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Introduction

Construction of multivariate wavelets on arbitrary
triangulation

» Haar-type non-separable constant wavelets: “twin dragon,” Belogay
and Wang [99], Flaherty and Wang [99], and Grdchenig and
Madych [92]; wavelet with composite dilations, Guo, Kutyniok, and
Labate [04], Krishtal, Robinson, Weiss, and Wilson [08], Krommweh
[09], Krommwek and Plonka [09], Blanchard [09], MacArthur and
Taylor [11], Blanchard and Krishtal [12], Grohs [13].

> Continuous piecewise linear wavelet: Yserenntant [86], Vassilevski
and Wang [97], Stevenson [97, 98], Liu [06], Floater and Quak [99,
00], Hardin and Hong [03].

» C! quadratic splines and spline wavelets: Powell [73], Powell-Sabin
[77], Chui and He[90], Chui, Chui, and He[93], Chui and Jiang [04];
Oswald [92], Davydov and Petrushev [03,05], Maes and Bultheel
[07, 08, 09, 10], Windmolders, Vanraes, Dierckx, and Bultheel [03],
Maes, Vanraes, Dierckx, and Bultheel [04], Speleers, Dierckx, and
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Introduction

Splines and elements, spline wavelets, wavelets with
composite dilations

» Splines and their BB-expressions: Farin [88,90,93], Chui [87],
etc.

» Characterization of compactly supported refinable splines:
Lawton, Lee, and Shen [95], Sun [96], Goodman [98], Guan
and He [09], etc.

» Spline wavelets: Chui and Wang [92,93], Chui, Stokler, and
Ward [92], Jia and Micchelli [91], Riemenschneider and Shen
[92], Lorentz and Oswald [00, Sobolev spaces|, Jia, Wang, and
Zhou [03], Jia and Liu [08], etc.

» Wavelets with composite dilations: Guo, Labate, Lim, Weiss,

and Wilson [04, 06, 06], Guo and Labate [ 07, 08,10,
11,12,13], Guo and Labate and Lim [09], etc.
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Introduction

A function f supported in [0, 1] wish a discontinuity across a nice
curve [ and otherwise smoothness.

?,,’;— standard Fourier approximation built from the best m nonzero
Fourier terms.

If —FFI3 < em ™2, m — oco.

?,KV wavelet non-adaptive approximation built from the best m
nonzero wavelet terms.

I1F =12 <em™, m— .

?,f,‘ wavelet adaptive approximation built from the best m nonzero
wavelet terms.

If — #2313 < em™2, m — oo,

?,S (non-adaptive) curvelet m-term approximation-summing the m
biggest terms in the curvelet frame expansion.

|f — ?,SH% < Cmfz(log m)3, m — oo.
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Composite dilations: Curvelets (Candés and Donoho [03])

)=a7
1 :
= 0 cos)  sinf _1 T
J— a J— — .
Da = (O \}5> »Ro = (—sin@ cosﬁ) Ryt =Ry = Reg

oli/2]g
(Szm ) w
1. Whenr€(4,2)

Define 1 by 0(€) = Uj(€) := 2~ ¥ W(2)
S350 W2(27) = Land S35 V(e )

and t € (-3, 1)

Vj1.k = ¥j(Ro,(x — Z Vi 1,k) W) 1k
I,k

If]* = Z| RUATIE
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Composite dilations: Shearlets (Krishtal, Robinson, Weiss,
and Wilson [08])

Let Aat(t)) = {tase(x) = 2 1)(Mz}(x — 1)) :a € R*, s € R,
t € R2}, where M, = <é i) (g %) = <a ?) We have

D) = P&, &) = zz?l(él)w;(gj),

where ; € C(R) with supp ¥ C [-2, —%] U[3,2] and
€ C>*(R) with supp y C [-1, 1],152 >0on (—1,1), and
l2]] = 1. The family {1.st(x)} is a reproducing system for
L2(R2), i.e., it satisfies the Calderson's formula

da
Hf||2 / / / wast 2 det

for all f € L?(R?).
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Wavelets with composite dilations-Shearlets-2

Continuous Shearlet transform
Se(a,s,t) = (f,ast),a € RT,s € R, t € R?

The continuos Shearlet are not only able to locate a discontinuity
curve, but also to identify its orientation. That is, for a — 0, the
Shearlet transforms S¢(a, s, t) tends to 0 rapidly unless t is at the
singularity and s describe the direction that is perpendicular to the
discontinuity curve. Thus

Vast = a4 e 2T, (a1 ) ba(a E (s + Z))

where
supp Yast C {(61,62) : &1 € [-2, =51 U355, 2], s + & < Va}.
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Wavelets with composite dilations-Shearlets-3

Ex. Let f = Xp, D is the unit disc in R? fora — 0if t € 8D3 and s
describes the direction normal to 9D, then |S¢(a, s, t)| < cas.
Otherwise, for each N = 1,2, .. we have |S¢(a, s, t)| < ca’. Let

200\ (1 i
a =2, denote Mo by Mj; = o 2 lo 1) Then Ajir(¢¥)

gives a discrete system. Define ¢ € L2(R?) by ¢ = @51(51)2/32(%)
where 11 € [2(R) with supp ¥y C [-2, —31U[3,2] and
o € L2(R) with supp ¥ C [—1,1] satisfying

S (e +i)P=1and Y [ (2P =1 aeeR.

jeZ jeZ

Thus ) € C®(R?), [4)(x)| < kn(1 + |x|)~N where ky > 0 for any
N € N. In addition, 3~ [(F i jk)]? = ||FI|? for all £ € L?(R?).
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Wavelets with composite dilations-AB-MRA-1

Let A € GL>(R) and
{Bj:j€Z} CSLyZ)={bec GLs(R) : |det b| =1}.
(i) DBj TyVo= Wy forany jeZ,k € Z2.
(i) Foreach i€ Z,V; C Viy1, where V; = Dy Vp.
(i) N;V; = {0} and U;V; = L?(R?).
(iv) 3 ¢ € L?(R?) such that
bp={Dg;Typ:j €L,k € 72} is a tight frame
(resp. ON basis) for V.
Vo: AB scaling space, ¢: AB scaling function (resp. ON AB

scaling function) for Vo. AB-MRA shearlet basis: Aag(V) =
{DaiDp, TV : k € Z2,i,j € Z}, where ¢ = (¢!, 4%, ..., ¢"t) and

{Bj JEZ, |detBj| = 1}.

Dept. Math, lllinois Wesleyan University Bloomington, IL, USA
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Wavelets with composite dilations-AB-MRA-2
Let ¢ = (v1, 92, ..., 9t) € L2(R?) be such that
{Ds; TW'  j€Z,keZ? ¢ =1,...,L} is an ON basis (resp. tight
frame) for Wy, the o.r. complement of V4 in V4. Then W is an ON

(resp. tight frame) AB-multiwavelet.
4 0

; 11
EX. Let A: (0 2), Bj.=B,jeZB (0 1).
So = {& = (&.&) € R?: |&1] < 3} is the vertical strip of width 3
bounded by the lines & = j:%.
Si=ASy,i€Z{¢=(&,&): |Ga] <22?}

(BTY¢ = C (1)> - (f&i @) = (BTYSo < So.j € Z

We have (i)S; C Sii1, (i) Uiez Si = R2, (i) Niez Si = {€ =
(&1,&2) € R?,6, =0}
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Wavelets with composite dilations-AB-MRA-3

Define L2(S) = {f € L2(R?) : supp  C S}.

(i) DLy TkL2(So) = L2(So), for any j € Z, k € Z2.

(ii) L3(S) € L2(Sit1)

(iii) ﬂ,-esz(S,-) =0 and U,'ezL2(5,') = L2(R2).

Let ¢ = Xy, U= Ut U U, U is the triangle with vertices
(0,0),(3.0), (4, 4) and U~ = —U*. Thus Sp = Ujez(BTY U,
where the union is disjoint. Hence, ®5 is a tight frame for V.
Therefore, {L2(S;) = V; :i € Z} is a AB-MRA. AB-MRA shearlet:
Ro == S1/So. Wo = L?(Ro) is the complement of Vj in Vi. Set

I =1t Ul in Ry, which is defined by /T is the trapezoid with
vertices (%,0), (3. 7), (1,0)&(1,1)&/~ = —I*. We have

)= X;{Dgi Tk : j € Z, k € Z?} is a tight frame for Wy and 4 is
a tight frame AB-wavelet.
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Spline wavelets with composite dilations-1

Haar-type wavelets

De : (Dcf)(x) = |det c|~2f(c 1x)

[ a lattice in RY with T = MZ¢.

Ty :ivel (Tyf)(x)=f(x—7)

v = (b2, et e B(RY), 1 =1, ..,L

{D, va’ cceC,yel,I=1,2,..., L} is an orthonormal wavelet
system or multiwavelet associated with dilation C and lattice I'.
Consider C = AB, A, B € GL4(R) : |det b| =1 for all b € B and
|det a| <1 for all a€ A. Bis finite, A(l') C T and B(I') =T.

Tian-Xiao He Dept. Math, lllinois Wesleyan University Bloomington, IL, USA
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Spline wavelets with composite dilations-2
MRA associated with a sequence of dilations {a/};cz = A, a is an
expanding matrix, in an increasing sequence {V;};cz of closed
subspaces of L?(R9) such that
(i) V=D,V
) JEZV = {0}
(i) UjezV; = L3(RY)
(iv) dp € Vo such that {T,p},y €T, is an orthonormal
basis of V.

Since B(I') =T, the operators generated by the dilations
Dy, b € B, and the translations 7.,y € I, form a group with
operation (c,7).(b,y) = (cb, b~17 +7), i.e. (D Tc)(DpT,)f =
Deb Tp-174-. BT is a semi-direct product of B&[I'. Bl-invariant
space V C LZ(]Rd) D, T,f €V for every f € V,b € B, and
v eTl. Thus, (iv)' ¢ € Vg such that {DpTyp:be B,y €T} isan
orthonormal basis for V. AB-MRA: (i)-(iii) and (iv)’

Tian-Xiao He Dept. Math, lllinois Wesleyan University Bloomington, IL, USA
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Spline wavelets with composite dilations-3

An example of compactly supported multiwavelet:

W = {1, 42, ..t} such that the system
{D,DpT)!':jeZ,be B,yeT,l=1,.,L} is an orthonormal
basis for L?(R?): Let a = <1 _11> =: g be the expanding matrix,

and let B={b; : i =0,1,...,7} be the group of matrices
10 01 0 -1 -1 0
= 1)o= (1 o)== (G &)oo' 9)
bj = —bj_4,i =4,5,6,7

R,' = b,'RO for i = 0, ]_, ,7
@ = 2v2Xgo, Vo := {DpTip : b € B, k € Z?} is an orthonormal
basis for its closed linear span V; := D,-iVy,j € Z.

Tian-Xiao He
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Spline wavelets with composite dilations-4
Hence, Vj is the subspace of L2(R?) consisting of all square
integrable functions that are constant on each Z2-translate of the
triangles R;,i = 0,1,2,..,7. V; consists of all functions in L?(R?)
that are constant on each g~!Z?-translate of the triangles
g 'R;,i=0,1,..,7.Vo C V; and consequently, V; C Vj,1 for all
Jj€Z. V;,je Z form an AB-MRA with ¢ as a scaling function.
As we mentioned above, another point of view is to consider the

column vector
0
Dbo‘P ¥
b = : = :
7

Dy, ©

to be scaling function vector for this MRA.

1

_ _ 5 _ _ 0

Ro=q 'RiU [q 'R + <%>] =q¢ 'RiUqg [R6+ <1>]
2
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Spline wavelets with composite dilations-5

Hence, Xgr,(x) = Xg-1g,(x) + X o\ © equivalently
g~ (Re+ <1))

WO(x) = p(gx) + ©°(gx — <(1)> ). Applying Dp, to the above

P00 = @)+ lax— [ @0 = a0+ ax— ()
P00 = @)+ Pax+ ) @0 = etad + o (ax+ (1))
) = (@) + o+ () 200 = 8@+ ot (1))
P00 = (@) + Hax— ) @0 = (a9 + Pax— ()

Tian-Xiao He Dept. Math, lllinois Wesleyan University Bloomington, IL, USA
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Spline wavelets with composite dilations-6
¢O( )= (qX) <p6(qX — <(1))) is a Haar-type spline wavelet.

Moreover, the system {D Dy Tytp:j € Z,b€ B,k € Z?} is an
orthonormal basis for L2(R?2). Since the matrices in B have the
integer entries and |det B| =1,b € B,

{D,iDpTit): j € Z,b € B, k €7}
= {Dyi Tu(Dp¥)) : j € Z,b € B, k € 77},

where ¢/ = Dpb,i =0,1,..,7. Thus, (¥°, )T forms a
Haar-type spline multiwavelet.
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Spline wavelets with composite dilations-7

We have £q = (€1 + &2, & — &1), and ®(Eq) = Mo(€)D(€), where
low-pass filter is

Mo (€)
0 1 0 0 0 0 (=&) 0
0 0 1 0 0 e(-&) O 0
e(&) 0 0 1 0 0 0 0
1] 0 0 0 0 1 0 0 e(&)
2] 0 0 e(&) 0 0 1 0 0
0 e&) 0 0 0 0 1 0
0 0 0 0 e(-&) O 0 1
1 0 0 e(-&) 0 0 0 0

where e(a) = €2™@ for a € R. The high-pass filter My is M (¢) =
Mo(¢ + B), B = (3, 3) satisfying Mo(€)M; (&) + Mi(§)M;(€) =1,
M* is the conjugate transpose of M. Hence, zﬁ(ﬁq) = I\/Il(g)qg(f).
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BB-expressions of polynomials and splines-1

Let x°, ..x? € R, d > 1,x" = (x{, ..., x,) and consider the
convex hull

d d
Ty = (x% ... x9) = {Za;xi : Za; =1,a; > 0}.
i i=0

i=0

This convex hull is called an d-simplex if its signed volume
Volg(xP, ...,x9) is nonzero. Suppose that (x°,...,x%) is an
d-simplex. Then any x € RY can be identified by an (d + 1)-tuple
A= (Ao,...,Aq), the barycentric coordinates of x relative to the
d-simplex (x0, ..., x%), where

_ Volg(x®, ..., x"71 x,x*1 ... x9)
Vol (x9, ... x9) '

Tian-Xiao He Dept. Math, lllinois Wesleyan University Bloomington, IL, USA
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BB-expressions of polynomials and splines-2

Thus, each A\; = Aj(x) is a linear polynomial in x with

Zfl:o A =1, and if x € (x°,...,x9), then \; > 0.

For any b = (5o,...,04) € Z‘“’l and n € Z, we will use the
usual multivariate notation )\b )\’BO ~/\§d, bl = Bg!--- 84!, and
|b| = 5o + - - -+ B4 Hence,

Pp(A) == EAb (1)

is a polynomial in 7r|°}3,‘, the space of all polynomials in d variables
of order |B| + 1, or degree at most |3|.
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BB-expressions of polynomials and splines-3

With any set {a3} = {aj} 5 701 13j=n C R one may associate the
+ OIPI=

polynomial
pn(X) = Bn[{ag}; /\] = Z ‘95(75?3(/\)7 (2)
I8]=n
which is called a Bernstein-Bézier polynomial (BB polynomial) of
total degree n relative to the d-simplex (x°,...,x9),. In addition,

{a} : |B] = n} shown as in (2) is called the set of Bézier
coefficients of the polynomial p,. The piecewise linear interpolant
to the points (3/n, aj) is said to be the Bézier net or control net.

and is displayed schematically in Figure 1 for the case of n =2 and
d=2.

Tian-Xiao He
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BB-expressions of polynomials and splines-4
Denote D, = 27:1 y,-a%,, where x = (x1,...,xq) and
y=1,--.,¥d4)- Fory =x"—x/, we denote
Dj=D, =D, i#].
By using the barycentric coordinates {\/}%_, of x € R relative to
an d-simplex Ty = (x°,...,x%), we can write x = Ze 0 Aoxt. If we

define
E,'aa = aa+ef

and
n
Nja, = Ejaj, — Ejay,
where e/ = (5,-1-)1‘-1:0 denotes the i*" coordinate vector in R9*1, then

Djpn=n Y (E—E)aheh*(\)=n Y Dgagsa ().

|a|=n—1 |a|l=n—-1

(3)

Tian-Xiao He Dept. Math, lllinois Wesleyan University Bloomington, IL, USA

Composite Dilation Wavelets with High Degrees



Introduction

Continuous Wavelets with Composite Dilation-1

Let B be the group of order 3 generated by the matrix

-1 - L : .
p= % ( V3 _\{g > which is the counter-clockwise rotation by
27 /3. Consider the hexagon H centered at the origin consisting of
the diamonds R; = (V,'o, Vi1, Vio, V,'3), (i =0,1, 2), where vjg, Vi1,
Vj2, and v;3 are vertices of R;, and Ry has vertices vpg =

(0’ O)a Vo1 = (\/§/47 _3/4)7 Vo2 = (\/§/270)7 Vo3 = (\/§/47 3/4)
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Continuous Wavelets with Composite Dilation-2

The elements of B map Ry onto other diamonds R; = p' Ry

(i=1,2). Let C =1 < g 3\3/§ ) and o = CZ2. The translates

of the hexagon by v € [y form a partition of R? with the centers
of the hexagons in the partition being the lattice points ~. Let

1 -3 .
q= ( 31 > The MRA is now generated by the

composite dilation system {Dy; D, T, :j € Z,i = 0,1,2, € T'o}
applied to the linear scaling function ¢(x) with ¢(vgo) = 1,

d(vo1) = ¢(vo2) = ¢(vo3) = 0 (i.e., the Bézier coefficient vector of
¢ is (1,0,0,0)). Here, the vertex vgo at which ¢ has value 1 is the
initial vertex of diamond boundary. The space V; are g~/ dilates of
Vo, i.e., VJ = quj Vo (J € Z)
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Continuous Wavelets with Composite Dilation-3

The space Vo C L%(IR?) consists of the linear functions ¢;(x)
defined on R; (i = 0,1,2), with values at vertices of R; as

#(vio) =1 and ¢(vi1) = ¢(viz) = ¢(viz) = 0, and their translations
defined on lp-translates of the diamonds R; (i = 0,1,2). In order
to describe the space V; we consider the original hexagon H and,
within H, the smaller hexagon q_lH, which is the disjoint union of
the diamonds R; = p'Ry (i = 0,1,2) and their translations.

® = [¢o, 1, ¢2] " is refinable. The corresponding multiwavelet W
and the duals of the ® and W are constructed. (More details
available upon request.)
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Continuous Wavelets with Composite Dilation-4

¢o(x) is refinable:

Po(x) = 2 <q‘1p2><+ <3>> +%
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Continuous Wavelets with Composite Dilation-5

Similarly, we have

-3
o1(x) = o <q_1pzx+ < 5 > +% [¢0 <q‘1p2x+ <2>>
8 4

P2(x) = ¢ <q1p2x— <3>> +%

Tian-Xiao He Dept. Math, lllinois Wesleyan University Bloomington, IL, USA
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Continuous Wavelets with Composite Dilation-6

In the above three expressions, the initial vertices of the supports
- 12 V3 2 =5
of functions ¢ | g7 p°x + (6) oo | g ip x+( 8 ) , and
8

10) L2y (% the original, which i I tinlo. It
1 g7 p°x ( § ) are the original, which is an element in .
8

can be seen that all coefficients of those functions in expressions
(4)-(6) are 1. Furthermore, the initial vertices of the boundaries of
the supports of all other functions ¢'s with coefficients 1/2 in the
expressions are not in g. Those functions ¢;(gx + -), which
supports have no initial vertices in 'y, will be defined as our
wavelet functions v;.(x) (i = 0, 1,2) with a certain translations.
Hence, any element ¢;(gx + -) in Vj is either ¢;(x) or the
difference of ¢;(x) and v;(x + -)'s, where j = 2,0,1 when

i =0,1,2, respectively.
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Continuous Wavelets with Composite Dilation-7

We define the dual scaling functions ¢;(x — ) = &, (v € T'1),
where 0, is the Dirac distribution at the node . We define dual
wavelet of 1; , by vf),-p = 6o —(1/2)(60y + d0,), Where 01,02 € T
and o = (01 + 02)/2 (we can do it because each o is a middle
point of two points in I'1). It can be seen that {¢, %} and {¢,1)}
are generalized biorthogonal in the Radon measurement. And for a
function f € V4, it can be decomposed in terms of the dual bases.
In order to obtain a more stable decomposition, we shall use the
lifting-scheme (Sweldens [96]) to modify the bases.
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C! Quadratic Prewavelets with Composite Dilations-1

Consider the hexagonal lattice A in R? defined by CZ? with

(1 -1)2 3 :
C= ( 0 V3/2 > Let A be the type-3 refinement of A. We

call ¢ € S}(A3%) a Powell-Sabin(PS) spline or macroelement.
For any k € A, the Hermite interpolation problem

k0(f) Digro(€) Dagyo(f)
dk1(0) Dior1(€) Dogpa(€) | = kel
dr2(0) Dior2(f) Drgpp(f)

has a unique solution ®x = (¢k0, Pk.1, Pk2) . And
{Pox = P(x —Tk): k € Z?} is a basis of S}(A3). The
BB-expressions of &g ; (i = 0,1,2) are given.
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C! Quadratic Prewavelets with Composite Dilations-2

® is refinable with respect to the dilation matrix D = 2/:

O(x) = > Cd(Dx—Tk), xeR
kez?

The refinement A; := DI A is the mid-edge subdivision that
generates PS partition Aj’ := DJA3. The corresponding nested
subspaces V; = 521(AJ3) C L2(R?), j € Z, form a MRA of
multiplicity 3.
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C! Quadratic Prewavelets with Composite Dilation-3

L [0 0 0 (1 40
Go=13(3 —6 -2/3 Gi=5 (1 2 -2/3
3 -6 2V3 4 —4 —43
(1 2 0 L (140
Co=3| 1 1 -3 Cor=1| 4 4 43
1 1 V3 1 2 23
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Let H be the Hermit interpolation operator, and let H5(£2) be the

1/2
Sobolev space with norm ||f]|, o = (Zlalér \|D0‘f|]§> , Where

|||2 is the L2 norm on Q and Df = (dl*l/9x*19x*)f, a = (a1,
a2). Thus, there exists appositive constant C such that

If — Hf |0 < CO>"If

3,r

forall f € H3(Q) and r =0,...,3, where § = |A| the maximum of
the diameters of the triangles in the triangulation A. Particularly,
for r = 0, there holds ||f — Hf oo < C&3||f3.q for all f € H3(Q).
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Find the dual basis {6)j,k . k € Aj} C Vjiq using the matrix system

(D1 ®/ ) = GiollPjkll?

where ||®; +||? = diag <<<Dj7k, ¢Jfk>>, ko is the center of the
Hexagon and k; (i =1,2,...,6) are its boundary vertices. In
addition, ®; , has the compact expression

6
Sjp=> P14,
=0

where £o = kg and /; is the middle point of kok; (i —1,2,...,6).

Tian-Xiao He Dept. Math, lllinois Wesleyan University Bloomington, IL, USA

Composite Dilation Wavelets with High Degrees



Introduction

C! Quadratic Prewavelets with Composite Dilation-6

{2110, k€ A} Ui2j+1¢j+1,g 4 € Aj1\ Aj} forms a Riesz
basis of Vj;1. Since <<I>j7k,d>jTé> = k0| ®j k%, we know the

Vi =00 — > (D10, 010 2P
kEAj

is in Vj11 N V;T, which yields the Riesz basis, {2/*1W;
(A1 \ A}, of Wi, and L(R?) = @jez W,
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