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Abstract
We present here the definition of Padé spline functions, their expressions,
and the estimate of the remainders of padé spline expansions. Some algo-
rithms are also given.
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1 Introduction

Padé approximation is derived by expanding a function as a ratio of two power
series and both the numerator and denominator coefficients are thus determined
(¢f. Baker [1-2], Baker and Graves-Morris [3], and Brent, Gustavson, and Yun
[4]). In this paper, we shall use two points Padé approximation to construct
Padé spline functions. The main idea initially came from the author’s talk at
the Joint U.S.- China Workshop on Approximation Theory that took place in
April, 1985, Hangzhou, China ([5]).
Let

Nia=xzg<z1 < - <Tp=">

be an arbitrary partition on the interval [a, b], and let f be a kth differentiable
function defined on [a,b] with function value and dervatives at each node z;
(i=0,1,---,n)

yfm):f(m)(xl)v m:Oalaak_177’:O71a7n

Denote by 75 the collection of all polynomials of degree less than or equal to k.
We now give the definition of Padé spline functions.

*The research of this author was partially supported by ASD Grant and sabbatical leave
of the Illinois Wesleyan University.



Definition 1.1 We call Rg?(A) the set of Padé spline function of order k with

nodes z; (1 = 0,1,...,n), if any function R(x) € Ri{? satisfies the following
coditions for all x € [x;—1,2;], 1 =1,2,...,n

(i) R(z) = §55, Pi(z) € mr, Qi(2) € m,
(i) Zm oYi— 1) = 010%‘1) - g:((g;)) ZO((x—JSi_ﬂk);

(iti) Soo ™ ot = G5 = O (@ —20)F),

(iv) r+£=2k—1.

From Definition 1.1, we immediately know Ri? (A) € Ck. In addition, the
rational Hermite interpolation and rational contact interpolation can be easily
obtained by using the padé spline functions.

Although Definition 1.1 only gives the piecewise expression of Padé spline
functions, we might discuss its globe expression as follows.

Suppose Q;(x;) # 0. Denote

ZR“”) e
m!

Thus

has multiple roots at x; of order k; i.e.,

Pi(z) = Gi(2)Qi(x) = (z — ;)" Fi(x),

where deg F;(z) < max{r,k + ¢} — k = max{r — k, £}. Thus, the expressions of
R(zx) on [x;—1,x;] and [x;, ;41| are respectively

Pila) _ N~ pomy g @2 Fila)
and
Pipi(z) oy @—z)™ o eFin(@)
Orrr () mZOR m! + (z — ) O (@)’ (1.2)
Consequently,
Pipi(z)  Pi(x) {le(fﬂ) _ Fi(x) (2 — 2)"
Qi+1(r) Qi) Qit1(z)  Qi(z) ’
= %(I—%‘)kv
Qi(*)Qit1(w)



where M;(z) = Qi(x)Fiy1(z) — Fi(2)Qi+1(x) is in my4y—p. Therefore, for z €
[, i41], we have

Pia(z)  Pi(a) _ "(Pj+1<w>_Pj<x>>
Qit1(z)  Qi(x) Qj+i(z)  Qj(x)
e [

where M;(x) € mpyo— and

R B ifx > x;
(@ $])+'_{0 if z < ;.

From Eq. (1.3) we obtain the globe expression of Padé spline function R(z) as
follows.

(x)
R z—a;)¥, 1.4

( 1_ Z Qj+1 ) ( J)+ ( )

where M;(x) € Tpyo—p is completely determined by P (), Q;(z) (j =1,2,...,n)
as well as the values and the first k derivatives of R(z) at z; (j =1,2,...,n).

We can also show that if any real-valued function R(z) defined on [a, b] can
be written as in Eq. (1.4) with M;(z) € 7,4¢—k, then R(z) € Rike) (N); e,
R(x) is a Padé spline function defined as in Definition 1.1. Indeed, assume that
R(x) shown as in (1.4) is given, where M;(x) € mp1¢—k, Pi(z) € 7, Qi(x) € g
(i = 1,2,...,n), and the greatest common divisor (P(x),@Q1(x)) = 1, there
exist p(z) and ¢(z) such that

p(2)Q1(z) + Pi(z)q(z) = 1.

By multiplying ¢;(z) = (z — 21)* My (2) on the both sides of the last equation,

we obtain

p(x)o(z)Q1(x) + Pi(z)q(z)o(z) = (). (1.5)

Since we can write

p(@)¢p(x) = Pi(x)r1(z) + s1(x)

and

q(z)d(x) = Q1(z)r2(x) + s2(),
Eq. (1.5) can be changed to

[Pr(x)r1(x) + 51(2)] Q1 (2) + Pi(2) [Qu(z)r2(z) + s2(2)] = o(). (1.6)



If (z—x1) fsa(x), we set Q2(x) = —s2(x) and

Py(z) = Pi(z) [r1(z) + 12(2)] + s1(2).

If (x — 21)|s2(x), then (x — z1) fQ1(z) because of (Pi(x),Q1(x)) = 1. We thus
denote Q1(x) = —s2(z) — Q1(z) and

Py(z) = Pi(x) [ri(x) + r2(z) — 1] + s1(x).

Therefore in either case, we can write Eq. (1.6) as

Py(2)Q1(z) — Pi(2)Q2(z) = (x — 21)" My (2),

where (z — 1) fQ2(x).

Similarly, we cane decompose (x — x;)*M;(z) into

(x = 2;)"M;(z) = Piy1(2)Q;(2) — Pi(2)Qj41(2), (L.7)

where Q;(z;) #0, Q;+1(z;) #0,and j =1,2,...,n—1. Since M;(z) € Tryr—p,
Pj(z) e, forall j=1,2,...,n— 1.
For z € [z;,2;41] (j =0,1,...,n — 1), from Eqs. (1.4) and (1.7), we have

Riz) = Py (z) 'y (Pj+1($) Pj($)> _ Pin(@)

Qi) Qiri(2) Q@)  Qinla)

j=1

In addition, since

M)z —2:)*]"™] =0
T=T;
fori=1,2,...,n—1and m=0,1,...,k — 1, by using the Lemma shown as in
[6], we obtain
k (m)
[@c—m MAx)} .
Qi(2)Qit1(z) e
Consquently,
[Pmu)](m) _ [Pxx)ym)
Qiv1(z) Qi()

It follows that R(z) € Rgce) . Thus we have established the following result.

Theorem 1.2 Function R(z) defined on [a,b] and shown as in Eq. (1.4) is in
Ri’fe)(A) if and only if M;(z) € Tyyo—k.



2 Algorithm

In this section, we will give two algorithms for constructing Padé spline func-
tions. Our first algorithm is to construct the functions piece by piece by using
continued fractions. The second algorithm is based on the general expression of
Padé spline functions shown as in (1.4). To describe the algorithms clearly, we
only consider the Padé spline function set R,(Ck_)L > Which is the most important
set in the Padé approximation. The first algorithms is also an improvement of
[7-8].

For x € [x;,x;41], 1 = 0,1,...,n — 1, write R(x) = gl((i)) as its continued

fraction form:

P;(x) a'0+xfxi|+.“+xfxi\+x—z1;|
Qi(z) " a1 a1 lait1,0
LE el T T (2.1)
|ai+1,1 |ai+1,k71
Denote
Sio(x) T — x| T — x4
O — a0+ N . 2.2
Tio(z) 0 lai1 la; k-1 (2:2)
It is easy to find that
[si,omym) _ [sz(x)r”’ g
Ti0(x) Qi() o ’
for m =0,1,...,k — 1, which implies by the Lemma in [6]
S5 (@) = F@Tio(@) ™| (2:3)

where m = 0,1,...,k — 1. From Eq. (2.3) we can find the coefficients of
S;o0(x) and T; o(z). Then, by using the following relations, (2.4) and (2.5), we
can determine the coefficient set {a; 0, a;1,...,a;x—1} of the continued fraction

(2.1).

k—2 2
_ xr — X; r — I;
S’i,O = H?zolam- ]_ —+ E o + E ( Z)
7=0

a; Qi A Qi 111G a;
—o Wi j%ig+1 0<j<t<k—3 0 1, +1 00, 0+14,0+4-2

3
(x —z;)
0y +oo s (@24
0<j<tam<k—4 A, 5 A j4+1 g f+105 04205 m+20i m+3

k—2
Tio(z) = IZfai; |1+
=1

r — Z;

G450, 5+1



+ Y (z = z:)” v (2.5)

Qg Qi i4+1Q5 a;
1<j<t<k-—3 1,5 Qi j+ 15,041,042

Denote
Sit1,0(x) T — Tit1] T — Tyl
7’:%. 4+ e 2.6
Tit1,0(z) 1o |ait1,1 |ait1 k-1 (26)
and
Si—1(z) x — x4 x — x4
—— L —a; 0+ 4+ oo+ . 2.7
T, _1(x) Ho la; 1 |a; k—2 27)
Then,
Pi(x) _ Si.08i+1.0 + (x — 2:)S;, 1 41,0
Qi(x)  T0Sit10+ (@ — )T —1Tit10
Similar to Eq. (2.3), from [6] we have
[Si,08i41,0 + (x — -Ti)Si,flTiJrl,O}(m)
T=x;41
= {f(2)[Ti0Sit1,0+ (z — »”Cz')Ti,qTiH,o]}(m) (2.8)

T=Tj41

In Eq. (2.8), since S; _1 and T; _; have been determined from (2.3), we thus
find Sit1,0(z) and Ti41,0(x). We can also establish the relations between the
functions S;41,0(z) and Tj41,0(x) and the coefficient set {a;11;: 7 =0,1,...,k—
1}, which is as the same as Egs. (2.4) and (2.5) except an index change of i —
i+1. From the relations we finally determine the set {a;1+1;: 5 =0,1,...,k—1}.
Example 2.1. As an example, we now consider the case of k = 2. Obviously,
we have

Sio(r) = aioai1 +x —x;, Tio(x) = a;1,
Si+1,0(%) = Git1,00i+11 + & — Tig1, Tit1,0 = Git1,15
Si’,l(l') = ai’07 Ti’,l(fb) =1.

Thus, (2.3) is reduced to

la; 0ai1 +  — ;)™ =ai1y™, m=0,1.

T=T;

Assume that y # 0, we solve a; o = y; and a;1 = 1/y].
From Eq. (2.8) we have



(m)
i
Ki +x— l‘z> (@it1,00i+1,1 + & — Tig1) + Yiaiy1,1 (T — 5177)]
i T=Tit1
= {f(x) {y’ (@it1,00i41,1 + 2 — Tig1) + Gip11 (T — xl)] }
i
T=T;41

for m = 0,1. From the last equation it can be found that

V(g1 — ) (Yiy1 — vi)
! 9
y¢(33i+1 - xz‘) - (yi+1 - yi)
it — i — yi(wier — 2))
Y; [y§y§+1(xi+1 —2i)? = (Yiv1 — yi)Q]

41,0

Qi+1,1

Substituting the obtained coefficient set {ai o, @i 1,@i+1,0,@i+1,1} into the ex-

pression of the Padé spline function R(z) € Rng

R(z):aw—kzix“ T — ;] =i
|ai1 lai+1,0 |@i+1,1
yields
R(z) = [(z—2)(* — 2iy1) + @i00i1(T — Tit1) + @it1,00i41,1 (7 — 74)

+a;,00i+11(T — ;) + 4;,00i10i41,00i+1,1) / (@1 (T — Ti41)
+ait11 (e — 2;) + @i,10i41,00541,1]
fori=0,1,...,n—1.

We now discuss the second algorithm. Denote aﬁ,’} = y(m) /mland ¢; = x—u;
(i=0,1,...,n), and write

P(z) = af +at+ - +al? o
= 54((31)+5é§)&+1+ i —(Z) 4111 (2.9)
Qi(x) = é“+ﬂf%+~-- 5(”6’-“
= 7(@ + 8%+ + ﬁkl)gz—i-l (2.10)

From conditions (ii) and (iii) in Definition 1.1, we have

k—1 oo

(m) (x —2;)™  Pi(x) kz j

; - = —x; Ci\T — X5
— y’L m| Qz(x) ( ) . J( )
— ) (@—zi)™  Px) >

m) (T — Tit1 i k

Y; - (r —x E di(z —z

= +1 m! Qz(fL') 1) =0 7 )



Substituting expressions (2.9) and (2.10) into the last two equtions yields

k-1 k ) k—1 ] 2k—1 )

S a@pVert Nl = N 0 (2.11)
m=0j=0 j=0 j=k
k-1 k 2k—1

> aliFg0 ety - Z a0, Z FOEL L (212)
m=0 j=0

Therefore we obtain

ol = Z a? B (2.13)

and

(2.14)

jo]]

pn=0

for j =0,1,...,k—1.
Denote h; = ;41 — x;. From Eq. (2.9) we have

_(4) 97 Pi(x)
@ = NOzi
gz |, .
_ e, G G G+2)! o e
o (]!aj LR TRk N ol?), 2 .
(E=D" ) j—ja
RTTR CA ori
+ + (k o 1)' 1% T=Ti41
k—j—1 it _
= Y ( . )aﬁyhg (2.15)
v=0
for j =0,1,...,k — 1. Similarly, from Eq. (2.10) we obtain
= j+v
2(1) _ v
ﬁj - Z ( v >6j+yhz (216)
v=0

for j =0,1,..., k. Substituting (2.15), (2.16), and (2.13) into (2.14) yields

k—j-1 ,. j
Jt+u i1 p+v 5
S () S ettt = S (Mo
v=0

pn=0 H v=0 pn=0

where j = 0,1...,k — 1. We separate the left-hand side of Eq. (2.17) into two
parts and write them as



(3 :‘L)aﬁ“yhf . (2.18)

Similarly, we can change the right-hand side of Eq. (2.17) to

k 3 j v ? vV—
£ B o]
v=j+1 p=0
(2.19)
Substituting expressions (2.18) and (2.19) into (2.17) yields the following equa-
tions for j =0,1,...,k—1:

fefg e

pn=0

k—j—1 v
E: i 2: ]+/J/ (2) v (i+1) ; v—
5,/)[ < >a]+“ i = Z<V—M> 4y

v=0 n=0 n=0
k—j—1 j-’-,u 7 v
u (i+1) pv—p
Z J+M th_z<l,_u>juhi
—J+1 uzuﬂ pn=0
(1) (+1) pk—p | _
[Z <k B u> a;" )b ] =0. (2.20)
pn=0

Egs. (2.20) is a homogeneous system of k + 1 unknowns, ﬂéi), ﬁii), - ,(:),
consisting of k equations. Hence, it has nontrivial solution. To simplyfy the
expression of (2.20), we denote

Zz;{)_l (]ﬁﬂ) J+p— uhf
~ Yo (LS R o <w <,

(1) . _ k—j—1 (j+p\ (1)
ijl’ T Zuzju—] (] /Lu)a]:‘/,b l/hit (221)
o ()l R i 1<y <k -1,
- (’“)ﬁj)h""‘” if v ="k

and rewrite (2.20) as

k
STl =0, j=0,1,... k-1 (2.22)

v=0



After finding

k
Qi(z) = > Az —a;)

=0
1 r—x; (v—x)> (z — ;)"
WL
= |. . ) , . (2.23)
b0 by b, e b
by (2.13) we have
k—1 ) k—1 ) . ]
Pie) =300 | Do el (o= e | + 57 0=
v=0 j=v
k-1 (i ; k-1 (i , h—
Shalti@y Y el @)y YAl @) 0
0 o) 0 50
0,0 0,1 0,k—1 0,k
bl(cZZl,O bl(ﬁm bl(clzl,kfl bl(clzl,k

(@)

J

and 7" in Egs. (2.11) and (2.12).

where t;(z) =  — ;. We now calculate r j

First, from (2.11) we obtain

k
r@=3"al) 8, (2.24)
j=0

where p = k,k+1,...,2k — 1, and a,(,i) =0 for all v > k. Comparing the last
equation with (2.23) yields

. be. by by, s by
T;(f) _ '0,0 '0,1 .072 0,k (2.25)
bl(clzLo béll,l bl(clzl,Q bl(ﬁl,k
Secondly, from (2.12) we have
k
(i i+1) 7(%
T )
§=0

where p = k,k+1,...,2k — 1, and o =0 for all v > k. Substituting (2.16)
into (2.26) yields



T—(i) _

|

I
=)

k_j J+v

i v i+1
3 (70t
v=0

v v . L .
Z( ,)afljjl)hi A0 (2.27)

L
0 | =0 J

J

[
™=

v

Denoting cﬁ;ﬁl) =20 (sz)afff;)hly*j in (2.27) and using (2.23), we obtain

R P SR
L . X N bk
PO =y i@ = 2 o (2.28)
v=0 . . . .
bgil,o bgcill,l bl(cizl,Q e bl(:il,k

Therefore, Egs. (2.11) and (2.11) are evantually obtained as

k-1 m 2k—1 (%)
(m) ( — ;) P T j
e B S
= m! Qi = Qi
k-1 m 2k—1 —(i)
(m) (T — Tiy1) P T j
U g = > o @),
= m! Qi = Qi

from which we have the Padé spline function defined on [a, b] with the form

R(w):&—&-ni:z Qil n ol (@ — 2441)" (2.29)
Qo Qi  Qip1 4 '

i=0 | pu=k

where T,(jH), F,(j), and Q; are given by Eqs. (2.25), (2.28), and (2.23), respec-
tively.
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