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This paper discusses the criteria of convexity of spherical Bernstein-Bézier

patches, circular Bernstein-Bézier curves, and homogeneous Bernstein-Bézier poly-

nomials.
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coefficient, convexity.

1. Introduction

Let S be the unit sphere in R3 with center at the origin. T = {v ∈ S : v =

b1v1 + b2v2 + b3v3, bi ≥ 0} is the spherical triangle generated by the three unit

vectors v1, v2, v3 ∈ S. Here the boundary of T, three circular arcs, lie on great

circles. Let v be a point on S1. The (spherical) barycentric coordinates of v relative

to T are the unique real numbers b1, b2, and b3 such that

v = b1v1 + b2v2 + b3v3. (1)

It is clear from (1) that the spherical barycentric coordinates of a point v on the

sphere S1 are exactly the same as the trihedral coordinates of v with respect to

the trihedron generated by {v1, v2, v3}. This implies that they have the following

properties (cf. [1]):

(i). At the vertices vj , j=1, 2, 3, of T, bi(vj) = δij , i=1,2,3.
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(ii). For all v in the interior of T, bi(v) > 0.

(iii). In contrast to the usual barycentric coordinates on planar triangles (which

always sum up to 1), b1(v) + b2(v) + b3(v) > 1 if v∈T and v6= v1, v2, v3.

For the set f={fi : i = (i1, i2, i3), i1, i2, i3 ≥ 0, |i| = i1 + i2 + i3 = n}, an nth

degree functional spherical Bernstein-Bézier (SBB) polynomial is defined on the

spherical triangle T as follows ([1]).

pn(v) = Bn[f ; b] =
∑
|i|=n

fiφ
n
i (b), (2)

where v1, v2, v3 are three vertices of T, b=(b1, b2, b3), v=b1v1 + b2v2 + b3v3, and

φni (b) =
n!

i!
bi =

n!

i!i2!i3!
b
i1
i b

i2
2 b

i3
3 , |i| = i1 + i2 + i3 = n. (3)

f={fi} is called the set of Bézier coefficients of the polynomial (2). If we do not

restrict {v1, v2, v3} to be on the unit sphere S, then the pn(v) shown in (2) is called

a homogeneous Bernstein-Bézier (HBB) polynomial of degree n on the trihedron

T̂ := {v ∈ R3 : v = b1v1 + b2v2 + b3v3, bi ≥ 0} generated by {v1, v2, v3} ([1]).

In many applications, the Bézier representation is used to form parametric

surface patches by using vector-valued coefficients f={fi}|i|=n. This will be indicated

by using the boldface notation

pn(v) = Bn[f ; b] =
∑
|i|=n

fiφ
n
i (b). (4)

{(vi, fi)}|i|=n is called the Bézier net of pn(v). Here vi = 1
|i|
∑3
`=1 i`v`. In [1], the

spherical Bernstein-Bézier (SBB) patch was defined as the surface {pn(v)v : v ∈ T}.

Using the notation E`mci = ci+me` , where e` is the `th coordinate vector in R3, we

can rewrite pn(v)v as

pn(v)v =
∑
|i|=n+1

1

n+ 1
(i1v1E

1
−1 + i2v2E

2
−1 + i3v3E

3
−1)ciφ

n+1
i (b). (5)
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Clearly, from (5), pn(v)v is also a parametric surface patch pn+1(v) with

fi =
1

|i|
(iiviE

1
−1 + i2v2E

2
−1 + i3v3E

3
−1)ci, |i| = n+ 1. (6)

For this reason we also called (4) the SBB patch of degree n defined on the spherical

triangle T.

In [2], a theory of the circular Bernstein-Bézier (CBB) polynomials is developed.

In addition to their intrinsic interest, the CBB polynomials are also useful for

describing the behavior of SBB polynomials on the circular arcs making up the

edges of spherical triangles.

Let C be the unit circle in R2 with center at the origin, and let A be a circular

arc on C with length less than π and vertices v1 6= v2. Let v be a point on C. Then

the (circular) barycentric coordinates of v relative to A are the unique pair of real

numbers b1, b2 such that

v = b1v1 + b2v2. (7)

Circular barycentric coordinates have a very simple form if we express points on C

in polar coordinates. Suppose

v1 = (cos θ1, sin θ1)T , v2 = (cos θ2, sin θ2)T , (8)

with 0 < θ2 − θ1 < π. let v ∈ C be expressed in polar coordinates as

v = (cos θ, sin θ)T . The circular barycentric coordinates of v relative to circular

arc A are

b1(v) =
sin(θ2 − θ)
sin(θ2 − θ1)

, b2(v) =
sin(θ − θ1)

sin(θ2 − θ1)
.

Similarly, for a given integer n > 0, the Bernstein basis polynomial of degree n on

the circular arc A is

φni (θ) :=

(
n

i

)
b1(θ)n−ib2(θ)i, i = 0, 1, · · · , n.



4

We call

p(θ) :=
n∑
i=0

ciφ
n
i (θ) (9)

a circular Bernstein-Bézier (CBB) polynomial of degree n on the circular arc A.

Given a CBB polynomial p defined on a circular arc A, we define an associated

CBB curve by

P (θ) = p(θ)

(
cos θ

sin θ

)
. (10)

The aim of this paper is to study the convexity properties of SBB patches and

obtain some convexity criteria for HBB polynomials.

The paper is organized as follows. In Section 2, we will discuss the convexity of

SBB patches pn(v). Some properties of spherical barycentric coordinates will also

be given in this section. In Section 3, we will discuss the convexity of CBB curves.

Some convexity criteria for HBB polynomials will be shown in Section 4.

2. Convexity criteria of SBB patches

In order to discuss the convexity of SBB patches, we need the following lemmas

about the relations among the spherical barycentric coordinates of v that are defined

in equation (1).

Lemma 1. Let T be a spherical triangle with vertices vi = (xi, yi, zi), i = 1, 2, 3, let

v = (x, y, z) be a point on S, the unit sphere in R3 with the center at the origin, and

let the vector b = (b1, b2, b3) be the spherical barycentric coordinates of v relative

to T. Then ∑
1≤i 6=j≤3

bibj〈vi, vj〉 = 1. (11)
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Proof. From equation (1), we have

〈v, v〉 = 〈b1v1 + b2v2 + b3v3, b1v1 + b2v2 + b3v3〉 =
∑

1≤i 6=j≤3

bibj〈vi, vj〉.

Since 〈v, v〉 = 1, we obtain equation (11).

Lemma 2. Let T be a spherical triangle with vertices vi = (xi, yi, zi), i = 1, 2, 3, let

v = (x, y, z) be a point on S, the unit sphere in R3 with the center at the origin, and

let the vector b = (b1, b2, b3) be the spherical barycentric coordinates of v relative

to T. Then b3 can be considered as a function of b1 and b2, and

∂b3
∂bi

= − βi(b)
β3(b)

, i = 1, 2, (12)

where β` =
∑3
k=1 bk〈v`, vk〉, ` = 1, 2, 3, and 〈v`, Vk〉 is the inner product of v` and

vk.

Proof. It is sufficient to prove the expression of
∂b3
∂b1

. Taking derivative in terms of

b1 on both sides of equation (11), we have

∂

∂b1

∑
1≤i,j≤3

bibj〈vi, vj〉 = 0.

Expanding the left hand side of the above equation and transposing all terms with

∂b3
∂b1

to the right hand side, we obtain

b1〈v1, v1〉+ b2〈v1, v2〉+ b3〈v1, v3〉 = −∂b3
∂b1

[b1〈v3, v1〉+ b2〈v3, v2〉+ b3〈v3, v3〉].

Thus the lemma is proved.

Lemma 3. Let the SBB patch of f be the Bn[f, b] defined in (4). Then for ` = 1, 2,

∂

∂b`
Bn[f ; b] =

1

β3(b)

∑
|i|=n

〈ψ(v,E), v3E
`
1 − v`E3

1〉fiφni (b), (13)
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where β3=
∑3
k=1 bk〈v3, vk〉, ψ(v,E)= i1v1E

1
−1+i2v2E

2
−1+i3v3E

3
−1, 〈avα E`m, bvβ

Eqn〉 = ab〈vα, vβ〉E`mEqn, and the shift operator E`mci = ci+me` . Here e` is the `th

coordinate vector in R3.

Proof. It is sufficient to prove the expression ∂
∂b1

Bn[f ; b]. Noting equation (12),

we have

∂

∂b1
Bn[f ; b] =

∑
|i|=n

fi

[
n!

(i1 − 1)!i2!i3!
b
i1−1
1 b

i2
2 b

i3
3 +

n!

i1!i2!(i3 − 1)!
b
i1
1 b

i2
2 b

i3−1
3

∂b3
∂b1

]

=
1

β3(b)

∑
|i|=n

(b1〈v3, v1〉+ b2〈v3, v2〉+ b3〈v3, v3〉)fi
n!

(i1 − 1)!i2!i3!
b
i1−1
1 b

i2
2 b

i3
3

−
∑
|i|=n

(b1〈v1, v1〉+ b2〈v1, v2〉+ b1〈v3, v3〉)fi
n!

i1!i2!(i3 − 1)!
b
i1
1 b

i2
2 b

i3−1
3


=

1

β3(b)

∑
|i|=n

[i1〈v3, v1〉E1
−1E

1
1 + i2〈v3, v2〉E1

1E
2
−1 + i3〈v3, v3〉E1

1E
3
−1

− i1〈v1, v1〉E1
−1E

3
1 − i2〈v1, v2〉E2

−1E
3
1 − i3〈v1, v3〉E3

1E
3
−1]fiφ

n
i (b)

=
1

β3(b)

∑
|i|=n

(i1v1E
1
−1 + i2v2E

2
−1 + i3v3E

3
−1) · (v3E1

1 − v1E3
1)fiφ

n
i (b).

Thus equation (13) has been proved.

Similarly, we obtain

∂2

∂b2`
Bn[f ; b] =

1

[β3(b)]2

∑
|i|=n

[〈ψ(v,E), v3E
`
1 − v`E3

1〉]2fiφni (b)

+ β3(b)
∂

∂b`
Bn[f ; b]

∂

∂b`

(
1

β3(b)

)
, ` = 1, 2, (14)

and

∂2

∂b1∂b2
Bn[f ; b] =

1

[β3(b)]2

∑
|i|=n

[
2∏
`=1

〈ψ(v,E), v3E
`
1 − v`E3

1〉

]
fiφ

n
i (b)

+ β3(b)
∂

∂b2
Bn[f ; b]

∂

∂b1

(
1

β3(b)

)
,
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=
1

[β3(b)]2

∑
|i|=n

[
2∏
`=1

〈ψ(v,E), v3E
`
1 − v`E3

1〉

]
fiφ

n
i (b)

+ β3(b)
∂

∂b1
Bn[f ; b]

∂

∂b2

(
1

β3(b)

)
. (15)

We now denote

pi = 〈ψ(v,E), V3E
1
1 − V1E3

1〉fi, (16)

qi = 〈ψ(v,E), v3E
2
1 − v2E3

1〉fi, (17)

Ui = 〈ψ(v,E), v1E
3
1 − v3E1

1〉〈v3E2
1 − v3E1

1 + (v1 − v2)E3
1 , ψ(v,E)〉fi, (18)

Vi = 〈ψ(v,E), v2E
3
1 − v3E2

1〉〈v3E1
1 − v3E2

1 + (v2 − v1)E3
1 , ψ(v,E)〉fi, (19)

and

Wi = 〈ψ(v,E), v3E
1
1 − v1E3

1〉〈v3E2
1 − v2E3

1 , ψ(v,E)〉fi. (20)

Remark: By changing fi to fi in (13)-(20), we obtain the corresponding partial

derivatives of Bn[f ; b] and the corresponding pi, qi, Ui, Vi, and Wi.

Obviously, we have

∂

∂b1
Bn[f ; b] =

1

β3(b)

∑
|i|=n

piφ
n
i (b),

∂

∂b2
Bn[f ; b] =

1

β3(b)

∑
|i|=n

qiφ
n
i (b),

∂2

∂b21
Bn[f ; b] =

1

[β3(b)]2

∑
|i|=n

(Ui + Wi)φ
n
i (b) + β3(b)

∂

∂b1
Bn

∂

∂b1

(
1

β3(b)

)
,

∂2

∂b22
Bn[f ; b] =

1

[β3(b)]2

∑
|i|=n

(Vi + Wi)φ
n
i (b) + β3(b)

∂

∂b2
Bn

∂

∂b2

(
1

β3(b)

)
,

and

∂2

∂b21b2
Bn[f ; b] =

1

[β3(b)]2

∑
|i|=n

Wiφ
n
i (b) + β3(b)

∂

∂b1
Bn

∂

∂b2

(
1

β3(b)

)
,
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=
1

[β3(b)]2

∑
|i|=n

Wiφ
n
i (b) + β3(b)

∂

∂b2
Bn

∂

∂b1

(
1

β3(b)

)
.

It is well known that if the Gaussian curvature of a compact surface π in R3

is positive everywhere, then surface π is convex (lies on one side of each tangent

plane)([9]). In addition, if π is defined by r = r(u, v), a parametric vector-valued

function in C2, then the Gaussian curvature of π is k = (LN −M2)/(EG − F 2),

where E, G, F and L, M, N are respectively the first fundamental form and

the second fundamental form of π. It is well known that L = 1
D (ru, rv, ruu),

M = 1
D (ru, rv, ruv), N = 1

D (ru, rv, rvv), and D2 = EG − F 2 > 0. Here

(a,b, c) is the scalar product of a, b, c and is defined by (a,b, c) = 〈a × b, c〉.

Therefore the Gaussian curvature K of r = r(u, v) and LN −M2, or (ru, rv, ruu),

(ru, rv, rvv)−(ru, rv, ruv)
2 have the same sign. In particular, for the surface

r =r(b1, b2)= Bn[f ; b], we have

rb1 =
∂

∂b1
Bn[f ; b], rb2 =

∂

∂b2
Bn[f ; b], rb1b1 =

∂2

∂b21
Bn[f ; b],

etc. Thus, if (rb1 , rb2 , rb1b1) (rb1 , rb2 , rb2b2) −(rb1 , rb2 , rb1b2)2 > 0, then K > 0. By

using the notation in (16)-(20), from Lemma 3, we have

(rb1 , rb2 , rb1b1)(rb1 , rb2 , rb2b2)− (rb1 , rb2 , rb1b2)2

= (rp, rq, rU )(rp, rq, rV ) + (rp, rq, rU )(rp, rq, rW ) + (rp, rq, rV )(rp, rq, rW ),(21)

where rp = 1
β3(b)

∑
|i|=n piφ

n
i (b), rq = 1

β3(b)

∑
|i|=n qi φ

n
i (b), rU = 1

[β3(b)]
2

∑
|i|=n

Ui φ
n
i (b), rV = 1

[β3(b)]
2

∑
|i|=n Vi φ

n
i (b), and rW = 1

[β3(b)]
2

∑
|i|=n Wi φ

n
i (b).

Denoting ∇(1)
i,j,k = (pi,qj ,Uk), ∇(2)

i,j,k = (pi,qj ,Vk), and ∇(3)
i,j,k = (pi,qj ,Wk),

from (21) we have the following theorem.

Theorem 1. If ∑
1≤α<β≤3

∑
|j|=3n

∑
|s|=2n

∑
|r|=2n

∑
|t|=n

∑
|k|=n

4(α,β)
j,s,r,t,k(i) > 0 (22)
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holds for all i ∈ Z3
+, |i| = 6n, where

4(α,β)
j,s,r,t,k(i) = ∇(α)

t,s−t,j−s∇
(β)
k,r−k,i−j−r

(
s
t

)(
r
k

)(
j
s

)(
i−j
r

)(
i
j

)(
2n
n

)2(3n
2n

)2(6n
3n

) ,

then Bn[f ; b] is convex over the spherical triangle T.

Proof. To prove the theorem, we need the following two representations.

∑
|i|=n

fiφ
n
i (b)×

∑
|i|=m

qiφ
m
i (b) =

∑
|i|=n+m

hiφ
n+m
i (b), (23)

where hi =
∑
|j|=n(fj × qi−j)

(
i
j

)
/
(
n+m
n

)
, and

∑
|i|=n

fiφ
n
i (b) ·

∑
|i|=m

giφ
m
i (b) =

∑
|i|=n+m

hiφ
n+m
i (b), (24)

where hi =
∑
|j|=n(fjgi−j)

(
i
j

)
/
(
n+m
n

)
. In fact,∑

|j|=n

fjφ
n
j (b)×

∑
|i|=m

giφ
m
i (b)

=
∑
|i|=m

∑
|j|=n

(fj × gi)φ
n
j (b)φmi (b)

=
∑
|i|=m

∑
|j|=n

(fj × gi)

(
n

j

)(
m

i

)
bi+j

=
∑
|i′|=m

∑
|j|=n

(
fj × gi′−j

)(n
j

)(
m

i′ − j

)
bi
′

=
∑
|i′|=m

∑
|j|=n

(
fj × gi′−j

) n!

j!

m!

(i′ − j)!
bi
′

=
∑
|i′|=m

∑
|j|=n

(
fj × gi′−j

) i!

(i′ − j)!j!
(n+m)!

i′!

n!m!

(n+m)!
bi
′

=
∑
|i′|=m

∑
|j|=n

(
fj × gi′−j

)(i′
j

)
φn+m
i′ (b)/

(
n+m

n

)
.

Similarly, we may obtain equation (24) by using the same argument.
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Therefore,

(rp, rq, rU ) =(rp × rq) · rU

=

 1

β3(b)

∑
|t|=n

ptφ
n
t (b)× 1

β3(b)

∑
|s|=n

qsφ
n
s (b)

 · 1

[β3(b)]2

∑
|i|=n

Uiφ
n
i (b)

=
1

[β3(b)]4

∑
|s|=2n

∑
|t|=n

pt × qs−t

 (
s
t

)(
2n
n

)φ2ns (b) ·
∑
|i|=n

Uiφ
n
i (b)

=
1

[β3(b)]4

∑
|i|=3n

∑
|s|=2n

∑
|t|=n

(pt × qs−t) ·Ui−s

(
i

s

)(
s

t

)
φ3ni (b)/

(
2n

n

)(
3n

2n

)

=
1

[β3(b)]4

∑
|i|=3n

∑
|s|=2n

∑
|t|=n

∇(1)
t,s−t,i−s

(
i

s

)(
s

t

)
φ3ni (b)/

(
2n

n

)(
3n

2n

)
.

Similarly,

(rp, rq, rV ) =(rp × rq) · rV

=

 1

β3(b)

∑
|k|=n

pkφ
n
k (b)× 1

β3(b)

∑
|r|=n

qrφ
n
r (b)

 · 1

[β3(b)]2

∑
|i|=n

Viφ
n
i (b)

=
1

[β3(b)]4

∑
|i|=3n

∑
|r|=2n

∑
|k|=n

∇(2)
k,r−k,i−r

(
i

r

)(
r

k

)
φ3ni (b)/

(
2n

n

)(
3n

2n

)
.

Thus,

(rp, rq, rU ) · (rp, rq, rV )

=
1

[β3(b)]4

∑
|i|=3n

∑
|s|=2n

∑
|t|=n

∇(1)
t,s−t,i−s

(
i

s

)(
s

t

)
φ3ni (b)

· 1

[β3(b)]4

∑
|i|=3n

∑
|r|=2n

∑
|k|=n

∇(2)
k,r−k,i−r

(
i

r

)(
r

k

)
φ3ni (b)/

(
2n

n

)2(
3n

2n

)2

=
1

[β3(b)]8

∑
|i|=6n

∑
|j|=3n

∑
|s|=2n

∑
|r|=2n

∑
|t|=n

∑
|k|=n

∇(1)
t,s−t,i−s∇

(2)
k,r−k,i−j−r

(
s
t

)(
r
k

)(
j
s

)(
i−j
r

)(
i
j

)(
2n
n

)2(3n
2n

)2(6n
3n

) φ6ni (b).
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By using the above two representations and expression (17), we immediately

have

(rb1 , rb2 , rb1b1)(rb1 , rb2 , rb2b2)− (rb1 , rb2 , rb1b2)2

=
1

[β3(b)]4

∑
|i|=6n

∑
|j|=3n

∑
|s|=2n

∑
|r|=2n

∑
|t|=n

∑
|k|=n

∑
1≤α<β≤3

4(α,β)
j,s,r,t,k(i)φ6ni (b). (25)

Thus Theorem 1 is proved.

From condition (25), we also have the following criterion for the convexity of

Bn[f ; b].

Theorem 2. If one of the following condition is satisfied for all i, j, k ∈ Z3
+,

|i| = |j| = |k| = n, then Bn[f ; b] is convex over the spherical triangle T.

(i) ∇(u)
i,j,k +∇(w)

i,j,k > 0, ∇(u)
i,j,k∇

(v)
i,j,k +∇(v)

i,j,k∇
(w)
i,j,k +∇(w)

i,j,k∇
(u)
i,j,k > 0;

(ii) ∇(1)
i,j,k +∇(3)

i,j,k >
∣∣∣∇(3)

i,j,k

∣∣∣ and ∇(2)
i,j,k +∇(3)

i,j,k >
∣∣∣∇(3)

i,j,k

∣∣∣;
(iii)

∑
1≤α<β≤3∇

(α)
i,j,k∇

(β)
i,j,k > 0;

(iv) ∇(α)
i,j,k > 0, α = 1, 2, 3,

where (u, v, w) is a permutation of (1, 2, 3).

Proof. Denote ∇(`)
i,j,k, ` = 1, 2, 3, by a1, b1, c1, respectively and ∇(`)

i′,j′,k′ , ` = 1, 2, 3,

by a2, b2, c2, respectively. It is obvious that inequality (22) holds if

a1b2 + b1c2 + c1a2 + a2b1 + b2c1 + c2a1 > 0 (26)

for all i, j, k ∈ Z3
+, where |i| = |j| = |k| = n and |i′| = |j′| = |k′| = n.

We can prove that inequality (26) holds if the following inequalities

a` + c` > 0, and a`b` + b`c` + c`a` > 0, ` = 1, 2,

hold. In fact, if the above inequalities hold, then we have

(a1 + c1)b1 > −a1c1, (a2 + c2)b2 > −a2c2,
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and

(a1 + c1)(a2 + c2)(a1b2 + b1c2 + c1a2 + a2b1 + b2c1 + c2a1)

=(a1 + c1)(a2 + c2)[b1(a2 + c2) + b2(a1 + c1) + c1a2 + a1c2]

=(a2 + c2)2(a1 + c1)b1 + (a1 + c1)2(a2 + c2)b2 + c1a2 + a1c2

>− a1c1(a2 + c2)2 − a2c2(a1 + c1)2 + c1a2 + a1c2

=(a1c2 − a2c1)2 ≥ 0.

Thus inequality (26) holds.

Consequently, inequality (22) holds if

∇(1)
i,j,k +∇(3)

i,j,k > 0, and ∇(1)
i,j,k∇

(2)
i,j,k +∇(2)

i,j,k∇
(3)
i,j,k +∇(3)

i,j,k∇
(1)
i,j,k > 0,

which is equivalent to that the following matrix is positive definite.[
∇(1)
i,j,k +∇(3)

i,j,k ∇(1)
i,j,k

∇(1)
i,j,k ∇(1)

i,j,k +∇(2)
i,j,k

]
.

Obviously, the above matrix is positive definite if it is strictly strongly diagonally

dominant, that is,

∇(1)
i,j,k +∇(3)

i,j,k >
∣∣∣∇(1)

i,j,k

∣∣∣ and ∇(1)
i,j,k +∇(2)

i,j,k >
∣∣∣∇(1)

i,j,k

∣∣∣ .
Furthermore, this condition can be implied by

∇(α)
i,j,k > 0, α = 1, 2, 3.

Thus, Theorem 2 is proved.

Remark 5. Equation (23) and inequality (26) were given in [12] without any proof.

3. Convexity criteria of CBB curvess
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In this section, we will give the convexity criteria for CBB curves. Obviously,

a CBB curve is convex if and only if its curvature k ≥ 0; i.e., the curve lies on only

one side of each tangent line. The following lemma gives the curvature k = k(θ) of

P (θ) at θ, which is defined as equation (10).

Lemma 4. Let the P (θ) defined as (10) be a CBB curve and p(θ) be the associated

CBB polynomial defined in equation (9). The CBB curve is convex if and only if

(p(θ))2 + 2(p′(θ))2 − p(θ)p′′(θ) ≥ 0. (27)

Proof. It is sufficient to prove that the sign of the curvature of the CBB curve

P (θ) at any θ is

Sign[k(θ)] = Sign[(p(θ))2 + 2(p′(θ))2 − p(θ)p′′(θ)]. (28)

Obviously, the curvature of the parametric curve P (θ) = (x(θ), y(θ)) is

k(θ) =
y′′(θ)x′(θ)− x′′(θ)y′(θ)
[(x′(θ))2 + (y′(θ))2]3/2

.

Since x(θ) = p(θ) cos θ and y(θ) = p(θ) sin θ, we obtain

y′′(θ)x′(θ)− x′′(θ)y′(θ)

=[p′′(θ) sin θ + 2p′(θ) cos θ − p(θ) sin θ][p′(θ) cos θ − p(θ) sin θ]

− [p′′(θ) cos θ − 2p′(θ) sin θ − p(θ) cos θ][p′(θ) sin θ + p(θ) cos θ]

=(p(θ))2(sin2 θ + cos2 θ) + 2(p′(θ))2(sin2 θ + cos2 θ)− p(θ)p′′(θ)(sin2 θ + cos2 θ)

=(p(θ))2 + 2(p′(θ))2 − p(θ)p′′(θ).

Thus the lemma is proved.



14

We now derive p′(θ) and p′′(θ). Since p(θ) =
∑n
i=0 ci

(
n
i

)
b1(θ)n−ib2(θ)i, where

b1(θ) = sin(θ2 − θ)/ sin(θ2 − θ1) and b2(θ) = sin(θ − θ1)/ sin(θ2 − θ1), we have

p′(θ) =−
n−1∑
i=0

ci
n!

(n− i− 1)!i!
b1(θ)n−i−1b2(θ)i

cos(θ2 − θ)
sin(θ2 − θ1)

+

n∑
i=1

ci
n!

(n− i)!(i− 1)!
b1(θ)n−ib2(θ)i−1

cos(θ − θ1)

sin(θ2 − θ1)

=− n
n−1∑
i=0

ci

(
n− 1

i

)
b1(θ)n−i−1b2(θ)i

cos(θ2 − θ)
sin(θ2 − θ1)

+ n
n−1∑
i=0

ci+1

(
n− 1

i

)
b1(θ)n−i−1b2(θ)i

cos(θ − θ1)

sin(θ2 − θ1)

=
n

sin(θ2 − θ1)

n−1∑
i=0

[cos(θ − θ1)ci+1 − cos(θ2 − θ)ci]φn−1i (θ).

Thus

p′′(θ) =
n(n− 1)

sin2(θ2 − θ1)

n−2∑
i=0

[(cos(θ − θ1)ci+2 − cos(θ2 − θ)ci+1) cos(θ − θ1)

− (cos(θ − θ1)ci+1 − cos(θ2 − θ)ci) cos(θ2 − θ)]φn−2i (θ)

− n

sin(θ2 − θ1)

n−1∑
i=0

[sin(θ − θ1)ci+1 + sin(θ2 − θ)ci]φn−1i (θ)

=
n(n− 1)

sin2(θ2 − θ1)

n−2∑
i=0

[
cos2(θ − θ1)ci+2 − 2 cos(θ2 − θ) cos(θ − θ1)ci+1

+ cos2(θ2 − θ)ci
]
φn−2i (θ)

− n
n−1∑
i=0

[b2(θ)ci+1 + b1(θ)ci]
(n− 1)!

i!(n− i− 1)!
b1(θ)n−i−1b2(θ)i

=
n(n− 1)

sin2(θ2 − θ1)

n−2∑
i=0

[
cos2(θ − θ1)ci+2 − 2 cos(θ2 − θ) cos(θ − θ1)ci+1

+ cos2(θ2 − θ)ci
]
φn−2i (θ)

−
n−1∑
i=0

(i+ 1)ci+1φ
n
i+1(θ)−

n−1∑
i=0

(n− i)ciφni (θ)
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=
n(n− 1)

sin2(θ2 − θ1)

n−2∑
i=0

[
cos2(θ − θ1)ci+2 − 2 cos(θ2 − θ) cos(θ − θ1)ci+1

+ cos2(θ2 − θ)ci
]
φn−2i (θ)−

n∑
i=1

iciφ
n
i (θ)−

n−1∑
i=0

(n− i)ciφni (θ)

=
n(n− 1)

sin2(θ2 − θ1)

n−2∑
i=0

[
cos2(θ − θ1)ci+2 − 2 cos(θ2 − θ) cos(θ − θ1)ci+1

+ cos2(θ2 − θ)ci
]
φn−2i (θ)−

n∑
i=0

iciφ
n
i (θ)−

n∑
i=0

(n− i)ciφni (θ)

=
n(n− 1)

sin2(θ2 − θ1)

n−2∑
i=0

[
cos2(θ − θ1)ci+2 − 2 cos(θ2 − θ) cos(θ − θ1)ci+1

+ cos2(θ2 − θ)ci
]
φn−2i (θ)− n

n∑
i=0

ciφ
n
i (θ)

Noting the trigonometric identities cos2(θ2−θ) = 1−sin2(θ2−θ), cos2(θ−θ1) =

1− sin2(θ− θ1), and cos(θ2 − θ) cos(θ− θ1) = cos(θ2 − θ1) + sin(θ2 − θ) sin(θ− θ1),

we may re-write p′′(θ) into

p′′(θ) =
n(n− 1)

sin2(θ2 − θ1)

n−2∑
i=0

[ci+2 − 2 cos(θ2 − θ1)ci+1 + ci]φ
n−2
i (θ)

− n(n− 1)

n−2∑
i=0

b2(θ)2ci+2φ
n−2
i (θ)− 2n(n− 1)

n−2∑
i=0

b2(θ)b1(θ)ci+1φ
n−2
i (θ)

− n(n− 1)

n−2∑
i=0

b1(θ)2ciφ
n−2
i (θ)− n

n∑
i=0

ciφ
n
i (θ)

=
n(n− 1)

sin2(θ2 − θ1)

n−2∑
i=0

[ci+2 − 2 cos(θ2 − θ1)ci+1 + ci]φ
n−2
i (θ)

− n(n− 1)
n−2∑
i=0

ci+2
(n− 2)!

(n− i− 2)!i!
b1(θ)n−i−2b2(θ)i+2

− 2n(n− 1)
n−2∑
i=0

ci+1
(n− 2)!

(n− i− 2)!i!
b1(θ)n−i−1b2(θ)i+1
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− n(n− 1)
n−2∑
i=0

ci
(n− 2)!

(n− i− 2)!i!
b1(θ)n−ib2(θ)i − n

n∑
i=0

ciφ
n
i (θ)

=
n(n− 1)

sin2(θ2 − θ1)

n−2∑
i=0

[ci+2 − 2 cos(θ2 − θ1)ci+1 + ci]φ
n−2
i (θ)

−
n−2∑
i=0

(i+ 2)(i+ 1)ci+2
n!

(n− i− 2)!(i+ 2)!
b1(θ)n−i−2b2(θ)i+2

− 2

n−2∑
i=0

(i+ 1)(n− i− 1)ci+1
n!

(n− i− 1)!(i+ 1)!
b1(θ)n−i−1b2(θ)i+1

−
n−2∑
i=0

(n− i)(n− i− 1)ci
n!

(n− i)!i!
b1(θ)n−ib2(θ)i − n

n∑
i=0

ciφ
n
i (θ)

=
n(n− 1)

sin2(θ2 − θ1)

n−2∑
i=0

[ci+2 − 2 cos(θ2 − θ1)ci+1 + ci]φ
n−2
i (θ)

−
n∑
i=0

i(i− 1)ciφ
n
i (θ)− 2

n∑
i=0

i(n− i)ciφni (θ)

−
n∑
i=0

(n− i)(n− i− 1)ciφ
n
i (θ)− n

n∑
i=0

ciφ
n
i (θ)

=
n(n− 1)

sin2(θ2 − θ1)

n−2∑
i=0

[ci+2 − 2 cos(θ2 − θ1)ci+1 + ci]φ
n−2
i (θ)

−
n∑
i=0

[i(i− 1) + 2i(n− i) + (n− i)(n− i− 1) + n] ciφ
n
i (θ)

=
n(n− 1)

sin2(θ2 − θ1)

n−2∑
i=0

[ci+2 − 2 cos(θ2 − θ1)ci+1 + ci]φ
n−2
i (θ)

− n2
n∑
i=0

ciφ
n
i (θ) (29)

By using equation (24) for the case of two dimension:

n∑
i=0

fiφ
n
i (θ) ·

m∑
j=0

gjφ
m
j (θ)
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=
n+m∑
i=0

m∑
j=0

fi−jgj

(
n+m− i
m− j

)
φn+mi (θ)/

(
n+m

m

)
, (30)

we obtain

[p(θ)]2 =
1(
2n
n

) 2n∑
i=0

diφ
2n
i (θ),

where

di =
n∑
j=0

cjci−j

(
i

j

)(
2n− i
n− j

)
and

p(θ)p′′(θ) =
n(n− 1)

sin2(θ2 − θ1)

2n−2∑
i=0

n∑
j=0

cj [ci−j+2 − 2 cos(θ2 − θ1)ci−j+1

+ci−j ]

(
i

j

)(
2n− i− 2

n− j

)
φ2n−2i (θ)/

(
2n− 2

n

)

− n2
2n∑
i=0

diφ
2n
i (θ)/

(
2n

n

)

=
2n(2n− 1)(

2n
n

)
sin2(θ2 − θ1)

2n−2∑
i=0

n∑
j=0

cj [ci−j+2 − 2 cos(θ2 − θ1)ci−j+1

+ci−j ]

(
i

j

)(
2n− i− 2

n− j

)
φ2n−2i (θ)

− n2(
2n
n

) 2n∑
i=0

n∑
j=0

cjci−j

(
i

j

)(
2n− i
n− j

)
φ2ni (θ).

Here, ci−j = 0 if i < j or i > j + n.

For the sake of convenience, we will use the relation [(p(θ))2]′′ = 2(p′(θ))2 +

2p(θ)p′′(θ) to derive the expression for (p′(θ))2. Similar to the process of deriving

equation (29), we can obtain

[(p(θ))2]′′ =
2n(2n− 1)(

2n
n

)
sin2(θ2 − θ1)

2n−2∑
i=0

[di+2 − 2 cos(θ2 − θ1)di+1 + di]φ
2n−2
i (θ)
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− (2n)2(
2n
n

) 2n∑
i=0

diφ
n
i (θ)

=
2n(2n− 1)(

2n
n

)
sin2(θ2 − θ1)

2n−2∑
i=0

n∑
j=0

cj

[
ci−j+2

(
i+ 2

j

)(
2n− i− 2

n− j

)

− 2 cos(θ2 − θ1)ci−j+1

(
i+ 1

j

)(
2n− i− 1

n− j

)
+ci−j

(
i

j

)(
2n− i
n− j

)]
φ2n−2i (θ)

− 4n2(
2n
n

) 2n∑
i=0

n∑
j=0

cjci−j

(
i

j

)(
2n− i
n− j

)
φ2ni (θ).

Therefore,

(p(θ))2 + 2(p′(θ))2 − p(θ)p′′(θ)

=(p(θ))2 + [(p(θ))2]′′ − 3p(θ)p′′(θ)

=
2n(2n− 1)(

2n
n

)
sin2(θ2 − θ1)

2n−2∑
i=0

n∑
j=0

cj

[
ci−j+2

((
i+ 2

j

)(
2n− i− 2

n− j

)
− 3

(
i

j

)(
2n− i− 2

n− j

))

− 2 cos(θ2 − θ1)ci−j+1

((
i+ 1

j

)(
2n− i− 1

n− j

)
− 3

(
i

j

)(
2n− i− 2

n− j

))
+ci−j

((
i

j

)(
2n− i
n− j

)
− 3

(
i

j

)(
2n− i− 2

n− j

))]
φ2n−2i (θ)

+
1− n2(

2n
n

) 2n∑
i=0

n∑
j=0

cjci−j

(
i

j

)(
2n− i
n− j

)
φ2ni (θ) (31)

We will use the following degree-raising formula which was given in [2], to raise

the degree of the first summation in the above expression of (p(θ))2 + 2(p′(θ))2 −

p(θ)p′′(θ) to 2n.

p(θ) =
d∑
i=0

eiφ
d
i (θ) =

d+2∑
i=0

ēiφ
d+2
i (θ),

where

ēi(θ) =
1

(d+ 2)(d+ 1)
[i(i− 1)ei−2 + 2 cos(θ2 − θ1)i(d− i+ 2)ei−1
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+(d− i+ 2)(d− i+ 1)ei] ,

for i = 0, 1, · · · , d+ 2.

Thus, from equation (31) and the degree-raising formula, we obtain

(p(θ))2 + 2(p′(θ))2 − p(θ)p′′(θ)

=
1(

2n
n

)
sin2(θ2 − θ1)

2n∑
i=0

n∑
j=0

cj

[
i(i− 1)

[
ci−j

(
2n− i
n− j

)((
i

j

)
− 3

(
i− 2

j

))

− 2 cos(θ2 − θ1)ci−j−1

((
i− 1

j

)(
2n− i+ 1

n− j

)
− 3

(
i− 2

j

)(
2n− i
n− j

))
+ci−j−2

(
i− 2

j

)((
2n− i+ 2

n− j

)
− 3

(
2n− i
n− j

))]
+ 2 cos(θ2 − θ1)i(2n− i)

[
ci−j+1

(
2n− i− 1

n− j

)((
i+ 1

j

)
− 3

(
i− 1

j

))
− 2 cos(θ2 − θ1)ci−j

((
i

j

)(
2n− i
n− j

)
− 3

(
i− 1

j

)(
2n− i− 1

n− j

))
+ci−j−1

(
i− 1

j

)((
2n− i+ 1

n− j

)
− 3

(
2n− i− 1

n− j

))]
+ (2n− i)(2n− i− 1)

[
ci−j+2

(
2n− i− 2

n− j

)((
i+ 2

j

)
− 3

(
i

j

))
− 2 cos(θ2 − θ1)ci−j+1

((
i+ 1

j

)(
2n− i− 1

n− j

)
− 3

(
i

j

)(
2n− i− 2

n− j

))
+ci−j

(
i

j

)((
2n− i
n− j

)
− 3

(
2n− i− 2

n− j

))]
φ2ni (θ)

+
1− n2(

2n
n

) 2n∑
i=0

n∑
j=0

cjci−j

(
i

j

)(
2n− i
n− j

)
φ2ni (θ)

=
1(

2n
n

)
sin2(θ2 − θ1)

2n∑
i=0

aiφ
2n
i (θ), (32)

where

ai =
n∑
j=0

(
i

j

)(
2n− i
n− j

)
cj

[
b(2)(i, j)ci−j+2 + b(1)(i, j)ci−j+1 + b(0)(i, j)ci−j

+b(−1)(i, j)ci−j−1 + b(−2)(i, j)ci−j−2

]
, (33)
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ck = 0 for k = −1,−2, · · · ,−n − 2 or k = n + 1, n + 2, · · · , 2n + 2, and b
(`)
i−j+` can

be found from equation (32) by using the combination formulas:(
n

k

)
=

n

n− k

(
n− 1

k

)
or

(
n− 1

k

)
=
n− k
n

(
n

k

)
.

In fact, for i < j or j < i− n, we have b(`)(i, j) = 0; for i− n ≤ j ≤ i, we obtain

b(2)(i, j) =(2n− i)(2n− i− 1)

(
2n− i− 2

n− j

)((
i+ 2

j

)
− 3

(
i

j

))
/

(
i

j

)(
2n− i
n− j

)
=(n− i+ j)(n− i+ j − 1)

(
(i+ 2)(i+ 1)

(i− j + 2)(i− j + 1)
− 3

)
, (34)

b(1)(i, j) =2 cos(θ2 − θ1)

[
i(2n− i)

(
2n− i− 1

n− j

)((
i+ 1

j

)
− 3

(
i− 1

j

))
− (2n− i)(2n− i− 1)

((
i+ 1

j

)(
2n− i− 1

n− j

)
−3

(
i

j

)(
2n− i− 2

n− j

))]
/

(
i

j

)(
2n− i
n− j

)
=2(n− i+ j) cos(θ2 − θ1)

[
(2i− 2n+ 1)(i+ 1)

i− j + 1

+3(n− 2i+ 2j − 1)] , (35)

b(0)(i, j) =

[
i(i− 1)

(
2n− i
n− j

)((
i

j

)
− 3

(
i− 2

j

))
− 4i(2n− i) cos2(θ2 − θ1)

((
i

j

)(
2n− i
n− j

)
− 3

(
i− 1

j

)(
2n− i− 1

n− j

))
+ (2n− i)(2n− i− 1)

(
i

j

)((
2n− i
n− j

)
− 3

(
2n− i− 2

n− j

))
+(1− n2) sin2(θ2 − θ1)

(
i

j

)(
2n− i
n− j

)]
/

(
i

j

)(
2n− i
n− j

)
=i(i− 1)− 3(i− j)(i− j − 1)− 4i(2n− i) cos2(θ2 − θ1)

+ 12(i− j)(n− i+ j) cos2(θ2 − θ1) + (2n− i)(2n− i− 1)

− 3(n− i+ j)(n− i+ j − 1) + (1− n2) sin2(θ2 − θ1)

=i(i− 1) + (2n− i)(2n− i− 1) + 1− n2



21

− 3 [(i− j)(i− j − 1) + (n− i+ j)(n− i+ j − 1)]

+ cos2(θ2 − θ1)
[
n2 − 1 + 4i(2n− i)− 12(i− j)(n− i+ j)

]
, (36)

b(−1)(i, j) =2 cos(θ2 − θ1)

[
−i(i− 1)

((
i− 1

j

)(
2n− i+ 1

n− j

)
− 3

(
i− 2

j

)(
2n− i
n− j

))
+i(2n− i)

(
i− 1

j

)((
2n− i+ 1

n− j

)
− 3

(
2n− i− 1

n− j

))]
/

(
i

j

)(
2n− i
n− j

)
=2(i− j) cos(θ2 − θ1)

[
(2n− 2i+ 1)(2n− i+ 1)

n− i+ j + 1

−3(n− 2i+ 2j + 1)] , (37)

and

b(−2)(i, j) =i(i− 1)

(
i− 2

j

)((
2n− i+ 2

n− j

)
− 3

(
2n− i
n− j

))
/

(
i

j

)(
2n− i
n− j

)
=(i− j)(i− j − 1)

[
(2n− i+ 2)(2n− i+ 1)

(n− i+ j + 2)(n− i+ j + 1)
− 3

]
. (38)

From [7], we have the following positivity criterion for CBB polynomial

p(θ) =
∑n
i=0 aiφ

n
i (θ). If

a0 + (n− 1)!

(
2

n

)n−1 n−1∑
i=1
ai<0

in

i!(n− i)!
ai ≥ 0

and

an + (n− 1)!

(
2

n

)n−1 n−1∑
i=1
ai<0

(n− i)n

i!(n− i)!
ai ≥ 0,

then p(θ) ≥ 0. Therefore, from Lemma 4 and equation (32) we obtain the following

convexity criterion for p(θ).

Theorem 3. Let the P (θ) defined in (10) be a CBB curve and p(θ) be the associated

CBB polynomial defined in equation (9). If

a0 + (2n− 1)!

(
2

2n

)2n−1 2n−1∑
i=1
ai<0

i2n

i!(2n− i)!
ai ≥ 0

and
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a2n + (2n− 1)!

(
2

2n

)2n−1 2n−1∑
i=1
ai<0

(2n− i)2n

i!(2n− i)!
ai ≥ 0,

where ai is defined by (33)-(38), then the CBB curve P (θ) is convex.

If we use the positivity criterion given in [11] (if

a0 + (n− 1)!
n−1∑
i=1
ai<0

i

i!(n− i)!
ai ≥ 0

and

an + (n− 1)!
n−1∑
i=1
ai<0

n− i
i!(n− i)!

ai ≥ 0,

then p(θ) ≥ 0), we have another convexity criterion for p(θ), which is as follows.

Theorem 4. Let the P (θ) defined in (10) be a CBB curve and p(θ) be the associated

CBB polynomial defined in equation (9). If

a0 + (2n− 1)!
2n−1∑
i=1
ai<0

i

i!(2n− i)!
ai ≥ 0

and

a2n + (2n− 1)!
2n−1∑
i=1
ai<0

2n− i
i!(2n− i)!

ai ≥ 0,

where ai is defined by (33)-(38), then the CBB curve P (θ) is convex.

4. Convexity criteria of HBB polynomials

In Section 1, we have shown that if T̂ is a trihedron generated by {v1, v2, v3}

and if b1(v), b2(v), b3(v) denote the trihedron coordinates, i.e.,

T̂ = {v ∈ R3 : v = b1v1 + b2v2 + b3v3, bi ≥ 0},
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then the HBB polynomials of degree n can be written as

pn(v) =
∑
|i|=n

aiφ
n
i (b). (39)

Here φni was defined in equation (3) in Section 1. In this section, we will discuss the

convexity criteria of HBB polynomial (39). Since a positively homogeneous convex

function is called a gauge function, these convexity criteria can be also considered

as conditions for making a HBB polynomial a gauge function (cf. [4]).

In the following, we will use the notation Dγ = γ1
∂
∂x + γ2

∂
∂y + γ3

∂
∂z , where

γ = (γ1, γ2, γ3). For γ = v`, ` = 1, 2, 3, we denote D` = Dγ = Dv`
. If we define

that E`ai = ai+e` , where e` denotes the `th coordinate vector in R3, we have

D`pn = n
∑
|i|=n−1

E`aiφ
n−1
i (b). (40)

For any direction V, there exists a vector cV = (c1, c2, c3) such that

V =
s∑
`=1

c`v`. (41)

Thus, from (41), we have

D2
V pn = n(n− 1)

∑
|i|=n−2

cTVQi,acV φ
n−2
i (b), (42)

where cV = (c1, c2, c3)T and

Qi,a := (EuEwai)
3,3
u,w=1 (43)

for |i| = n− 2.

Obviously, pn(v) is convex on T̂ if and only if D2
V pn(v) ≥ 0 for any directional

vector V and at any point v ∈ T̂ . Denoting qi,a(cV ) = cTVQi,acV , we have

D2
V pn(v) = n(n− 1)

∑
|i|=n−2

qi,a(cV )φn−2i (b). (44)
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We define a function cV associated with qi,f (c) as follows:

wi,a(cV ) =

{
0, if qi,a(cV ) ≥ 0,
1, if qi,a(cV ) < 0,

(45)

where |i| = n − 2 and i` 6= n − 2, ` = 1, 2, 3. If |i| = n − 2 and i` = n − 2 for

` = 1, 2, 3, then wi,a(cV ) = 1.

The following two inequalities about φni (b), (46) and (47), were obtained in [7]

and [11], respectively, by using inequalities from [6, p. 17].

0 ≤ φni (b) ≤ (n− 1)!

i!nn−1
(

3∑
`=1

i`b`)
n, (46)

0 ≤ φni (b) ≤ (n− 1)!

i!

3∑
`=1

i`b
n
` . (47)

We now give some convexity criteria for the homogeneous Bernstein-Bézier

polynomials over triangle T̂ .

Theorem 5. Let ri ∈ {0, 1} for |i| = n−2 and i 6= (n−2)e`, ` = 1, 2, 3, and ri = 1

for i = (n− 2)e`, ` = 1, 2, 3. The Bernstein-Bézier polynomial pn(v) shown in (39)

is convex on T̂ if for all u ∈ {1, 2, 3} its Bézier coefficients satisfy either

∑
|i|=n−2

(
s∑
`=0

i2`

)n−2
2 ri

i!
EuEuai ≥

∑
w=1,2,3
w 6=u

∣∣∣∣∣∣∣
∑
|i|=n−2

(
s∑
`=0

i2`

)n−2
2 ri

i!
EuEwai

∣∣∣∣∣∣∣ (48)

or

∑
|i|=n−2

(
s∑
`=0

i2`

)n−2
2 ri

i!

EuEuai − ∑
w=1,2,3
w 6=u

|EuEwai|

 ≥ 0. (49)
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Proof. It is sufficient to prove inequality (48), since inequality (49) is implied by

inequality (48). Noting inequality (46), we have

1

n(n− 1)
D2
V pn(v)

=
∑
|i|=n−2

qi,a(cV )φn−2i (b)

≥
∑
|i|=n−2

qi,a(cV )wi,a(cV )φn−2i (b)

≥
∑
|i|=n−2

qi,a(cV )wi,a(cV )
(n− 3)!

i!(n− 2)n−3

(
3∑
`=1

i`b`

)n−2

≥
∑
|i|=n−2

qi,a(cV )wi,a(cV )
(n− 3)!

i!(n− 2)n−3

(
3∑
`=1

i2`

)n−2
2
(

3∑
`=1

b2`

)n−2
2

=
(n− 3)!

(n− 2)n−3

(
3∑
`=1

b2`

)n−2
2

cTV

 ∑
|i|=n−2

(
3∑
`=1

i2`

)n−2
2

wi,a(cV )

i!
Qi,a

 cV

=
(n− 3)!

(n− 2)n−3

(
3∑
`=1

b2`

)n−2
2

cTV

 ∑
|i|=n−2

(
3∑
`=1

i2`

)n−2
2

wi,a(cV )

i!
EuEwai


3,3

u,w=1

cV .

Obviously, if the last symmetric matrix is strongly diagonally dominant, i.e.,

for all u = 1, 2, 3,

∑
|i|=n−2

(
3∑
`=1

i2`

)n−2
2
wi,a(cV )

i!
EuEuai ≥

∑
w=1,2,3
w 6=u

∣∣∣∣∣∣∣
∑
|i|=n−2

(
s∑
`=0

i2`

)n−2
2 wi,a(cV

i!
EuEwai

∣∣∣∣∣∣∣ ,
then the matrix  ∑

|i|=n−2

(
3∑
`=1

i2`

)n−2
2

wi,a(cV )

i!
EuEwai


3,3

u,w=1
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is semi-positive definite. Thus D2
V pn(v) ≥ 0 and pn(v) is convex. Obviously, the

above condition is implied by inequality (48). Thus, Theorem 5 is proved.

Similarly, we may use inequality (30) to obtain the following result.

Theorem 6. Let ri ∈ {0, 1} for |i| = n−2 and i 6= (n−2)e`, ` = 1, 2, 3, and ri = 1

for i = (n− 2)e`, ` = 1, 2, 3. The Bernstein-Bézier polynomial pn(v) shown in (35)

is convex on T̂ if for ` = 1, 2, 3 and u = 1, 2, 3, its Bézier coefficients satisfy either

∑
|i|=n−2

i`
i!
riEuEuai ≥

∑
w=1,2,3
w 6=u

∣∣∣∣∣∣
∑
|i|=n−2

i`
i!
riEuEwai

∣∣∣∣∣∣ (50)

or

∑
|i|=n−2

i`
i!
ri

EuEuai − ∑
w=1,2,3
w 6=u

|EuEwai|

 ≥ 0. (51)

Proof. It is sufficient to prove inequality (50), since inequality (51) is implied by

inequality (50). Noting inequality (47), we have

1

n(n− 1)
D2
V pn(v)

=
∑
|i|=n−2

qi,a(cV )φn−2i (b)

≥
∑
|i|=n−2

qi,a(cV )wi,a(cV )φn−2i (b)

≥
∑
|i|=n−2

qi,a(cV )wi,a(cV )
(n− 3)!

i!

3∑
`=1

i`b
n−2
`

= (n− 3)!

3∑
`=1

bn−2` cTV

 ∑
|i|=n−2

i`
i!
wi,a(cV )Qi,a

 cV
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= (n− 3)!
3∑
`=1

bn−2` cTV

 ∑
|i|=n−2

i`
i!
wi,a(cV )EuEwai

3,3

u,w=1

cV

Obviously, if the last symmetric matrix is strongly diagonally dominant, i.e.,

for all u = 1, 2, 3,

∑
|i|=n−2

i`
i!
wi,a(cV )EuEuai ≥

∑
w=1,2,3
w 6=u

∣∣∣∣∣∣
∑
|i|=n−2

i!

i!
wi,a(cV )EuEwai

∣∣∣∣∣∣ ,
then the matrix  ∑

|i|=n−2

i!

i!
wi,a(cV )EuEwai

3,3

u,w=1

is semi-positive definite. Thus D2
V pn(v) ≥ 0 and pn(v) is convex. Obviously, the

above condition is implied by inequality (50). Thus, Theorem 6 is proved.

Remark 4. A stronger convexity condition is implied by inequalities (49) and (51)

as follows: EuEuai ≥
∑

w=1,2,3
w 6=u

| EuEwai |. Here, u = 1, 2, 3.

Remark 5. The conditions given in Theorem 5 and Theorem 6 are independent

(see [7] and [8]).

Remark 6. There is another approach for finding convexity criteria from the

positivity criteria and is shown in [8] for plane BB polynomials. This approach can

also be applied here for HBB polynomials.
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