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On Thickness and Packing Density for Knots and Links

Rob Kusner

ABSTRACT. We describe some problems, observations, and conjectores
cerning thickness and packing density of knots and lini&’iandR2. We prove
the thickness of a nontrivial knot or link &° is no more tharf, the thickness
of a Hopf link. We also give arguments and evidence supppttie conjecture
that the packing density of thick links R® or S? is generally less tha@%, the

density of the hexagonal packing of unit disksiA.

Introduction

This note describes some problems, observations, andatorge concerning
thick knots and links — that is, collections of solid tori or cylerd embedded as
constant radius tubes around simple closed curves or panper— in Riemannian
3-manifolds, especially ifR* andS?. The maximal such radius is called ttigck-
nessof the collection. In a compact 3-manifold i, it makes sense to maximize
this over isotopy as well, leading to the first basic problem:

How does the maximal thickness of a knot or link in the roumdettsphere
depend on its isotopy type, and what is the geometry of arthgskmaximizer?

For thick knots and links ifR?, to accommodate the effect of rescaling, one
considers insteasbpelength— length of core curves divided by thickness — and
the analogous problems about ropelength minimizers hantly feeen answered,
thanks to the work of many people at this workshop (for instarseeff] and the
references therein, as well 4 for the latest ropelength bounds).

The second basic problem arose from thinking about how imatt length
and thickness using the formula for the volume of a tube; #i® rof the tube
volume to the ambient volume — thgacking density— appears as a correction
factor. This may be an interesting scale-invariant meafurthickness maximiz-
ing configurations, but it also would be good to have a gerestanate (better than
1) for the packing density of any thick knot or link. To have thequality go the
right way, the ambient curvature should be non-negative ,cae is led to ask:

Can the packing density for a thick knot or link in Euclideanee-space, or
(aside from some trivial situations) in the round three-aigh ever exceed the max-
imal disk-packing density in the plane?

Of course, this maximal densi% = .9069 - - - is achieved by packing infi-
nite solid cylinders ilR3 — “uncooked spaghetti” — so that a planar cross-section
is the hexagonal disk packing. In general, thick links wiltlude solid cylindri-
cal tubes around proper arcs — “cooked spaghetti” — as welbhd tori around
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closed curves — “spaghetti-O’s.” So perhaps this secondl@mo can also be
viewed as the natural sequel to the Kepler conjecture (fpatiloert’s 18th prob-
lem, now a celebrated theorem of Tom Half} pn the density of packin@t?
with equal spheres — “meatballs”!

1. Thickness results and conjectures in the round three-sgre

The results in this section were motivated in part by an gitembetter under-
stand the various notions of conformal modulus of a solid4anS?3, and also the
conjecture of Freedman-He-Wang on the Mobius energy nieirfor the Hopf
link (see fl] and references therein). As it stands, these are prelimmesults on
thickness, although a goal is to relate thickness and cord#iomodulus, ultimately
getting sharper bounds on the latter.

In S* we have this elementary thickness estimate for a singleecurv

PropPosITION1.1. The thickness of a tube around a simple closed curve in
the round three-sphere cannot exceed that of a maximal tidumd a great circle.

PROOF. Let K C S be the core curve, and observe that the thickness of any
osculating circle toC gives an upper bound for the thickness/of But a great
circle is the thickest round circle i°, with thickness?. O

An alternative argument instead uses great circles astseddre diameter ok is
realized by a secant arc of length at mostaind so the thickness can be measured
from the endpoints of this arc to be (at most) half this lengithing a variation on
this argument, and the existenf ¢f an essentiatjuadrisecantthis estimate can
be improved by a factor of 2 for a nontrivial thick knot or linkS?:

THEOREM1.2. The thickness of a nontrivial knot or link in the round three-
sphere cannot exceed that of the standard geometric Hdpflihose core consists
of two orthogonal great circles.

PROOF LetKC denote the nontrivial knot or link. The stereographic progn
of K has an essential quadrisecantRifiiwhich pulls back to a round (not neces-
sarily great) circle irS* meetingk in (at least) four points. The shortest of the
corresponding four (essential) circular arcs has lengthat 5. By the Lemma
below, such an arc must exit and re-enter the thick tube ardunso half this
length is a bound for the thickness /of O

LEMMA 1.3. A secant arcS which never exits the thick tube aroufdis not
essential.

PROOF Let B denote the portion of the thick tube aroukidwhich contains
S and lies between normal (great sphere) disk&tat the endpointg, ¢ of S;
let K" = K N B. The foliation of B by normal disks gives a height function on
the simple closed curvk’ U S with exactly two critical points i and g), so it
bounds an embedded disk whose interior is disjoint flonBy definition,S is not
essential. O
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Since Greg Kuperberg's proof for the existence of a quacaise(q] is fairly
involved, it is nice to also have an elementary argumentingl the result of the
Theorem in the special case of a two-component link whiclotsplit:

ProPoOSITION1.4. The thickness of a non-split link in the round three-sphere
cannot exceed that of the standard geometric Hopf link.

PROOF. This amounts to showingU £ C S? is a split link, assuming the sim-
ple closed curve& and £ have distance strictly greater thdnfrom each other.
It suffices to prove thakl is spanned by a singular disk which is disjoint frain
Pick a pointp € K so that the antipodal pointp ¢ K (since can always be
approximated by a curve with such a point, there is no losepégality assuming
this for KC itself). Joinp to the other points of by a one-parameter family of min-
imizing great circle arcs i§2. The union of these arcs defines the disk spanning
K. Since the length of each arc is at mastno point of the disk is more thaf
from a point ofC, and thus the disk is disjoint frou. O

Note that the thickest geometric Hopf link has the same ttgsk {) as the
trivial two-component link consisting of parallels on aai? C S at distancel
from each other, and it is not obvious whether this triviaklmight be perturbed to
something even thicker. It would be interesting to show r@ptinks can realize
this bound.

It is clear that the thickest geometric Hopf link§f is the preimage via Hopf
projection of a pair of antipodal points &3. Similarly, a configuration of, points
on S? lifts to ann-component geometric Hopf link ifi>. Because Hopf projec-
tion S — S? doubles the distance between fibres (Clifford parallel yceales)
in S? to the distance between the corresponding points?jrthe thickness of a
geometric Hopf link is half the maximal radius for a uniforniskipacking around
the configuration of points of?.

Let r, denote this maximal radius for a packing ofdisks onS?. (Except
for n < 6 and a few other special cases, neither the valug,phor the optimal
configuration ofn. points onS?, is known — for instance, sed][) It is almost
surely true that the corresponding geometric Hopf liniStnis the thickest in its
isotopy class. More daring is the following:

CONJECTUREL.5. The thickness of any-component link in the round three-
sphere cannot excee}in, the maximal thickness of the geometric Hopf link.of
components.

Similarly for (m, 2)-torus knots and links, such as the trefoit (= 3), it is
tempting to conjecture the thickest configuration lies engirface of a flat Clifford
torus inS? whose aspect ratio is chosen to maximize the strand sepawti the
torus itself. The reader is encouraged to work this one autdoself!

2. On packing density and “The spaghetti-O’s conjecture”

Children playing with pennies soon discover the optimal w@yack equal
radius disks in the plane is by centering them at the vertttee hexagonal lattice.
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The density of this hexagonal packing — the ratio of area i@\/éo total area —
IS Poo = \/% = .9069 - - -, and of course this ratio is independent of the radius of
the disks packed.

As noted in the previous section, packingequal radius disks on the unit
sphereS? is quite a bit trickier. For example, the maximal dengityand maximal
radiusr,, depend subtly om, and the optimal packings are generally unknown.
Clearly

pr=p2=1,
and spherical trigonometry (with the help of Gauss-Bonlett) one compute the

local packing density as a decreasing function of ambientature (try this as a
hard exercise, or see, for exampH@d}, for other approaches) to deduce:

LeEmMA 2.1. The packing density for (at least three) equal-radius digk¢he
round two-sphere is less than the packing density of thegplan

Pn < P (n=3).

Similarly, one can work out the packing radius for certain small values of;;
there are also asymptotic formuld§ for both p,, andr,, asn — oo, though this
will not be needed in what follows.

How does this apply to compute the packing density for thidgkes around
links? Lifting then-disk packing inS? via the Hopf map yields a thick Hopf link
packing inS? with the same density,,. Forn = 1 or 2, this is clearly the densest
possible (recall thab; = po = 1); but in general, one doesn’t expect the packing
density for the thick tubes around ancomponent link to be less tha®n,, since
one could make the same link by repeatedly doubling back avlinger, thinner
(and thus more dense) tube. Nevertheless, one always sxpect

CONJECTUREZ2.2. A thick link in the round three-sphere with more than two
components has packing density strictly less than the gyensi = \/% of hexag-
onal disk packing. Similarlyy., is an upper bound for the asymptotic density for
any thick link packing of Euclidean three-space.

Hereasymptotic densitsneans the limit supremum of the density within any family
of balls whose radius tends to infinity. This might be call&tié spaghetti conjec-
ture” — or, as John Sullivan quipped when it was posed to hithg“spaghetti-O’s
conjecture”! The remainder of this note will be devoted teatibing a few ex-
amples which illustrate the sharpness of this conjectwseyell as some related
conjectures which might lead to a proof.

3. Examples of packing thick links, and arguments for the cofecture

PackingRR? with infinite solid unit-radius cylinders whose cross seatis

hexagonal disk packing in the plane will clearly realize tdlemsity po = \/% =

9069 - - - . Itis a remarkable theorem of A Bezdek and W Kuperb@jgHat this
is the densest possible packing of such solid cylinders. tiiéner not this is true

for finite solid cylinders remains an open question: this tayvhy it is tricky to
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get loose, uncooked spaghetti back into the box, or why thieoga old station
wagon is brim-full of empty soda cans!

At the other extreme from infinitely long spaghetti, consipgackings obialys
— that is, unit tubes around a unit circle — which can be ssipgly dense. Note
that each bialy has volunter? = 19.739 - - -, by a theorem of Archimedes, and fits
inside a solid cylinder of height and radius 2. These cyliaa@n then be stacked
and hexagonally packed to give a bialy packing periodic utfuelattice

7.(4,0,0) + Z(2,2V/3,0) + Z(0,0,2),

whose fundamental domain has volure/3 = 27.712-- -, yielding a density
of .7122--.. But the bialys have rounded edges, so shifting adjacenkstay

one unit vertically allows their cores to come a little clossgether than 4. Let
¢ = 2 + /3 denote this shifted intercore distance. A simple checkabgattern
leads to a packing of bialys according to the lattice

Z(c,¢,0) + Z(c,0,1) + Z(0,0,2),

with slightly greater volumé@c? = 27.856 - - - and lower density. But this packing
has room to let one shear (and rotate) the checkerboardrpagtethat (withh =
Vc2 — 4) bialys pack in the lattice

Z(47 07 O) + Z(27 b7 1) + Z(()? 07 2)7

with smaller volumesb = 25.203 - - - and higher density7830 - - - . This is denser
than any sphere packing, but not very close to the hexag@wking density. If
instead one enlarges the bialy holes — to about the shapaldpaghetti-O’'s —
enough to thread a noodle through each stack, the densitlyecanproved a tiny
bit over each of the preceding examples.

Perhaps more remarkable is that one can approach the dehs$igxagonal
disk packing (from below) by using spaghetti-O’s of revauat pack the upper
half-plane with disks hexagonally, then revolve aroundhbandary axis so the
disks sweep out solid tori. By the same theorem of Archimexdestioned above,
each solid torus away from the axis has dengitywithin its hexagonal torus cell,
but Archimedes’ theorem also shows the density for the agisr-bialys is a bit
less (it can be computed &950 - - - ). Opening the bialy holes and threading with
a noodle does no better.

So why should the spaghetti-O’s conjecture be true? Theretleast two
strategies to verify it. First, one might try to find a cleveayto “slice” or “cal-
ibrate” a packing of space by thick links, so that the crostices are (pleated)
planes containing lots of disjoint unit disks, and then gpl pleated version of)
the planar disk-packing theorem.

A second approach might be to try proving an even hardertresdtiough the
analogue of the Bezdek—Kuperberg packing density theaertiknown for finite
height cylinder packings, this has been conjectured (by JilRew for example:
Problem Il Intuitive Geometry, Colloq. Math. Soc. Janos Bolyai 48972p700),
even for zero-height cylinders. This might lead to a proobuaf spaghetti-O’s
conjecture in an even stronger form, since — unlike the nodis&s to the cores
of a thick link packing — there would no longer be any coheearezjuired of these
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disks. Presumably a precise formulation of this strongefjemture would require
the collection of disks to have some kind of transverse nregso these cylinders
really have “infinitesimal”’ rather than zero height). Uritorately, the possible
presence of curved tubes (such as bialys) in a thick link ipgckinders a simple
reduction of the spaghetti-O’s conjecture to a densityltésue only for packing
cylinders of any positive height.
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