; note that we use a different normalization.)

8.1. Part 1: D1 is an annulus

The normal derivative of GG in the direction of the outer normal with respect to
a circle coincides with the partial derivative with respect to the radius. It follows
from the Chain Rule that on 0D,

aarc Log(1 — p*%¢712) = _387“4 Log(1 — p**7*Cz), and
0 0 1
L 1— 2k —1 — L 1— 2k -1
are og(l — p**¢z") are og(l—p¢ 277)

Hence, on 9D,

9G(z,¢)

8n¢
(8)

_ i Ooi 2%k—2 ~—1 2% - —1
= 0le) g (Log ) +2 3 (Lol =422+ Log L - )



October 22, 2010 14:23 Complex Variables and Elliptic Equations andreev'mcnicholl

14 Taylor & Francis and I.T. Consultant

Using the Cauchy-Riemann equations for normal and tangential derivatives we
obtain
1 9G(z,¢)

55 s,

W(Z,Agg),Do) = _% o) anc

= Const. X wy(z)

e (0) k (0)
Arg <1—u2 Zz/am+1>+Arg<1—M2 G,m_i_l/Z)].
1

— 22 /g 1— p2kal)) /2

Fix ¢ € OD. When k > 1, |u?¢¢ /2| < p for all z € Dy. Tt follows that

z € Dy — Log 1—,u2kg
z

has a single-valued conjugate for all & > 1. When k > 1, |u?*722/¢| < 1 for all
z € Dy. Thus,

1 2k—2%2

z € Do — Log 7 c

has a single-valued conjugate when k£ > 1. We infer
@(z, AV Do) = Const.

1 & 1— #2k—2z/a(ol_l 1— /ﬂka(o) ¥E
- L m S e Yot I
i Z [ 8 ( 1— 2k—2z/a572) + Log

M 1—M2ka£2)/z

It then follows that

No ) > - Z
o\0a(z, AY, Do) = Const. + 2y Log (1 -t 2(0)) ®
m=1 k=1 “
~ A0
+2) TLog (1 - p?—-
k=1 ‘
O = 4(0) o 2%k=2 2
+> > (B —1)Log (1 p (0>>
m=1 k=1 "
o = (0 o1 i
+2_ 2 (B —DLog (1 - =2
m=1 k=1
Now, on 9D, (0),
o) k27, _ 9 ket
o Log(1 — p™"%(Cz) = (‘)T"CLOg(l P 2),
and
B 1 9
——Log(1—p*( 27") = - —Log(1 — p?*2¢z""
8T< og( pke ) 8T< og( 1% Cz )
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At the same time, on 9D, (0),

—L
8?”§ 8

1—‘—Lo

So, on 9D,(0),

L 0G(=,0)

8n§
(10)

_ 8 = 8 Qk 2 2k —1
—cu()(zv)anC Log [¢] +2; e (Log |1 12| + Log |1 ¢z71)).

Again, using the Cauchy-Riemann equations for normal and tangential derivatives
we obtain

&(z, AW, Do)

1 0G(z,¢) )
2 Juo o Ong
= Const. (11)
1 & 1-— ,u2k—2z/c$7}b) 1-— ,u%c%)/z
+ — Arg + Arg o ||
it 1 — p2k= QZ/chrl 1 - H2kcm+1/z
It now follows that
Z oDz, AV Do) = Const. — 2 Z Log | 1— ,u%_Qil (12)
m=1 k=1 “g )

22L0g< il )
+ Z > (1 -8 Log (1 - /~L2k2a(zl)>

m=1 k=1
N — 1 2k a%)
m=1 k=1

We now obtain:
exp(A)(2)

n BY—1 4 1-8% (13)
@(qu/ago))z 1 -1_% 1 -1_%
= IHe{r'—5 [[e(r' -

O(u1z/al")?
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Calculation of
Since ¢ = Id, we have

_ 9G(z,C)
Q(z) = ~5- /8D0 Arg(C)TnCdsC.

Let
gl(z) — _i Arg(C)M
0 2 6DM(O) 8714
1 0G(z,¢)
Ly = — = A 2\ 5
i) = —5- | are(0) Sols
It follows from the Chain Rule that on 0D
9 L p2k=2e-1
9 Loo(l — y2k—2p—1y— K~ 6 2
e og(l —p™5¢T ) = o= T
2%k~ —1
2% pCz
We can then conclude from (8) that on 0D,
G (z,() 2%k-2, 2k —1,\n
_Tng =wp(z) +2Re Z — (270" (14)
kn=1
Let ago) = ¢, We conclude that
&1 (2)
Re b2 . 2k—2 _\n _—int 2k —1\n _int
ORI S (e e e e
1 kn=1
0 2k—2.,7,(0)\n
AT S [(u 2/a”) | (u* al /) ]
n,k=1 (15)
s
= ()—2Rezz Log |1—p (— + Log -
k=1 ay
00 ( )
:wo(z)+22 Arg [ 1—p%* () + Arg .
k=1 ay

It now follows that modulo a constant

exp(E])(2) = O (nz/al”)’ (16)
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To compute £ we note that on 9D,

9 o 1 2kl

9 oe(l— k201 = 2 KT 6 E

one og(1 —p" (" 2) 01— =21,

P e, k=2 51
e Log(l = p™Cz ) = 9 — e
and from (10) that
0G(z,() Z > 2k 2,1 2k—2 ~ _—1\n
_Tng = Const. — kz ¢ 2)" = (pn )"

By a calculation identical to (15) we obtain that
5 ey
Arg -2 5t Arg [ 1—p2F )| .
ag ) <

-2

EL(2) = Const. — wy(z) — 22

Therefore

~

exp(é4)(2) = © (u12/a")

and

. S _1z/a(1)2
exp(— ) () = (i712/al”) an)

© (,u_lz/ago)>2

Pulling it all together
It now follows from (13) and (17) that

s B8O 1 . 1-8
—1 —1
-1I @< m> @(“ ) ’

which is equivalent to the classical formula.

8.2. Part 2: Dy is a Slit Disk

The derivation follows the pattern in Part 1. Formulas (9) and (11) are the same as
in Part 1. Since the inner circle of the annulus is mapped under v onto a circular

slit, let b(()l) and bgl) be two points that are mapped under 3 to the endpoints of
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~1. Hence (12) takes the form

Z oV (z, AV Do) = Const

m=1

Combining the last result with (9), we now obtain:

B -1 165
R ® —IZ CL(O) . ny o
exp(A)(z) = (,ul / H o' H O|u lﬁ :

O(u2/66)O (1 2/b1)) aly)

Calculation of Q

We first calculate G for the sake of calculating 1. For the harmonic measure wq
with value 1 on I'y and with value 0 on I'y, we have on dD that

8&)1 Gwl . 1

on or  Logpu

and thus the period of wy with respect to 9D is

Owy /27r 1 27
—aSs = dt = .
ap On o Logp Log p
Since

I Log i . 1
— —~ 1L - =-——L
5 (W1 (w) ) Log | 7| - w1 (w)wi () 5 ogT,

it follows that G(z) = — Log(p(z,7)) — 5- Log 7. Hence,

| 0G/z,
0) =5 [ artnic. ) *G 5 s
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We have

It follows, as in the calculation of A, that the last four terms are all single-valued
and have single-valued conjugates.
We now let

1 z\ 0G(z,()
= — — 1 —_ — _—
5(2) 2T 8D, Ar ( T) (9n< d3<
We can now write
Q(2) = £(2)
> z
+ Z Log (1 — p2*
> Lo (1)
+ ZLog (1 — u%z)
k=1
— Z Log(1— ,u2k_27'z
> Lo ( )
—ZLog 1—,u2kT 1,71
> Lo ( )
Hence,
exp(@(2)) = exp(€(2)) 22T, (15)
8.3. Calculation of E

‘We first note that

Arg (1 — ;) = Arg (1 — g) + 7+ Arg(z2).
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Accordingly, we split £ as

E = Const. + & + Y + &}

where
1 ¢\ 9G(z,()
Eo(z) = ~5- 0.0 Arg (1 — T) 7&% ds¢
o, 1 7\ 90G(z,()
El(z) = " oo Arg (1 — C) Tngdsc
&) = -+ [ ang28Ed g,

27 oD 8n§

The formula for £} is identical to (16) computed earlier. Combining (14) and, on

oD,

() 3 ) el )

1 1 1
= — |:_7_nCn + Tncn:|
21 n n
n=1

we obtain from a lengthy but straightforward computation that

EY(2) = Re % kgo:l [:L <M2:T>n + % (,u2k_27'z> n]
= —Re ki;l [Log (1 — ,u%g) + Log (1 — U 27’2)}
i [Arg (1 — ) + Arg (1 —u 27’2)}
k=1

To compute &, we need a slightly different expression than (10) for the normal
derivative of G on 0D, (0). We start by observing that:

0 Log (1 — M%_QC_IZ) _ 0OLog (1 — ,u%g_lz) n 0 Log (1 — C‘lz)

8n¢ 8n§ 6n<
0 Log (1 — u%_QZz) ~ OLog (1 — ,quC_lz)
Ong N 8’”4

7_1 _
0 Log (1 — ¢z 1) _ dLog (1 — p*¢z71) 8Log (1-¢/z)
8n4 871( 8n§

OLog(1—2/¢)  OLog(1—¢/z) _ 9[Log(—2/¢) +2Log (L —(/2)]

8n< 8n< 8n4
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It now follows that on 9D, (0)

o0

_8(;3(720 _ woM(Z) + 2Rez Gang [Log (1 _ M%C_IZ) + Log (1 B M2k—2C2_1)}

=0 rtre Y () o () .

kn=1

If ¢ = pe', then

Arg <1— C) = l [Log <1— C) — Log (1— C>]
T 21 T T
- 1
n

We now obtain by a lengthy but fairly straightforward computation that

IR C)

k=1
1 & 5 2%k
—ene) e 3 Lo (103 4 pos (1)
k=1
> ok ? L2k
:wo(Z)*Z Arg(lf,u ;)JrArg 1—; .

Notice that
exp(€0(2) exp(En(2)) = (1= ) O 2/7) O uz/r) ™
Hence,

exp(Q(2)) = O 2/a”)? (1= 2) O 2/7) O (uz/r) ™!

Pulling it all together

It now follows that

no B -1 1-85)
fo(z) = N(2) H © <M (0)> o (M a(l)>

m=1 m
where
O 2/1)O(nz/7)C(2)
N(z) = @ ®
O(u=z/by " )O(n="2/by7)
By direct calculation, ©(u2z) = —2710(z). We then conclude from our expression

for G that G(z) = G(u?z). Hence, G'(1%2) = G'(2)p~2. Since 7 is real, 1(z) = ¢(Z).
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It then follows from elementary calculus that bgl) = bél). We then infer that
N(2z) = N ().
Hence, z — 22N(z) is a loxodromic function that is analytic except possibly at 0.

Thus, by Liouiville’s theorem for loxodromic functions, this function is constant.
(See, e.g. [14].) Let C denote this constant. It then follows that

no ) —1 165
/ o ) -1 < 1 <
fo(z) =C= H CHN W O|u W
m=1 m m
= Cp(2).

The derivation is complete.

9. Discussion

The previous two sections provide strong evidence that Theorem 6 provides a simple
unified framework for deriving explicit formulae for Schwarz-Christoffel mappings
from analytic domains which are bounded or unbounded to polygonal domains
which are bounded or unbounded. Another consequence of our work is that it is
possible to contruct Schwarz-Christoffel mappings in the spirit of M. Schiffer; that
is, in terms of the functions of potential theory [15]. In particular, if the boundary
curves are analytic, such a map can be explicitly expressed in terms of the Green’s
function of Dg. A formula for the Green’s function of a circular domain in terms
of elementary functions is given in [16]. Another formula based on a convergent
approach can be found in [? ].

In a forthcoming paper, we will demonstrate a computational relationship be-
tween ¢g and the Given Data 2.1.

Acknowledgements

We thank the referees for their helpful and constructive comments. The second
author thanks his wife Susan for support. He also thanks Jack Lutz and the com-
puter science department of lowa State University for their hospitality. His visit to
Towa State University was generously funded by a developmental leave grant from
Lamar University.

References

[1] T.K. DeLillo, A.R. Elcrat, and J.A. Pfaltzgraff, Schwarz-Christoffel mapping of multiply connected
domains, J. Anal. Math. 94 (2004), pp. 17-47.

[2] D. Crowdy, The Schwarz-Christoffel mapping to bounded multiply connected polygonal domains, Proc.
R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 461 (2005), pp. 2653-2678.

[3] , Schwarz-Christoffel mappings to unbounded multiply connected polygonal regions, Math.
Proc. Cambridge Philos. Soc. 142 (2007), pp. 319-339.

[4] T.K. DeLillo, Schwarz-Christoffel mapping of bounded, multiply connected domains, Comput. Meth-
ods Funct. Theory 6 (2006), pp. 275-300.

[5] T.K. DeLillo, T.A. Driscoll, A.R. Elcrat, and J.A. Pfaltzgraff, Computation of multiply connected
Schwarz- Christoffel maps for exterior domains, Comput. Methods Funct. Theory 6 (2006), pp. 301—
315.

[6] N.I. Akhiezer Aerodynamical investigations, Vol. 7, Ukrain. Akad. Nauk Trudi Fiz.-Mat. Viddilu,
1928.




October 22, 2010

14:23

Complex Variables and Elliptic Equations andreev'mcnicholl

REFERENCES 23

Y. Komatu, Darstellungen der in einem Kreisringe analytischen Funktionen nebst den Anwendungen
auf konforme Abbildung tber Polygonalringgebiete, Jap. J. Math. 19 (1945), pp. 203-215.

P. Henrici Applied and computational complex analysis. Vol. 8, Pure and Applied Mathematics
(New York) John Wiley & Sons Inc., New York, 1986 Discrete Fourier analysis—Cauchy integrals—
construction of conformal maps—univalent functions, A Wiley-Interscience Publication.

Z. Nehari Conformal mapping, McGraw-Hill Book Co., Inc., New York, Toronto, London, 1952.
L.E. Dunducenko and S.V. Gon¢arenko, The Christoffel-Schwarz formula generalized on n-connected
circular domains, Vy¢isl. Prikl. Mat. (Kiev) (1978).

H. Kober Dictionary of conformal representations, Dover Publications Inc., New York, N. Y., 1957.
T.A. Driscoll and L.N. Trefethen Schwarz-Christoffel mapping, Cambridge Monographs on Applied
and Computational Mathematics Vol. 8, Cambridge University Press, Cambridge, 2002.

J.B. Garnett and D.E. Marshall Harmonic measure, New Mathematical Monographs Vol. 2, Cam-
bridge University Press, Cambridge, 2005.

G. Valiron Cours d’Analyse Mathematique: Théorie des Fonctions, 2nd Masson et Cie, Paris, 1947.
M. Schiffer, Some recent developments in the theory of conformal mapping; Appendix to: R. Courant.
Dirichlet Principle, Conformal Mapping and Minimal Surfaces, Interscience Publishers.

D. Crowdy and J. Marshall, Green’s functions for Laplace’s equation in multiply connected domains,
IMA J. Appl. Math. 72 (2007), pp. 278-301.



	Iowa State University
	From the SelectedWorks of Timothy McNicholl
	2011

	A potential-theoretic construction of the Schwarz–Christoffel map for finitely connected domains
	tmpohk0mk.pdf

