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Introduction

Abstract

Here presented is a unified approach to Stirling numbers and their
generalizations as well as generalized Stirling functions by using
generalized factorial functions, k-Gamma functions, and
generalized divided difference. Previous well-known extensions of
Stirling numbers due to Riordan, Carlitz, Howard,
Charalambides-Koutras, Gould-Hopper, Hsu-Shiue, Tsylova
Todorov, Ahuja-Enneking, and Stirling functions introduced by
Butzer and Hauss, Butzer, Kilbas, and Trujilloet and others are
included as particular cases of our generalization. Some basic
properties related to our general pattern such as their recursive
relations and generating functions are discussed. Some asymptotic
expansions for the generalized Stirling functions and generalized
Stirling numbers are established. In addition, four algorithms for
calculating the Stirling numbers based on our generalization are
also given.
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Introduction

Classical Stirling Numbers

n
[2]n = s(n k)z = Zs n, k)[z]«, (1)
k=0
with the convention s(n,0) = S(n,0) = d, 0, the Kronecker
symbol, where z € C, n € Ny = NU {0}, and the falling factorial
polynomials [z], = z(z—1)---(z—n+1).

o x))k x" eX — 1)k x"
(Ig(lk_:_)) :Zs(n, k)ﬁ’ (kll) :ZS(H, k)ﬁa

n>k ' ' n>k
()

where |x| <1 and k € Np.

“Stirling’s numbers are of the greatest utility. This however has
not been fully recognized.” "“Stirling’s numbers are as important or
even more so than Bernoulli's numbers.” ——Ch._Jordan
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Unified Form of Classical Stirling numbers

. l kzn _i _1\k—Jj k n
S(r.6) = 5 247y = 5 D i(%);
1 & [k .
- k,;(ly(j)wn Q

Denote (z)p o =2z(z4+a)---(z+(n—1)a) for n=1,2,..., and
(2)0,a = 1, where (z),, , is called the generalized factorial of z with
increment a. Thus, (z), 1 = [z], with [z]o =1, and (z),0 = 2".

(2)n—a = S(n ka,B)(z)n-p, (4)

k=0
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Generalized Stirling Numbers

Definition
Let n € N and a,3,r € R. A generalized Stirling number denoted
by S(n, k,a, B, r) is defined by

<Z>n,—a:Zs(nvkvavﬁvrxz_r)k,—ﬁ' (5)
k=0
In particular, if (o, 8,r) = (1,0,0), S(n, k,1,0,0) is reduced to the
unified form of Classical Stirling numbers defined by (4).

This definition is originally given by Hsu and Shiue in 1998
associated with —r. We prefer this form for the convenience of
expression and computation.
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Generalized Stirling Numbers (Cont.)

Each (z), . does have exactly one such expansion (5) for any
given z. Since deg (z — r)x,_p = k for all k, which generates a
graded basis for [1 C F — T, the linear spaces of polynomials in
one real (when F = R) or complex (when F = C), in the sense
that, for each n, {(z — r)n _g} is a basis for 1, C I, the subspace
of all polynomials of degree < n. In other wards, the column map

W, :Fg = M:s— > S(nka,B,r)(2)_s
k>0

from the space FY) of scalar sequences with finitely many nonzero
entries to the space 1 is one-to-one and onto, hence invertible. In
particular, for each n € N, the coefficient ¢(n) in the Newton form
(5) for (z)n,—q depends linearly on (z), _q, i.e.,
(Z)n—a > s(n) = (W;Hz)n_a)(n), the set of S(n, k,a, 3,r), is a
well-defined linear functional on I1, and vanishes on: 1 ;_1.
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Generalized Stirling Numbers (Cont.)

Stirling-type pair {S?, S2} = {SY(n, k), S?(n, k)} = {S(n, k;
a,B,r), S(n, k; B,c,—r)} can be defined by the inverse relations

(@na=>_ S (k) z=rk-p (@n-5= 5 (nk){(z+ Nk a: (6

k=0 k=0

where n € N and the parameter triple (o, 3,r) # (0,0,0) is in R3

or C3.
S(n, k;0,0,1) = (Z)

s(n, k) = S*(n, k;1,0,0) S(n, k) = S?(n, k;1,0,0).
5(0,0) =1, S(n,n)=1, S5(1,0)=r, and S(n0)=(r)pn_qa-

)

(7)
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(o, B, 7) dual S(n, k) pairs Name of Stirling
n—1
(-1,1,0) (1,-1,0) ) /K] Lah number pair
' e (—1)" <t (771) /K1 P
[s(n, k)| . -
(-1,0,0) (0,—1,0) (=1)"*S(n, k) signless Stirling nui
S(n, k,1,0,0) Carlitz's degenera
(1.0,0)(6 #0) (¢,1,0) S(n, k,6,1,0) number pair
S(n, k,1,0,—X\) Carlitz's weighted
(1,0,-2) (0,1,) S(n, k,0,1,)) number pair
S(n,k,1,0,—X\) Howard's weighte
(1,0,-4) (0,1,) S(n, k, 6,1, )) Stirling number p.
S(n,k,0,1,—a+ b) Gould — Hopper's
(0,1,~a+b) (1,0,—b+2) S(n,k,1,0,—b+ a) number pair
S(n,k,1/s,1,—a+ b) Charalambides—
(1/s,1,—a+b) | (1,1/s,—b+2) Koutras's number

S(n,k,1,1/s,—b+ a)
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(o, 8,7) dual S(n, k) pairs Name of Stirling numbers
S(n, k,1,0,b— a) Riordan’s non — central Sti
(1,0,6—2) | (0,1,2—b) S(n, k,0,1,a— b) number pair
Anp(r, m) , o
(v, 8,0) (B, ,0) Bos(r. m) Tsylova's Stirling number p:
ap\l,
S(n,k,a, B,r) Hsu — Shiue’s Stirling
(. 8,r) (B, —r) S(n,k,B,a,—r) number pair
(1,x,0) - ank(x) Todorov’s Stirling numbers
Ahuja — Enneking’s associa
(=1/r,1,0) - B(n,r k) Lah numbers
(-1,0,r) - S(n—r,k—r,—1,0,r) | Broder's r — Stirling numbe

Table 1. Some generalized Stirling Numbers and Stirling Number_pairs
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Generalized factorial polynomials
The classical falling factorial polynomials [z], = z(z — 1) - - -
(z — n+ 1) and classical rising factorial polynomials [z]" = z
(z+1)---(z+n—1), z€ Cand n € N, can be unified to the
expression (z)p +1 :=2z(z+1)---(z+ (n— 1)), using the
generalized factorial polynomial expression

(Z)nk := 2(z+k) -+ (z+(n-1)k) = (z+(n—-1)k)p —k (2 € C,n€N).

(8)
Thus (z),1 = [2]" and (z)p,—1 = [2]h.

(z)pk = k"[z/K]" (z€C,neN,k>0). (9)
(Z)p—k = 2(z—k)--- (z—(n—1)k) = k"[z/k], (z€C,ne N, k>0).
(10)

The history as well as some important basic results of the
generalized factorials can be found in Chapter Il of Ch. Jordan's

book, and an application is shown on Page 31.of Gel'fond’s book:
Tian-Xiao He Dept. Math, lllinois Wesleyan University Bloomington, IL, USA
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Generalized difference operator
Difference operator in terms of § (5 # 0) is defined by
ASF = Dg(A5TF) (k>2) and Agf(t):=f(t+f) - f(t)l.

(11)

Hence,
i (§) e+ 0o

Jj=
It can be seen that Aﬁ< 7). B‘ = %K1k j, where 0y j is the

Kronecker delta symbol; i.e., 5ku =1 when k = and 0 otherwise.
Evidently, from (10) there holds

= ﬁjAk[t]j o = 5kk!(5kJ.
z=0

abteio| = a4 [5]
(12)
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Divided difference

Denote the divided difference of f(t) at t+ 4/, i =0,1,...,k, by
flt,t+1,...,t+ k], or [t,t+1,...,t+ K]f(t), here

f(t+1)—f(t)

flt,t+ 1] := = Af(t
[t e+ 1= =y (2).
flt+1,t+2]—f 1] A%f
flt,t+1,t+2] = e+l es2]—fltt+ ]: (t),etc.
(t+2)—t 2!

Hence,
1
FAkf(t):f[t,t+1,...,t+k] =[t,t+1,...,t+ k]f(t)

and

1

5kk|Aﬁf( ) = flt, t+58,t+25, ..., t+kB] = [t, t+5, ..., t+kB]f(t).
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Generalized divided difference

We now give the following definition of the generalized divided
differences.

Definition

We define égf(t) by

‘H

G ASF(t) = flt,t+B,...,t+ kBl if B#0
D*f(t) if B=0"

(13)

akr( = {

_’:‘HQ

where Agf(t) is shown in (11),

flt,t+0,....,t+kB] = [t,t+ B,...,t + kB]f is the kth divided
difference of f in terms of {t,t + 3,...,t+ kB}, and D¥f(t) is
the kth derivative of f(t).
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Unified expression of generalized Stirling numbers

We now give a unified expression of the generalized Stirling
numbers in terms of the the generalized divided differences.
Theorem

Let n,k € Ng and the parameter triple (v, 3,r) # (0,0,0) is in R3
or C3. For the generalized Stirling numbers defined by (5), there
holds

S(I‘I, kaavﬁa r) = ék<z>n,fa

z=r

= [ror+0,....r+kBl(z)n—a Iif S 75(&)4)
5 DX(2)n—al,_, if 3=0.

Tian-Xiao He
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Unified expression of generalized Stirling numbers (Cont.)
In particular, for the generalized Stirling number pair defined by
(6), we have the expressions

Sl(n, k) = Sl(n, k,a, B, r) = é;<z)n,_a

52(n7 k) = 52(n, k,B,a,—r) = ég<z>,,,_5‘ B
(15)
Furthermore, if (a, 8,r) = (1,0,0), then (14) is reduced to the
classical Stirling numbers of the first kind defined by (1) with the
expression s(n, k) = S(n, k,1,0,0) = % Dk[z]n‘zzo. If (o, B, 1)
= (0,1,0), then (14) is reduced to the classical Stirling numbers of
the second kind shown in (3) with the following divided difference

expression form:
S(n, k) = S(n, k,0,1,0) = [0,1,2,...,k]z"|,_,. (16)
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Unified expression of generalized Stirling numbers (Cont.)

The following corollary is obvious due to the expansion formula of
the divided differences generated from their definition.

Corollary

Let n,k € Ng and the parameter triple (o, 3,r) # (0,0,0) is in R3
or C3. If B # 0, for the generalized Stirling numbers defined by
(5), there holds

S0 = S,k 5r) = s S (1Y () () (020
2

(17)
and 5(0, k) = dox and S(n,0) = (r)n—a-

)
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Newton algorithm of generalized Stirling numbers

If 80, we denote

NF(t+L6) =t t + 08, t+ ((+1)B,... .t +jB]  (18)

Thus, from (14) in Theorem 3,

N F(t+08) =

&, (A5 M (24 (¢ +1)8) — A3 (2 4 £5)), (19)

1
js
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Algorithm

This Newton algorithm of evaluating the generalized Stirling
numbers is based on the construction of the following lower
triangle array by using (18) and (19).

<Z>n,fa|z:r
<Z + B>n,—o¢‘zzr éﬁ<z>n,—a ot

<Z + 26>n,—a|z:, éﬁ<z + 6>n,—a

zZ=

2
éﬂ <Z>n,—0¢

z=r

Table 2. Newton algorithm for the The generalized Stirling numbers
Thus, the diagonal of the above lower triangle array gives

S(n,i,a,ﬁ,r)zé&(z)n,_a‘ fori=0,1,...,k.

Tian-Xiao He
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Example

We now use Algorithm 5 shown in Table 2 to evaluate the classical
Stirling numbers of the second kind S(4, k) = 5(4, k,0,1,0)

(k =1,2,3,4), which are re-expressed by (16). Thus,

0

1 1

24=16 15 7

3*=81 65 25 6

4% =256 175 55 10 1

From the diagonal of the above lower triangular matrix, we may
read S(4,0) =0, S(4,1) =1, 5(4,2) =7, 5(4,3) =6, and
5(4,4) = 1. Meanwhile, the subdiagonal gives 5(5,1) = 1,
5(5,2) = 15, 5(5,3) = 25, and 5(5,4) = 10.

Tian-Xiao He Dept. Math, lllinois Wesleyan University Bloomington, IL, USA
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Example

For the Howard's weighted degenerate Stirling numbers
S(4,k) = S(4,k,1,2,—1), using Algorithm 5, we obtain
5(4,0) =24, 5(4,1) = —12, 5(4,2) =3, 5(4,3) =2, and
5(4,4) = 1 reading from the following table.

<Z>47—1|z:—1 =24

<Z + 2)47_1‘2271 =0 —12

(z+4)4-1],_ ;=0 0 3
(z+6)q_1|,__, =120 60 15 2
(z+8)a 1|,__, =840 360 75 10 1
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Generalized fractional difference operators

First, in order to cover as large a function class as possible, we
recall that the generalized fractional difference operator Ag’e with
an exponential factor, which is introduced in [?]. More precisely,
forn e C, B € Ry, € > 0, the generalized fractional difference
operator A is defined for “sufficient good” functions f by

Ag¥uy:§jen%3>wﬁmﬂz+m—Jm)(ZGCL(%)
j>0

where (7) are the general binomial coefficients given by

m _ bl _ntn-=1)---(m—-j+1) .
Q)‘j!f Ji Uen). 1)

with [B]o =1
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Definition of generalized Stirling functions

Definition
The generalized degenerated Stirling functions, S(v,n, a, (3, r; €)
for any complex numbers v and 7 are given by

1

S(v,me) =S(y,n o, B, ri€) = G T m AT ((2)y-a) (e>0),

(22)

provided the limit exists; or equivalently, by

50419 = g1y I (7) D ()8 (7 £ 0),

(23)
provided the series converges absolutely, and 5(0,7) = %
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Existence of generalized Stirling functions

Theorem

If v € C and either of the conditionsn € C (n ¢ 7Z), ¢ >0, or
ne€C (n¢Z, Re(n) > Re(v)), e =0 hold, then the generalized
Stirling functions S(-y,n; €) can be represented in the form (23)
and 5(0,m; €) = 0y0. In particular, if n € Ng, n = k € N, and

€ > 0, then the corresponding generalized Stirling functions

S(n, k; €) has the representation (23).
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Recurrence relationship of generalized Stirling functions

There hold the following three results. (a) Fory € C, ne C
(n ¢ Z), and € > 0, the generalized Stirling functions S(~,7; €)
defined by (23) satisfy

S(y,mie) = (r+n8—(y=1)a)S(v=1,m:€)+S(v—1,n—1;¢). (24)

(b) Let y € C, n € C (n ¢ Z), and Re(n) > Re(7)). The
generalized Stirling functions S(v,n) = S(v, n; 0) satisfy

S(v.n) = (r+n8—(y=1a)5(y = 1,n) + S(y - L,n—1). (25)
(c) For y € C, k € N, and € > 0, the generalized Stirling functions
S(v, k; €; h) defined by (23) satisfy

S(v, ki€) = (r+kpf—(v—1)a)S(v—1, k; €)+S(v—1, k—1;¢€). (26)
In particular,

S(v,k)=(r+kB—(y—1a)S(y—1,k)+ S(v -1,k —1).
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Generating functions of generalized Stirling functions

Theorem

Let z€ C, n € C, and € > 0. The generating function for the
generalized Stirling functions S(y,n; €) defined by (23) with v = n
and af # 0 is

1 rja [ €1+ az)Ble 1 ! B 4
m(l—i—az) ( 5 ) _§)5(n,n,e)n!
) (27)

forn € Z and € > 0, and

i(l + az)r/a <e€(1 + OdZ)B/a — 1> k B Zs(n . E)i” (28)
k! !

5 n>0

forn =k € Ng and e > 0.
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Asymptotics of generalized Stirling functions

Asymptotic expansion of classical Stirling numbers can be found in
a numerous papers. For instance, Hsu[1948], Moser and Wyman
[1958, 1958], Bleick and Wang [1974], Knessl and Keller [1991],
Themme [1993], Flajolet and Prodinger [1999], Chelluri,
Richmond, and Temme [2000], Louchard [2010], etc. The
asymptotic property in the case of m ~ n (both large) for the three
parameter generalized Stirling numbers is still unknown.

Let ¢(z) = >_ >0 anz" be a formal power series over the complex
field C in Foy, with ag = g(0) = 1. For every j (0 < j < n) define

ok
a1 32 n

k1'k2 k kylkol -+ kpl’

o(n,n—j)

(29)

where the summation is taken over all such partition 1k; + 2k;
+ -+ 4nk, = n that have ky + ko + - -- + k, = n — j parts.
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Asymptotics of generalized Stirling functions (Cont.)

For a fixed m € N and for large 1 and n such that n = o(u!/?)
(1 — 00), we have the asymptotic expansion

b ‘o W(n, m)
AR Z[u ”+J]J ([u—n+m1m>’ (30)

where W(n,j) are given by (29).
Let g(z) = >_,>0 anz" be a formal power series over the complex
field C in Fo, with ag = g(0) # 0. We may write

Tian-Xiao He Dept. Math, lllinois Wesleyan University Bloomington, IL, USA
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Asymptotics of generalized Stirling functions (Cont.)

For a fixed m € N and for large i and n such that n = o(u!/?)
(1 — o0), From formulas (29) and (30) we have the asymptotic

expansion
7 w
[ Z — +o T (n, m) ,
[“] P [u—nﬂL a ' [n—n+mlm
(31)
where W(n,j) are given by (29).
k1|k2

o(n,n—j)

In particular, when n is fixed, the remainder estimate becomes
O(u="1).

Tian-Xiao He Dept. Math, lllinois Wesleyan University Bloomington, IL, USA
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Asymptotics of generalized Stirling functions (Cont.)

Denote
ﬂ/a _
g(z) — (1 +az)r/o¢ (1 +C¥Z . Z n 1 6 N (33)
n>0
when € # 0, and
Ble _1 S(n+1,1)
= — r/a(1+az) — (n+ ) n
g(z) = (1+az2) o > e G0

when € = 0, we have

B
_— nu,aﬂur €) n (35)

n>0

(g(2)* = (1+ az)“’/a (ee(l + az)fB/Oé — 1)“
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for e # 0, and

(&(2))"

for e = 0. Therefore,

S(n, p, o, B, pr;e)

1+ az)P/> -
Bz

n+um,6udf
(n+ p)!

(1+ az) /e (
iy

n>0

1)”

(36)

making use of (31) yields

[1]nln]

B\
~(#-3)

m ee_]_)j
X
> (%

for e # 0,

Tian-Xiao He

n—p
)

[n—n+J]; [ —n+mlm

Wnj) (( 8

W(n, m) )

(37)

Dept. Math, lllinois Wesleyan University Bloomington, IL, USA

Asymptotic Expansions and Computation of Generalized Stirling Numbers and Generalized Stirling Functions



Introduction

and

S(n+ p, p, o, B, pr) W(n, m)
[U]n[n+ﬂ]u Z [N_”+J]J O([N_n+m]m>
(38)

for ¢ = 0, where n = o(u!/?) as p — oo and W(n, )
(j=0,1,2,...) are given by (29).

For € # 0, there holds the asymptotic expansion (37) of
S(n, i, pr;€) = S(n, i, v, B, pur; €) for n with n = o(u1/?)

(1 — 00), where W(n,j) is defined by (29) with ag = (e — 1)/
and a; = J,iﬁ [(r+B8)j—a+(ec—2)(r)j—a]l (G=12,...). For
e = 0, there holds the asymptotic expansion (38) of

S(n+ g, pur) = S(n+ g, 1, o, B, pr) for n with n = o(ut/?)

(1 — 00), where W(n,j) is defined by (29) with

aj = [(r+B)j+1,—a — (Nj+1,-a] J=0,1,....

1
U+1)!8
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Corollary

For e # 0, by replacing the quantity r by r/u, the asymptotic
expansion (37) is also applicable to S(n, i, r;€) = S(n, u, o, B8, r; €)
for n with n = o(u'/?) (u — o0), where W(n, j) is defined by (29)
with ag = (e — 1)/ and

=3 (o), e (D), ] o

For e = 0, by replacing the quantity r by r/u, the asymptotic
expansion (38) is also applicable to

S(n+ p,pyr) = S(n+ p, i, a, B, r) for n with n = o(put/?)
(u — o0), where W(n,j) is defined by (29) with

1 r r
_ r _ =0,1,....
% G+1)8 [<M+B>j+1,_a <:U“>j+1,—a] / Y
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Riordan algorithm of generalized Stirling numbers

Definition
Let n€ N and a, 3,r € R. A generalized Stirling number denoted
by S(n, k, a, B, r) is defined by

(Z)n—a=>_S(n ka,B,r)(z—r)k_s (39)

k=0

In particular, if (o, 8,r) =(1,0,0), S(n, k,1,0,0) is reduced to the
unified form of Classical Stirling numbers.

l(l + OéZ)r/a ((1 + CVZ)B/Q — ]_>k _ Zs(n k)i” (40)
k! ol

6 n>0
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Let a8 # 0. The A— sequence (a,)nen, of the Riordan array of
the generalized Stirling number array [d, x = k!S(n, k)/n'o<k<n
satisfies

1< () k+1,-5
ap=1 a,=—— an_k————— 41
0 a kz_:l “(k+1)! (41)
for all n > 1. To find the fist column of the array [d, k]o<k<n, we
consider (40) for k = 0 and have (1 + az)"/® = > >0 S(:!’O)z”. On
the other hand, (14 az)"/® = > >0 ('{10‘) (az)". Comparing the
right-hand sides of the last two equations, we obtain

S(n,0) = S(n,0,a, B, r) = n! (’/0‘> &= (Npea.  (42)

n

[ KJocken = {’;:5(,7, k)] S(n, k) = S(n, ki, B, r)(af £ 0).

0<k<n
(43)
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Riordan algorithm of generalized Stirling numbers

Denote d(t) = (1 + az)”/* and h(z) = (1 + az)?/* —1)/8
(af #0). Let n,k € Ng and a8 # 0. Then we may find
A-sequence (ap)nen, shown in (41) and establish the array (43)
except its first column:

§5m¢):§:@“5{;;”ﬂn—Lk+j—n (44)
' Jj>0 '

for all 1 < k < n. The first column of array (43) can be
constructed by using (42).
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Finally, all S(n, k) = S(n, k,a, B,r) (0 < k < n) can be read from
a modification of array (43); namely from

n!
[kldn,k:| = [S(n, K)lo<k<n
- 0<k<n

where S(n, k) =n}_.~qajlk +j—1]j-15(n— 1,k +j — 1) when
1 < k < n, and 5(n,0) can be obtained from (45) or (42).
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For the Howard's weighted degenerated Stirling numbers
S(n, k) =S(n, k,1,1,—1). From Algorithm 3, we have A(z) = 1. Then

1
k! -1l
|:|S(n,k):| = 1 -1 1
n 0<k<n -1 1 -1 1
1 -1 1 -1 1
1
-1 1
[S(n, k)]ogkgn = 2 =2 1 5

—6 6 -3 1
24 24 12 —4 1

which gives $(0,0) = 1; S(1,0) = —1, S(1,1) = 1; $(2,0) = 2, 5(2,1) = —2,
5(2,2) =1; 5(3,0) = —6, 5(3,1) =6, 5(3,2) = —3, 5(3,3) = 1; and 5(4,0) =
24, 5(4,1) = =24, 5(4,2) =12, 5(4,3) = —4, and 5(4,4) = 1 row by_row.
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Thank You !
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