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Abstract

This paper discusses the criteria of convexity of spherical Bernstein-Bézier
patches, circular Bernstein-Bézier curves, and homogeneous Bernstein-Bézier poly-
nomials.
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1. Introduction

Let S be the unit sphere in R® with center at the origin. T = {v € S : v =
bivy + bove + bgvs, b; > 0} is the spherical triangle generated by the three unit
vectors vy, vo, v3 € S. Here the boundary of T, three circular arcs, lie on great
circles. Let v be a point on S*. The (spherical) barycentric coordinates of v relative

to T are the unique real numbers by, by, and bz such that

v = blvl + bgvg + bgvg. (1)

It is clear from (1) that the spherical barycentric coordinates of a point v on the
sphere S! are exactly the same as the trihedral coordinates of v with respect to
the trihedron generated by {vi,v2,v3}. This implies that they have the following
properties (cf. [1]):

(). At the vertices v;, j=1, 2, 3, of T, b;(v;) = d;5, i=1,2,3.



(ii). For all v in the interior of T, b;(v) > 0.

(iii). In contrast to the usual barycentric coordinates on planar triangles (which
always sum up to 1), by(v) 4+ ba(v) 4+ bs(v) > 1 if veT and v# vy, va, vs.

For the set f={f; : i = (i1,1%2,13), i1,i2,i3 > 0, |i| = iy + i3 + i3 = n}, an n'"
degree functional spherical Bernstein-Bézier (SBB) polynomial is defined on the
spherical triangle T as follows ([1]).

pn(v) = Bn[fab] = Z fﬁb?(b)a (2)
|i|=n
where vy, v9, v3 are three vertices of T, b=(by, ba, b3), v=bivy + bavy + b3vz, and

n! . nl i o . ) . .
¢?(b) - ?b’t - i|i2|i3|bzlbl22b§37 |Z| =11 +1i2+13="n. (3>

f={f;} is called the set of Bézier coefficients of the polynomial (2). If we do not
restrict {v1,v2,v3} to be on the unit sphere S, then the p,,(v) shown in (2) is called
a homogeneous Bernstein-Bézier (HBB) polynomial of degree n on the trihedron
T :={v € R®: v =0b1v; + byvy + byvs, b; > 0} generated by {v;,vs,v3} ([1]).

In many applications, the Bézier representation is used to form parametric
surface patches by using vector-valued coefficients f={f; };|=,. This will be indicated
by using the boldface notation

pa(v) = Bulf:b] = 3 £i67(0). (1)

li|l=n
{(v",£;) }}ij=n is called the Bézier net of p,(v). Here v’ = ﬁ So_y dgve. In [1], the
spherical Bernstein-Bézier (SBB) patch was defined as the surface {p,(v)v : v € T'}.

Using the notation Ef c; = ¢ .0, Where e’ is the ¢*" coordinate vector in R3, we

+m

can rewrite p, (v)v as

1 . . . n
pn(”)v = |.|_Z:+1 n+1 (Zlleil + ZQ'UQE%]_ + Zg’l)gEil)Ci(bi +1(b). (5)



Clearly, from (5), p,(v)v is also a parametric surface patch p,1(v) with

1
f; = — (170, B | + i0vaE? | +i3v3E3 ey, |i| =n + 1. (6)

i
For this reason we also called (4) the SBB patch of degree n defined on the spherical
triangle T.

In [2], a theory of the circular Bernstein-Bézier (CBB) polynomials is developed.
In addition to their intrinsic interest, the CBB polynomials are also useful for
describing the behavior of SBB polynomials on the circular arcs making up the
edges of spherical triangles.

Let C be the unit circle in R? with center at the origin, and let A be a circular
arc on C with length less than 7 and vertices v; # vo. Let v be a point on C. Then
the (circular) barycentric coordinates of v relative to A are the unique pair of real
numbers by, by such that

vV = bl’Ul + bQUQ. (7)

Circular barycentric coordinates have a very simple form if we express points on C
in polar coordinates. Suppose
)T

vy = (cosfy,sinby)", vy = (cos fa, sin GQ)T, (8)

with 0 < 0, — 67 < 7. let v € C be expressed in polar coordinates as
v = (cos®,sinf)T. The circular barycentric coordinates of v relative to circular

arc A are
sin(@z — 9)
sin(92 — 01) ’

SiIl(g — 91)

bl (U) - sin(02 — 91) '

bg(v) =

Similarly, for a given integer n > 0, the Bernstein basis polynomial of degree n on

the circular arc A is

o () = (?)bl(e)n—ibg(e)i, i=0,1,-,n.



We call

p(O) =3 cis}(6) ©

a circular Bernstein-Bézier (CBB) polynomial of degree n on the circular arc A.
Given a CBB polynomial p defined on a circular arc A, we define an associated

CBB curve by

Po) =0)(5y) (10)

sin
The aim of this paper is to study the convexity properties of SBB patches and
obtain some convexity criteria for HBB polynomials.
The paper is organized as follows. In Section 2, we will discuss the convexity of
SBB patches p,,(v). Some properties of spherical barycentric coordinates will also
be given in this section. In Section 3, we will discuss the convexity of CBB curves.

Some convexity criteria for HBB polynomials will be shown in Section 4.

2. Convexity criteria of SBB patches

In order to discuss the convexity of SBB patches, we need the following lemmas
about the relations among the spherical barycentric coordinates of v that are defined
in equation (1).

Lemma 1. Let T be a spherical triangle with vertices v; = (z;, i, i), ¢ = 1,2, 3, let
v = (z,v, z) be a point on S, the unit sphere in B3 with the center at the origin, and
let the vector b = (b1, ba, b3) be the spherical barycentric coordinates of v relative

to T. Then

Z bibj<'l)z‘,1)j> =1. (11)

1<i#j<3



Proof. From equation (1), we have

<U, 1)> = <b1'l)1 + b21)2 + b31)3, blvl + b2U2 + b31)3> = Z bzbj <Ui, ’Uj).
1<i#j<3

Since (v,v) = 1, we obtain equation (11).

Lemma 2. Let T be a spherical triangle with vertices v; = (x4, yi, 2:), 7 = 1,2, 3, let
v = (z,¥, 2) be a point on S, the unit sphere in R? with the center at the origin, and
let the vector b = (by, by, b3) be the spherical barycentric coordinates of v relative

to T. Then b3 can be considered as a function of b; and by, and

obs  Bi(b)

ob; — Bs(b)’

i=1,2, (12)

where By = 2221 b (ve,vg), £ = 1,2,3, and (v, Vi) is the inner product of v, and
V.-

Proof. It is sufficient to prove the expression of g%. Taking derivative in terms of
b1 on both sides of equation (11), we have

0
a_bl Z bibJ'(Ui,Uj):O.

1<4,5<3

Expanding the left hand side of the above equation and transposing all terms with

by

5. to the right hand side, we obtain
1

ob
by (v1,v1) + ba(v1,v2) + b3(v1,v3) = _6_bj[bl<v3’vl> + ba(vs, v2) + b3 (vs, v3)].

Thus the lemma is proved.

Lemma 3. Let the SBB patch of f be the B,,[f, b] defined in (4). Then for £ =1, 2,

1
B3(b)

a%Bn[f; b) = > (W(v, E),v3E} — v, E})fi¢7 (b), (13)

li|=n



6

where 3= Zi:l b (v3, vk ), V(v, E)= ijv1 B +igve B2 | +izv3 B3, (av, EY, bug
E3) = ab{v,, vg)ES, B4, and the shift operator Ef c; = c, Here ef is the ¢*"

z—|—mee :

coordinate vector in R3.

Proof. Tt is sufficient to prove the expression aT »|f;b]. Noting equation (12),

we have
8 7 1,191 n! 1149941 18b3
N f b 1— b 2b 3 b 1b 2b 3
abl ||Z_n |: 11 — 1 '22'23 1 2 21'22 ( 13 — 1) 1 8[)1
1 n! 11—1;19,13
= 3,00) |'|Z (b1{vs, v1) + ba(vs, v2) + bg(vs, vs))f; mlﬁ by"by

n!

_ Z (b1{v1,v1) + ba(v1,v2) +bl<”3’”3>>fm

|i[=n

bbb !
1 . o o o
_ —3(b) Z li1(vs, v1)E_ Ey +i2(vs, v2) By EZ | +i3(vs, v3) B B2 |

— i1<vl,?}1> 1E1 - Z2(“177}2>E E <U17U3>E1E3 ] z‘@n(b)

1 , . . n
=50 > (B +ignE? ) +isvs B2 ) - (vsEY — v ES)Ei07 (b).

|i[=

Thus equation (13) has been proved.

Similarly, we obtain

2
ng nlfi0] = 2 Z (v, E), v3Ef — v E}) )’} (b)
8 1
a0z Bl (55 ) =12 14
and
82 4 3 n
5. ab, B30l = QZ H E), v Ef — v E}) | 67 (b)
/=1

6 0 1
+ 30 gy Bl bl (/3—@) ,



2
[H (v, E),v3E{ — v E3) | £;7(b)
8 0 1
+ By )8b1B Al (5) (15)
We now denote
P = <1/}(Uv E)7 ‘/31211 - VVlE:l%>f27 (16)
— (v, B), v B} — o B, (17)

q

U; = (¢(v, E), 01 E} — v3E1)(v3Ef — vsE} + (v1 — v2) B, ¢(v, E))fi,  (18)

Vi = ($(v, E),02E} — v3E) (v B} — v3E} + (va — v1) EY, ¢(v, )i, (19)
and

W; = ((v, E),v3E] — v E})(v3E? — vy B3 (v, B))f;. (20)

Remark: By changing f; to f; in (13)-(20), we obtain the corresponding partial
derivatives of B,[f;b] and the corresponding p;, ¢;, U;, V;, and W;.

Obviously, we have

0 1

—B, = i
oby ~ Bs(b) ||Z_np P
a Tl
8_bgB Z q;¢; (

82 n i i 1
6_b%Bn[f’ b] = W |i|Z:n(Ui + W.)¢i'(b) + B3(b )(%1 B, by (53(b)) ’

82 1 n a 1
8_1)%Bn[f’ b = Ba(0)]2 M;n(vi + W;)oi'(b) + ﬁB(b)a_(bB"a_bQ (ﬁg(b)) ’

and

o2 " o 0 [ 1
030, Drlfitl = 22 Wi (0) + Bl >861B”8_bg<ﬁ3(b))’
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It is well known that if the Gaussian curvature of a compact surface 7 in R3
is positive everywhere, then surface 7 is convex (lies on one side of each tangent
plane)([9]). In addition, if 7 is defined by r = r(u,v), a parametric vector-valued
function in C?, then the Gaussian curvature of 7 is k = (LN — M?)/(EG — F?),
where E, G, F and L, M, N are respectively the first fundamental form and
the second fundamental form of 7. It is well known that L = %(ru,rv,ruu),
M = &(Tu,Ty,Tuy), N = 5(ry,Ty,Ty), and D?> = EG — F? > 0. Here
(a,b,c) is the scalar product of a, b, ¢ and is defined by (a,b,c) = (a x b, c).
Therefore the Gaussian curvature K of r = r(u,v) and LN — M?, or (ry, Ty, Tyy),
(T, Ty, Toy)—(Ty, Ty, Tyy)? have the same sign. In particular, for the surface

r =r(by,b2)= B,[f;b], we have

9 0 o
rbl = a_ban[fij rb2 = a_bQBn[f,b], rblbl = a_b%Bn[fjb],

etc. Thus, if (rp,, Toy, Toyby) (Toys oy, Togby) —(Toys Toy, rb1b2)2 > 0, then K > 0. By
using the notation in (16)-(20), from Lemma 3, we have
(rbl 3 rb2 P rbl b1 ) (rbl ) era erbQ) - (rbl ) I'b2, rbl bo )2

— (rp,rq,rU)(rp,rqu) + (rp,rq7rU)(rp,rq,rW) + (rp,rq,rv)(rp,rq,rw),@l)

where 1 = -0 37, gy (b), 19 = 5 Z|'|:n q; ¢} (b), r¥ = W 2 ij=n

U; (b?( )7 rV = W Z\z\:n Vi (b( ) and r" (B3 (b)]2 Z| |= (b)
DenOting VE ])k (p’L? qj7 Uk) VE ])k (pu q]7Vk') and VE j)k: (p’La q]7Wk)

from (21) we have the following theorem.

Theorem 1. If

)OEED DED DED DEDBED DR WO RS (22)

1<a<B<3 |j|=3n |s|=2n |r|=2n |[t|=n |k|=n



holds for all i € Z3, |i| = 6n, where

N o 1010 [ (1]

PRI TR 20y 2 (32 6ny

then B,,[f;b] is convex over the spherical triangle T.

Proof. To prove the theorem, we need the following two representations.

DRI x Y @l (b)= Y hel "), (23)

li]=n |i]=m |i|=n+m

where hz = Zm:n(fj X q@—j)@)/(n:m)v and

> figr(b) Z gid7 (b)) = > hgi (D), (24)

li]=n li|=n+m

where h; = Zm W (figi— J)()/(n—l—m) In fact,

> fier(b Z gio

]an £ x g:) ¢} (b)o7" (b)
BRI

E S ()

|i|=m |i]=n

= Y (ee)

(7 _
i |=m |j|=n I =3)

i! (n+m)! nlm! o
= > 2 (G xen) e b
Gt it (n+m)!

o i (@ —4)

=3 S xae) (oo (M),

|i|=m |i]=n

Similarly, we may obtain equation (24) by using the same argument.
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Therefore,

(rP, r?,r?%) =(rP x r?) - r¥

( Zptqst qucb” ) O > Uil (b)

\t\ li|=n

B0 ) (Z Py % qst) ((zin ¢2"(b)- Y Ui} (b)
|i]|=n

|s|=2n\[| n
5 5 Zoer e
o B 5 £ ()

Similarly,

(rP,r?,rV) =(rP x r?) - r"

1 ) P o
( Z Pro (b (b) hEn qr o, (b)) [B3(b)]2 l;::nvﬂbz (b)

Ikl

e 55 e () () ()

|i[=3n |r|=2n |k|=

Thus,
(I.p I.q U) (I.p rq V)

mop £ 2 v () (oo

li|=3n [s|=2n [t|=
ZZZ RO TR )

8222222

[{1=6n1i|=3n |s|=2n |rI=2n |i]=n K=
o) @ ()G O 6)

PeThTe PRI 22 (8m) 2 6m)

¢7™ (b).
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By using the above two representations and expression (17), we immediately

have

(rbl ) rb2 ) rbl b1 ) (rbl ) rb27 rb2b2) - (rb1 ) I'b2 ) rbl bo )2

SO 2 2 2 2 22 2 AP (D)8 (b). (25)

li|=6m |j|=3n |s|=2n |r|=2n [t|=n |k|=n 1<a<p<3
Thus Theorem 1 is proved.
From condition (25), we also have the following criterion for the convexity of
B,.[f;0].
Theorem 2. If one of the following condition is satisfied for all 7,7,k € Zi’_,
li| = |j| = |k| = n, then B,,[f;b] is convex over the spherical triangle T.
v v >0, v v e v v v vis o

& and v2), 490, > 98,

i) 321 cacpesV o V(ﬁ)k >0

(

(i) V&, + ﬁmpﬂvw
( 1,5,k
(

iv) VI >0, a=1,23

1,7,

where (u, v, w) is a permutation of (1, 2, 3).
Proof. Denote V(J o £ =1,2,3, by ay, b1, cq, respectively and V(,) e {=1,2,3,

by as, ba, c2, respectively. It is obvious that inequality (22) holds if
albz + blcg + ci1as + CL2b1 + bgCl “+ coa1 > 0 (26)

for all i, j,k € Z3, where |i| = |j| = |k| =n and |¢/| = |j’| = |[K'| = n.

We can prove that inequality (26) holds if the following inequalities
ag+cp >0, and apby + bpcy 4+ cpay > 0, (=1,2,
hold. In fact, if the above inequalities hold, then we have

(a1 + Cl)bl > —ajcq, (CLQ + Cz)bz > —aoCa,
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and

(a1 + c1)(az + c2)(arby + bica + craz + azby + bacy + c2aq)
=(a1 + c1)(az2 + c2)[b1(az + c2) + ba(ar + c1) + craz + aics]
=(ag + c2)?*(ay + c1)by + (ay + c1)*(az + c2)by + cras + ayco
> —ayer(az + c2)? — azea(ar +c1)® + cras + arcs
=(a1co — azer)? > 0.

Thus inequality (26) holds.

Consequently, inequality (22) holds if

v+ v >0, and VY VP, 402 v v o) s,

which is equivalent to that the following matrix is positive definite.

v, ]

(2)
+Viik

v, v

i,7,k
(1) (1)
vzgk vzgk

Obviously, the above matrix is positive definite if it is strictly strongly diagonally

dominant, that is,
V4 V> V| and v 492 > |9l .
Furthermore, this condition can be implied by

V¥, >0, a=1,23

Thus, Theorem 2 is proved.

Remark 5. Equation (23) and inequality (26) were given in [12] without any proof.

3. Convexity criteria of CBB curvess
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In this section, we will give the convexity criteria for CBB curves. Obviously,
a CBB curve is convex if and only if its curvature k£ > 0; i.e., the curve lies on only
one side of each tangent line. The following lemma gives the curvature k = k() of
P(6) at 0, which is defined as equation (10).
Lemma 4. Let the P(0) defined as (10) be a CBB curve and p(f) be the associated

CBB polynomial defined in equation (9). The CBB curve is convex if and only if

(p(0))* +2(p'(0))* — p(8)p" (6) > 0. (27)

Proof. It is sufficient to prove that the sign of the curvature of the CBB curve
P(0) at any 0 is

Sign[k(0)] = Sign[(p(0))* +2(»'(9))* — p(O)p" (9)]- (28)

Obviously, the curvature of the parametric curve P(0) = (z(0),y(0)) is

wo) = VO O) = (0)y/(0)
|

(@'(0))* + (v'(0))**/>

Since z(0) = p(0) cos§ and y(0) = p(f) sin O, we obtain

y"(0)2'(0) — 2" (0)y'(0)
—[p"(6) sin 0 + 2p'(6) cos 6 — p(6) sin O] (8) cos § — p(6) sin 0]
— () cos 6 — 2p/(8) sin  — p(6) cos ][y’ (6) sin 6 + p(6) cos ]
—(p(6))2(sin2 0 + cos? 0) + 2(p/(8))?(sin2 0 + cos? ) — p(0)p (0)(sin® @ + cos? )

=(p(6))* +2(p'(8))* — p()p" ().

Thus the lemma is proved.
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We now derive p'(#) and p” (). Since p(0) = D1 ¢; (%) b1(6)"'b2(6)*, where
b1(0) = sin(fy — 0)/sin(fy — 01) and bo(0) = sin(0 — 61)/ sin(f2 — 61), we have
n-i-1p, gy 0302 = 0)
Z Cl (n—i—1) 'z'b 1(0) b2(6) sin(fs — 61)

1=0

n! i ;_1 cos(0 — 0y
+ ;C =0 e0) sin((92 - 91))

) ol L ; cos(fz — 0)
—nd (" e e SR

n— i1 , cos(f — 6q)
+TLZCH_1( i )bl 9) bg(@) —sin(92—91)

n—1
Z cos(0 — 61)cip1 — cos(fz — 0)c;] @71 (0).
1=0

sm 92
Thus
n(n—1) =
p// 0 :m ; [(COS(@ — 91)02'_,_2 — COS<92 — 9)0i+1) COS(H - ‘91)

— (cos(f — 61)ciy1 — cos(fz — 0)c;) cos(fz — 0)] #72()

n—1

- m Z [sin(@ — 01)cit1 + sin(fy — 0)c;] ¢;‘*1(Q)
i=0
n(n—1) 2 )
= (0, — 0r) 2 [0 (0~ O)cis2 = 200s(B = B) cos(9 — )iy
+ cos?(f; — 9)61] o 2(0)
— (n—1)! . ,
—n Z [b2(0)cit1 + b1(0)ci] mbl (6)" =1 1by (0)
i=0 - !
n(n —1)

Z cos?(0 — 01)cira — 2cos(fy — 0) cos(0 — 01)cip1
SlIl 92 — 61

+COS(2—9) ] ()

s

- Z(i + Deip1671(0) = Y (n—i)cigy (0)
i=0 '



n—2
:sn?gﬁ Zz:: cos?(0 — 01)cira — 2cos(fy — 0) cos(0 — 01)cip1
n n—1
+cos® (02 — 0)c;] ¢! Z ic;pr (0 Z(n — )05 (0)
=1 1=0
n(n —1) 2
Z [0082(0 —01)ciy2 — 2cos(02 — 0) cos(f — 01)cit1

:sin2(92 - 91) i—0

n

i (0) = Y (n—i)cid} (0)

M:

+cos? (0 — 0)c;] ¢~ 2(0) -

1=0 =0
_ ]_ _
+ cos (02—9)0Z o _nzcz¢n
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Noting the trigonometric identities cos?(fs —6) = 1—sin®(fy —0), cos?(0—6,) =

1 —sin?(0 — 6,), and cos(fy — 0) cos(f — 01) = cos(f — ;) + sin(f — ) sin(f —

we may re-write p” () into

n—2

% 2 leiez = 2cos(Or —n)eirs + e 67 (6)

1=

p"(0) =

o

—n(n—1) i b2(0)20i+2¢?_2(9) —2n(n —1) i b2(9)bl(9)ci+1¢?_2

n(n—1) Zbl ci¢ (9)—71201'?25?(9)

n—2

i 2cos(fy — 01)c; i o0
~in? 92—01);”2 cosll = b)eer +al o (0)

n—2

n—2)! n—i— i

— n(n — 1) CH_Qﬁbl (9) 2b2 (9) +2

P Ig!

N1 . .

—2n(n—1) Z cz+1 —2)! b (0)" T by ()T

— )l !

01)7

(6)



n—2
n_2 nz n
n(n—1) ;Czn—z—2'zb( ba( —anﬂ)
n—2

[CH_Q — 2 COS(HQ — 01)01'_,_1 + Ci] (25,772((9)

1=0

_ n(n-1)
_SIH (92 — 81)

_ ;(Z +2)(i 4+ 1)ciq2 (n—i _7;')'(2 o) by (H)n—i—2bz(0)i+2
-2 Z(Z + 1)(n —1 — 1)Ci+1 ( 5 _Ti') (Z n 1) b1 (Q)n—i—lbz(e)i—i—l
—;(n—i)(n—i—l)ci(n_n—!i)!i!b ( n Zbg —?’LZCZd)n
_nJKQ:iL_ka‘ o cos(ly — By )ess + e 67-2(0)
_sin2(92 _ 91) 1+2 2 1)Ci+1 i] Pj

_Z (i — 1)c;? —22 (n —i)e;pl(
_Zn—z )(n—i—1)c;pf (0 _nzcngn

n—2

Z [CerQ — 2008(02 — 01)01+1 + Cz] QSTL 2(19)

=0

_ n(n—1)
_sin2(02 — 91)

=D [ = 1) +2i(n =) + (n = i)(n =i = 1) + n] i)} (0)

n—2

D leipa — 2cos(Bz — O1)ci1 + ci] 673 (0)

=0

—n? Zn: cioy (6)
=0

_ n(n —1)
sin2(92 - 91)

By using equation (24) for the case of two dimension:

D L 0) - 907 (0)
i=0 j=0

16

(29)



i=0 j=0 m m

we obtain ,

PO = (g 3o (0,

n) i=0

where

S ()

=0 VAN
and
p n(n —1) L
p(0)p"(0) :m ; 2 OCJ [Ci—jt2 — 2cos(0z — 01)ci—jt1

(Y

—nQdeﬂ" /<2n)

n
2n—2 n
2n 2n — 1)
= Z ch Ci—jt2 —2cos(f2 — 61)ci—jt1
( )sm = =

ey () (2"—2 2) g

FrOp I

n_
nszO J

Here, ¢;—; =01if 1 < jori> j+n.
For the sake of convenience, we will use the relation [(p(0))%]” = 2(p'(0))? +

2p(0)p” (0) to derive the expression for (p’(6))?. Similar to the process of deriving
equation (29), we can obtain

2n(2n — 1) e

i - — 2n—2
(2”) sin ((92 — 91) ; [dz—l—Z 2005(92 91)dz+1 +d; ] ¢ (0)

[(p(0))]" =
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22n

- 2n Z dz¢n

2n(2n — 1) 2”2‘2 - {C'_ . (z + 2) <2n — i 2)

(2")8111 (02 —01) = = ! ! J n—j
t+1\/(2n—-1-1

— 2COS(192 — 91)0i7j+1 ( j ) ( n— j )

)l

~ (:) ii% J( )( _i)@?n(e).

1=0 7=0 J

Therefore,
(p(9))* +2(p'(6))* — p(0)p" ()

=(p(0))2 + [(p((?))Q]” — 3p(0)p"(0)

i & 2 o () 0 -0 05 )
_zcoswz_e»a-ju((ﬁl) () =0057)
()G G) (7)) oo

+ 2 Sn;ﬁ i i cjci- J< ) <nn__j) ¢7"(0) (31)

=0 5=0

We will use the following degree-raising formula which was given in [2], to raise
the degree of the first summation in the above expression of (p(6))? + 2(p'(6))? —
p(0)p" (0) to 2n.

d d+2
p(0) = edl(0) =D epi(0),
=0 1=0

where

1

“O) =Gr g -

1)ej—2 +2cos(f — 61)i(d — i+ 2)e;—1
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F(d—i+2)(d—i+1e],

fori=0,1,---,d+2.

Thus, from equation (31) and the degree-raising formula, we obtain

(p(0))* +2(p'(0))* — p(8)p" (0)
S o () () (7))
e (7)) ()
()
cos(0z — 07)i
)

1)
J n—7
7—1 2n—1+1 2n —1
J n—j

o —i)(2n —i—1) [ci_ﬁg <2n i 2)

_|_

1 2n o
- (2:) sin2(92 —0) ;ai@ (9), (32)

FHD (6 )i + 6D (e ) (33)
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c,k, =0fork=-1,-2,---,—n—2ork=n+1,n+2,---,2n+ 2, and bl(-g_)jH can

be found from equation (32) by using the combination formulas:
ny n (n-1 n—1\ n—Fk(n
k) " n—k\k )k )T Tn k)
In fact, for i < j or j < i —n, we have b (i, j) = 0; for i —n < j < i, we obtain

-5 () () () )
(4

=(n—i+j)n—itj— 1)(( (]+2) “) 1)—3), (34)

5.) =2coss =00 i~ (2""5((]) (57)
()
|/
-0 |

()(2”‘ ‘2)> W)

2n + 1)(
—j-l—l
+3(n —2i+ 25 —1)], (35)

v =[i6-v (") (()-+())
oot () () -5 )
i () (2 a0 )

ey o () (2] () ()

—=i(i—1)—3(i —5)(i —j — 1) — 4i(2n — i) cos® (63 — 61)

=2(n—i+j)c

1)
4i(2n

+ (2n

+12(i — j)(n — i+ j) cos®(B — 1) + (2n —3)(2n — i — 1)
—3(n—i+j)(n—i+j—1)+ (1 —n?)sin?0 —6;)

=i(i—1)+2n—9)2n—i—1)+1—n?
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=3l -Jj-D+n-it+tj)(n—it+j—1)

+ cos®(0y — 01) [n® — 1+ 4i(2n — i) — 12(i — j)(n — i + j)] , (36)

]
i =zeoston o0 [0 (1) (7,2 7) -o(5) (7))
Ao () () (DG G

—2(i — j) cos(0z — 01) {(2” —2i+1)@2n—i+1)

n—i+j+1
“3(n—2i+2j +1)], (37)
and
P ) (I OC
=i G 9

From [7], we have the following positivity criterion for CBB polynomial

p(0) = g aid} (). If

2 n—1 n—1
ao—}—(n—l)!(E) Z (= 1) >0

1=1
a; <0

and
2\" 'L (n—i)n
an + (n —1)! (E) ; ﬁai >0,
a; <0
then p(@) > 0. Therefore, from Lemma 4 and equation (32) we obtain the following
convexity criterion for p(0).
Theorem 3. Let the P(f) defined in (10) be a CBB curve and p(€) be the associated

CBB polynomial defined in equation (9). If

9 2n—1 2n—1 Z.Qn
o — 1 4> 0
a0 + (2n —1)! (2n) ; ien — )" =
a; <0

and
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2n—1 2n—1

2 (2n — §)2n
w1 (= )
azn + (20 = 1) (2n) z_; il(2n — % =0

a; <0
where a; is defined by (33)-(38), then the CBB curve P(0) is convex.

If we use the positivity criterion given in [11] (if

n—1 .
i
— 1! —  a;: >0
a+(n—1) z_; iln—a)l"* =
ai_<0
and
nlon—
1\ _n=r
It (n = 1) ; i =i =0
;<0

then p(f) > 0), we have another convexity criterion for p(6), which is as follows.
Theorem 4. Let the P(f) defined in (10) be a CBB curve and p(€) be the associated

CBB polynomial defined in equation (9). If

2n—1 .
i
BN L m———
a0+ 2n =D 2 g i 20
;<0
and
a2n+(2n—1)!2n§_1 2n 1 a; >0
—~ il(2n—0)l " T
a; <0

where a; is defined by (33)-(38), then the CBB curve P(f) is convex.

4. Convexity criteria of HBB polynomials

In Section 1, we have shown that if 7" is a trihedron generated by {v1,v9,v3}

and if by (v), ba(v), bg(v) denote the trihedron coordinates, i.e.,

T = {’U ER:v= bivy + bovo + byvs, b; > 0},
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then the HBB polynomials of degree n can be written as
pa(v) = ) aig}(b). (39)
li]|=n
Here ¢ was defined in equation (3) in Section 1. In this section, we will discuss the
convexity criteria of HBB polynomial (39). Since a positively homogeneous convex
function is called a gauge function, these convexity criteria can be also considered
as conditions for making a HBB polynomial a gauge function (cf. [4]).
In the following, we will use the notation D, = 718% + 728% + 73%, where

v = (71,72,73). For v = vy, £ = 1,2,3, we denote Dy = D, = D,,. If we define

that Fea; = a, tels where e’ denotes the ¢*" coordinate vector in R3, we have
Dipn=n > Era;¢} " (b). (40)
|i]|=n—1

For any direction V, there exists a vector cy = (¢q, ¢, ¢3) such that
S
V = Z CyUy. (41)
=1
Thus, from (41), we have

D%/pn = n(n — 1) Z chi,aCVQb?_z(b)a (42)

|i|=n—2

where cy = (c1,c2,c3)T and

Qi = (EyEypa)>? (43)

u,w=1
for |i| =n — 2.
Obviously, p,(v) is convex on 7' if and only if D?p,,(v) > 0 for any directional
vector V and at any point v € T. Denoting ¢; o(cv) = chwcv, we have

Dipa(v) =n(n—1) Y aialcv)d] 2(b). (44)

li|=n—2
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We define a function cy associated with g; ¢(c) as follows:

07 if Qi,a(cV) Z 07

1, if giq(cy) <O, (45)

Wia(cy) = {

where |i| =n—2and iy #n—2, ¢ =1,2,3. If [if] =n—2 and iy = n — 2 for
¢ =1,2,3, then w; 4(cy) = 1.
The following two inequalities about ¢'(b), (46) and (47), were obtained in [7]

and [11], respectively, by using inequalities from [6, p. 17].

n (n—1)!
0 <7 (b) < ———- 1 lebe ; (46)
(n—1!§
0<¢p(b) <, > iy, (47)
/=1

We now give some convexity criteria for the homogeneous Bernstein-Bézier
polynomials over triangle T.
Theorem 5. Let r; € {0,1} for |[i| =n—2and i # (n—2)e’, £ =1,2,3, and r; = 1
for i = (n — 2)et, £ = 1,2,3. The Bernstein-Bézier polynomial p,(v) shown in (39)

is convex on T if for all u € {1,2,3} its Bézier coefficients satisfy either

s T
> (L) frmas
li|l=n—2 \£=0 v
n—2
s T,
Z Z < Z?) Z’: EuEwaz (48)
w=1,2,3 ||i|l=n—2 \£=0
wtu
or
n—2
s 2 .
> ( @?> | BuBuai = Y |EuByail | >0. (49)
li|l=n—2 \£=0 v w=1,2,3
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Proof. It is sufficient to prove inequality (48), since inequality (49) is implied by

inequality (48). Noting inequality (46), we have

1
mD%/Pn(U)
= > tGialev)df T (b)
|i|=n—2
> > gialev)wia(ey)sr 3 (b)
|i|=n—2
-3 (T
> Z Qi,a(CV)wi,a(CV)W Zlfbé
li|=n—2 ’ =1
(n—3)! s /3 , 7
> Z Qi,a(CV)wi,a(C\/)W Zze Zbe
li|=n—2 l=1 =1
b2 [ n—2
(n—3)! 3 2 3 2 a(ey)
(nn_ 2 (;lﬁ) v |'|_Z:_2 (;Z% . zlcv Qia| cv
n=2 - n=2 3.3
2 3 2
- (71(71_2)3731'3 (Z bﬁ) vl 2 (Z Z%) wi7a¢(ICV)E“Ewai ev:
(=1 lil=n—2 \£=1 ’

w,w=1

Obviously, if the last symmetric matrix is strongly diagonally dominant, i.e.,

for all u =1, 2, 3,

. n2
> (Zz%) wz—(,CV)EEaz

2 w; q(c
§ E < Z%) 272' VEuEwa'i )
7 !

w=1,2,3 ||i|=n—2 \£=0
wHU
then the matrix
n—2 3,3
. ialCV
g g 2? m.' E, E,a;
7
li|l=n—2 \4=1
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is semi-positive definite. Thus D% p,(v) > 0 and p,(v) is convex. Obviously, the
above condition is implied by inequality (48). Thus, Theorem 5 is proved.
Similarly, we may use inequality (30) to obtain the following result.
Theorem 6. Let r; € {0,1} for |[i| =n—2and i # (n—2)e’, £ =1,2,3, and r; = 1
for i = (n — 2)e’, £ = 1,2,3. The Bernstein-Bézier polynomial p,,(v) shown in (35)

is convex on 7' if for £ = 1,2,3 and u = 1, 2, 3, its Bézier coeflicients satisfy either

iy
Z 7riEuEuai Z
2:

|i|=n—2
w=1,2,3 ||i|=n—2 v
wH#u
or
iy
Z ﬁrz EuEuai - Z |EuEwai| 2 0 (51)
|i|=n—2 w=1,2,3

wH#u

Proof. It is sufficient to prove inequality (50), since inequality (51) is implied by

inequality (50). Noting inequality (47), we have

1

- V)
= Y gialev)dr 3 (b)
|i|=n—2
> Z Gi.a(cv)w;qo(cy )l 2 (b)
|i|=n—2
3
> Z ¢i,a(Cv)wiq(cy) (n z_' 3)! Zieb?_2
li|=n—2 | =1

3 .
. . n—2 T Z_é . .
= (n 3)' Z bZ Cy, Z il wz,a(cV)Qz,a Cy

£=1 lil=n—2
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3,3
3

n— ie
= (n —3)! Z by QC‘:C Z Ewi,a(CV)EuEwai cy

/=1 |i|=n—2 ww=1

Obviously, if the last symmetric matrix is strongly diagonally dominant, i.e.,
for all u =1,2,3,

Y,
Z ﬁwi,a (CV)EuEuai >

|i|=n—2

Z Z ;wi:a(CV)EuEwai ,

w=1,2,3 ||i|=n—2
wWHU

then the matrix
3,3

1!
Z ﬁwi,a(cV)EuEwai

fil=n-2 " u,w=1

is semi-positive definite. Thus D% p,(v) > 0 and p,(v) is convex. Obviously, the
above condition is implied by inequality (50). Thus, Theorem 6 is proved.
Remark 4. A stronger convexity condition is implied by inequalities (49) and (51)
as follows: EyEya; > > w=1,2,3 | EyEya; |. Here, u=1,2,3.

wHU
Remark 5. The conditions given in Theorem 5 and Theorem 6 are independent

(see [7] and [8]).
Remark 6. There is another approach for finding convexity criteria from the
positivity criteria and is shown in [8] for plane BB polynomials. This approach can
also be applied here for HBB polynomials.
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