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Laminations, or How to Build a Quantum-Logic-Valued
Model of Set Theory

Lawrence Stout

An explicit construction of the colimit of a filtered diagram in the category of topoi and
logical morphisms is given and then used to construct a family of topoi with a fixed Boolean
algebra of truth values but with varying amounts of cocompleteness. This same
construction, when applied to the diagram of complete Boolean algebras in a quantum logic
Q gives a partial topos, a noncategory which is a close to being a model of set theory with
algebra of truth values Q as a noncategory can be.

This investigation concerns the construction of topoi or topos like noncategories which
have specified algebras for their propositional logics. It is well known that one can
construct topoi with given complete Heyting algebras as propositional logics by taking
sheaves for the can onical topology, but the construction for noncomplete Boolean algebras
appears in the literature only in the exercises of Johnstone's book (4) p. 331. That
construction is a filtered colimit in the category of topoi. The existenc e of such colimits is
asserted by Freyd (2) to follow from the essentially algebraic nature of the theory of topoi.
No explicit construction exists in the literature. Freyd gives several examples of non-
Grothendieck topoi constructed using colimits; for his purposes other descriptions give the
desired properties more quickly.



The construction given here derives from a geometric
construction for a topos with the Lebesgue measureable
sets on [0,1] as truth values. Objects are taken to be
triples (P,Y,f) consisting of a partition P of [0,1] into
a countable number of measureable sets, a set Y, and a
function assigning each element of the partition a subset
of Y. We require the union of the values of f to be Y.
Such an object may be thought of as analogous to a piece
of sculpted plywood, one ply for each element of Y with
sections cut out above certain elements of the partition.
For example, if P={[0,%], (4%,%), [%,1]}, Y = {0,1,2} and
f takes [0,%] to {0,1}, (%,%) to {0,2}, and [%,1]to{1,2},
we may picture (P,Y,f) as
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Since the same picture results if a finer partition is
used, we need to take an equivalence class to capture the
idea precisely. A map from one such thing to another is
a common refinement of the partitions involved and then
a function from the subset above each member of the part-
ition in the domain to the subset above the same member
in the codomain. A bit of reflection shows that this is
a topos with the desired algebra of truth values.

A similar construction can be done for the algebra
of projections on a Hilbert space. We just define a
partition to be an orthogonal family of projections with
sum 1 and proceed as before. The result this time is
not a category, but it comes as close to being a model

of set theory as a noncategory can.

In the first section of this paper I will give the
explicit construction of the filtered colimit in (Top,log)

and show some of the properties it preserves. In the



second section, I will consider special cases giving
Boolean topoi with varying amounts of cocompleteness.
In the last section I will show how the same construction
can be applied to a nonfiltered diagram to give a quantum-
logic-valued model of set theory.

I would like to thank the referee for suggestions

on pruning, amplifying, and restructuring this paper.

I. Explicit Construction of Filtered Colimits: Logical

Laminations

Let C be a filtered category and let F be a functor
from C to (Top,log), the category of topoi and logical
morphisms (recall that a logical morphism is a functor
which preserves finite limits, powerobjects, and represen-
tation of relations). For convenience we will use upper
case Greek letters for objects of C, lower case Greek
letters for morphisms of C, and Roman letters for objects
and morphisms of the associated topoi.

To say that C is filtered is to assert the existence
of maps completing certain diagrams. In what follows we.

will want to refer to the objects and maps asserted to
exist: hence for two objects E and Y there is an object

E#Y  and maps 1_:E—>Z#Y and 1W:W—->E#W; for any diagram

there is an object £ # ¥ and maps into it making the
resulting square commute. This is like the assertion of

the existence of colimits without universal mapping
properties and the resulting uniqueness up to isomorphism.
The notation does not pick out any canonical choice but
rather refers to any object and maps with the desired

properties.



DEFINITION 1.1: A prelamination on (C,F) is a pair (g,A)

where Z is an object of C and A is an object of FE.

This means that a prelamination specifies a topos
and an object in that topos. We want to consider objects
to be the same if they become the same in some later
topos in the diagram. Hence we define a lamination as an
equivalence class of prelaminations under the equivalence
relation given by: (E,A) and (¥,B) are equivalent if there
is a diagram

§ > A <

B

=1/

in C such that FaA = FBB. The equivalence classes are

represented using square brackets: [5,A]. Note that

we need C filtered in order for this to be an equivalence.
A map of prelaminations is again a choice of topos

and a choice of a map in that topos. To get a map of

laminations we again need to take an equivalence class.

DEFINITION 1.2: A morphism of prelaminations (h;a,4,B)

from (Z,A) to (¥,B) consists of a diagram
= a o A B y
in C and a morphism h: FaA > FBB in FA.

Two maps of prelaminations (h;a,A,8) and (h';a',A',R")

are said to be equivalent if there is a commutative

diagram
g y g '
a\§ SM a\?:
A . X
L

in C such that Foh = Fo'h',




It is clear that equivalent maps take equivalent pre-
laminations to equivalent prelaminations; hence, we can
call an equivalence class of prelaminations a map of
laminations. Again we use square brackets to represent
the equivalence classes. Again we need a filtered

diagram in order for this to be an equivalence relation.

DEFINITION 1.3: The composite of the morphism [h;a,A,B]
from [E,A].Eg [¥,B] and (k;y,9,8):[¥,B]—/>[#,C] has

diagram
B b 4 ¢
a :;///, \\(x ¢//g
\\\x A ]
1“\‘A # e/e
L)

and morphism FlekFlAh.

The identity on [Z,A] is [id; id,E,id].

PROPOSITION 1.1: Laminations and maps of laminations

form a category, Lam(C,F).

Proof: The only non-trivial problem in showing Lam(C,F)
is a category lies in showing the associativity of
composition. The equivalence relation in the definition
takes care of that problem by allowing us to consider
representatives of both maps in the same topos: the

composites h(jk) and (hj)k in the situation

[¥,A] __15i24§4§14, [¢,B]_liilLéL§l> [z,c]_lhiggﬂlﬁﬂ[A,D]

live in Z#(A # T) and (E # A) # T, respectively, and

these neeg no% be the samg. ngever; there is an object
I after both in which h,j, and k each have one resulting
representative. Associativity of composition in Lam(C,F)

then follows because it holds in FT.

THEOREM 1.2: Lam(C,F) is a topos.

Proof: We need to show that Lam(C,F) has finite limits

and powerobjects which represent relations.



Lo

The terminal relation is [Z,1] where % is any object
of C and 1 is the terminal object in FE. Note that
for any two objects £ and Y the same lamination results
since both (£,1) and (¥,1) are equivalent to (E # Y¥,1).
The unique map from [¢,A] to [E,1] is [!;‘¢’° # 5,15].

If [h;x,A,8] is another map from [¢,A] to [E,1], then
[h;a,a,8] and [!;1¢,¢ # £,1_] have the same representative

in FCa # (¢ # 2)), that is, at the object making
(¢,8)

commutative the following diagram:

) = — A
\/B, \A #
5/ 4@#5/ (0,2

1

(o # E)

[1

The product of two laminations [Z,A] and [¥,B] is
[E#Y , F1EA x FIWB] with the projections [wi;id,E#W,1 1.
We need to check that this definition respects the
equivalence relation and that the universal mapping
property is satisfied.

Suppose that (£,A) is equivalent to (E',A') and
(Y,B) is equivalent to (Y¥',B'), then we have a,A,8 and
Y,A,8 such that FaA = FBA' and FyB= F6B'. Transporting
the whole situation to A#MA and noting that logical
morphisms preserve finite limits, we get FIAGA x F1AyB =

F1ABA' x FIAGB'. Thus equivalence is respected.

Now suppose that we have maps [h;a,A,8 ] and
[k;YsT,v] from [Z,X] to [E,A] and [¥,B], respectively.
Without loss of generality we may choose representatives
so that we have a diagram of prelaminations. If we

move everything to the topos F(A # T),we get a unique
z

map from thx to FIABA X FITUB. The equivalence class

of that map is the map we need for the universal mapping

property.



The equalizer of two maps [h;a,A,B] and [k;y,T,v]
from [E,A] to [Y,B] is obtained by transporting all of

the data to the topos F(A # T) and taking the equalizer
(,¥)

there. The equivalence class of this is the desired

equalizer in Lam(C,F).

Before we can describe powerobject formation we

need the following characterization of monomorphisms;

LEMMA 1.3: A map [h;a,A,B]:[E,A]
and only if for any A there is a map y:A

> [¥,B] is monic if

>I such that

the representative of h at FI is monic.

Proof: The map [h;u, is monic if and only if the two
new maps in the pullback
(A, Ax [k:id, 4,a] > [5,A]
B
[k';id,A , o] 1 1 (h;a,8,8]
[2,A] [hio, 881 [v,8)

are the same. This happens if and only if they are
equivalent as maps of prelaminations. That happens if

> I such that Fyk = Fyk!'

and only if there is a map y:A
by the definition of the equivalence relation. Given the
way that pullbacks are calculated in Lam(C,F), this is
the same as saying that the representative of the diagram
at FI is a pullback with the two maps k and k' the same.

Thus the representative of h at I is monic.

We can now show that the lamination [E, has power-
object [£,PA] with €

= [E,e

g, A]. Suppose we are given
a monomorphism [h;a, : [, —> [E, x

Then for some y:A —> I, Fyh is monic and lands in

FthEA X Fveth. Thus it induces a unique map XFyh

from FyB1wB to PFYBIEA, which is equal to FyB1EPA because
FyBi_, is logical. The universal property of the character-
isti; map is obtained by noting that it makes a square

with € and the characteristic map a pullback. The calcula-



tion of pullbacks in Lam(C,F) makes it clear that the
universal property of the characteristic map will hold
there if we use the class of XFyh as the characteristic

map of the class of h.

Next we may observe that what we have constructed is

the colimit of the diagram in (Top,log) given by F.

PROPOSITION 1.4: Lam(C,F) is lim FE.
+C

Proof: First we note that there is a logical morphism
from each FZ into Lam(C,F) given by A +—> [E,A] and
h: A+ B ————> [h;id,E,id]. That this is logical is
clear from the construction of limits and powerobjects.
Furthermore, for each a:Z + A in C we have [A,FaA] = [E,A]
and [Fah;a,A,a] = [h;id,E,id], so these injections from

£ into Lam(C,F) form a cocone. We need to show that it

is the universal cocone.

Suppose (E,{e_|E C}) is another cocone. Then the
functor taking [E,;] to e;A and [h;a,4,B] to eAh is the
unique logical functor making all of the triangles commute.

This proposition makes it possible for us. to identify
the NNO, the reals, and @ in Lam(C,F) and to describe the
global sections thereof. The NNO is [Z,N]; the reals
are [E,R]; @ is [9,E], where in each case Z is an arbitrary
object of C. In general, it will only make sense to talk

about the global sections of objects for small C.

COROLLARY1.5: If C is small, then I'Q = lim Irq_ .
> C k=

Proof: Since each Fa is logical, each takes global
sections of Q to global sections of Q; thus F induces

a diagram in Sets with £ going to Ir'Q_. The colimit of
this diagram is the coproduct modulouthe same equivalence

relation used in defining a map of laminations.



A similar characterization can be obtained for the
global sections of any structure defined logically--
the natural numbers and the reals are good examples.

The next question we can ask is what about generating
sets? We will show in section II that completeness
properties fail to be preserved by this construction
(fortunately) so the next proposition tells us that the
construction of laminations on a diagram of Grothendieck
topoi comes as close as possible to being a Grothendieck

topos, given that it need not be complete.

PROPOSITION 1.6: If C is small and each Fa is faithful

and if {Gi =} is a set of generators for FZ given for each
— »E

object of C, then the union of the sets {[£,G; _]} is a

i,E =

set of generators for Lam(C,F).

Proof: The proposed set of generators is small because

C is and the sets for each £ are. Two maps [h;a,4A,B]

and [k;y,T,v]:[5,A] /> [Y¥,B] can be distinguished by a

generator in F(A # T). Since each Fw is faithful,
G,Y)

the class of that generator will distinguish the maps of

laminations.

To investigate the axiom of choice we will need a

characterization of the epimorphisms in Lam(C,F).

LEMMA 1.7: A morphism [h;a,A,B] is epic if and only if

there is a map y;A » I with Fyh epic.

Proof: Dualize the proof of Lemma 1.3 by characterizing
epic maps in terms of pushouts. This cannot be done
before we know Lam(C,F) is a topos unless we give a

construction for ¢olimits.



PROPOSITION 1.8: Lam(C,F) will satisfy AC if for any =
in C there is a map y:E » ¥such that FY satisfies AC.

Proof: By the previous lemma an epi in Lam(C,F) has a
representative which is epi, say in FZ. Since Fy is
logical, it preserves epis, so if y:E > ¥ with F¥ having
epis split (AC) takes our epi to a split epi. The class

of the splitting map in FY is the splitting map in Lam(C,F).

EXAMPLE: This proposition does not give a necessary and
suffiecient condition. If we let C be the category of
initial segments of N with inclusion maps and let F assign
each segment the topos Sets x Sets ZZ and each inclusion

to the logical morphism
Y m : g 7

Sets x Sets 2-————1—5 Sets iiélégiszSéts x Sets 3.

Lam(C,F) is just Sets since any difference in the second

factors is ignored by the equivalence relation. In this
case Lam(C,F) satisfies AC even though none of the FE

do.

II. Laminations on a Boolean Algebra and Other Examples

In [3] Freyd used filtered colimits of topoi to
construct a nonsolvable topos; he also used then in the
proofs of the embedding theorems for small topoi in
section 5 of [2] and [3]. His claim there is that since
the theory of topoi is essentially algebraic (i.e. a
partially algebraic theory in which the domain for each
operation is equationally defined in terms of previously
defined operations) filtered colimits are easy to construct.
Johnstone [4] p.331 states that Freyd has used the
construction to obtain topoi with arbitrary Boolean algebras
as algebra of truth values. Personal communication with

Freyd indicates that his construction gives the free



Freyd indicates that his construction gives the free
Boolean topos with the given algebra of truth values.
One must be a little careful about the sense in which
one means free, however. Lambek [5] and Mitchel[6] both
note that (Top,log) does not have an initial object and
hence does not have arbitrary colimits. If one uses
orthodox functors (i.e. one makes choices for all limits,
subobjects, and exponentials and asks that these choices
be preserved) then the initial objects and free topoi
exist. In this section we will first note another example
of the use of colimits due to Andreas Blass and then
investigate a family of topoi LamBTr with a given Boolean
algebra B of truth values and differing amounts of cocom-
pleteness.

At the meeting of the New York Topos Seminar, April
16,1978, Andreas Blass gave the following example:

4
Let G be the group 5 where N is wncountable. If ESH
then GE = {g € G| For all e in E,ge = 0}. If a subgroup

H of G contains GE for some countable E, we call H large;
if it contains GE for a finite E, we call it immense. If
a subgroup H acts on X then fix x = {g |g(x)=x} and

ker X is the intersection of all the fix x with x in X.
Blass considers the topos of laminations on (C,F) where

C is the category of immense subgroups of G and F takes

a subgroup to the topos of H-sets such that for each x,
fix x is immense and such that ker X is large. The inclusion
map H' — H induces a logical morphism from H'-sets

to H-sets which restricts to a logical morphism between
the topoi with size restrictions. Blass showed that the
category Lam(C,F) has no nontrivial injective abelian

group objects.

For the next example let us assume that B is a
Boolean algebra which has all unions and intersections of

cardinality less than k. If 7 is a cardinal less than «,



then a w-partition is a disjoint family with cardinality
less than or equal to 7 which has supremum 1. We say
that a partition P refines a partition Q if every element
of Q is the supremum of elements of P. Refinement orders
the set of all m-partitions. Any two m-partitions P and
Q have a least common refinement P # Q consisting of all
the nonempty intersections pnq with p in P and q in Q.
The singleton {1} is an initial element in the category
of partitions. The category of wm-partitions is thus co-
complete and hence filtered.

For each m-partition P we can take the topos of
presheaves on P thought of as a discrete category. If
P refines Q then there is a logical morphism from Sets
to Setsp taking a presheaf F to the presheaf G whose value
at p is Fq where q is the unique element of Q containing
pP.

This gives a filtered diagram in (Top,log); call its
colimit LamB“. The sculpted plywood image described in
the introduction results from a sort of étale space
representation of the presheaf categories. From Lemma 1.3

and Lemma 1.7 we obtain the following:

LEMMA 2.1: A map [P,f] is monic (resp. epic) if and only

if it has a representative which is monic (resp. epic).

In fact for LamB“ it will be the case that every

representative is monic (resp. epic).

PROPOSITION 2.2: lE_LamBﬂ, r(e) = B.

Proof: Any subobject of 1 consists of a partition and

a choice of 0 or 1 on each elemen% of the partition. An
equivalent representative can always be found by taking
the union of the elements on which the subobject is 1

and a union of the elements on which the subobject is O,



getting a partition with two elements. The subobjects
of 1 then are in 1-1 correspondence with elements of B
with the correspondence given by taking a subobject to

the element on which it is 1.

If B is complete we may remove the cardinality
condition on the partitions to obtain LamB. This also
has r(Q)= B.

We may note that since each of the presheaf categories
is a Boolean Valued model of set theory in the sense of
Tierney [10] (each satisfies AC and has subobjects of 1
generate), so are LamB1T and LamB. In both cases the
NNO is [N,{1}].

Note that if B is not complete then LamBTT cannot be
cocomplete since otherwise I'Q (which is B by proposition
2.2) would be complete. Somewhat more can be said about

cocompleteness using the following lemma:

LEMMA 2.3: For both LamB and LamBn, if the copower of

1 indexed by the cardinal X exists, then it is isomorphic
to [{1},A].

Proof: For each element a of A there is a map from 1 to
[ {1}, A] given by [* - a, {1} ]. This family of maps
is jointly epic, so the induced map from the copower of
1 to [{1},)x] is epic. Let (f,P) be a representative of
the induced map. We will show that the component of f
at p is monic for each p in P. Suppose not, then for
some p there are values x and y both of which are taken
to the same value by f at p. The injection map from 1
to the copower at p corresponding to the index b, i

b,p’
takes * to something which maps to b. If b'# b, then



ib',p* will not be x or y if both of them are mapped to
b by f. Since ib,p is single valued it must miss one of
x and y, say y. If we redefine f at p so that 1t takes
y tob' # b, we will not have changed any of the composi-
tions fpia,p' This violates the uniqueness of f. Thus

if LamB (or LamB“) has the copower of 1 the induced map

f must be monic &s well as epic, hence an isomorphism.

THEOREM 2.4: LamB_ is X-cocomplete if and only if B

satisfies a (A,m) distributive law.

Proof: By Sikorski 20.3 [8], (A,w)-distributivity is
equivalent to the statement that any family of at most
A m-partitions has a common refinement. Suppose B is
(A,m)-distributive, then we can construct a colimit of
a diagram involving \ pieces of data by choosing a rep-
resentative of each piece of data to obtain a family of
at most A partitions, then take the common refinement
guaranteed by distributivity and then take colimits on
each member of the common refinement.

If B does satisfy a (A,m)-distributive law, then
there is a family of partitions which does not have a
common refinement, say {Pa |a € A}. We will show that
the copower of 1 indexed by A cannot exist. By Lemma 2.3
if the copower exists we may as well assume that it is
[{1},A]. For each a in A we obtain a map from 1 to [{1},B]
using the partition Pa and taking * to p on p. Thus we
get an induced map from [{1},A] to [{1},B]. The partition
for this map must refine all of the Pa since the element
a must go different places on different elements of Pa.
But such a common refinement does not exist. Thus the
copower cannot exist.

We can use the same tools to specify when LamB is
the category of sheaves on B. We know from Barr [1] that
a topos over Sets has A logical if and only if the topos
is atomic. For LamB we know A is logical, the following
theorem says that it is adjoint to T if and only if B is
atomic,



THEOREM 2.5: LamB is isomorphic to Sh(B) if and only if

B is atomic.

Proof: If B is atomic, then the functor from Sets to
LamB given by AA = [{1},A] is logical. If B is atomic, it
is also adjoint to the global sections functor. We need
B to be atomic so that the adjunction map from AT to the
identity on LamB can be defined. The partition it uses
is the set of all atoms. By 5.39 in Johnstone [4], a
topos over Sets satisfies AC if and only if it is isomor-
phic to cannonical sheaves on Q. Since LamB satisfies
AC and is a topos over Sets when B is atomic, this tells

us that LamB is isomorphic to Sh(B) when B is atomic.

If B is not atomic then LamB is not cocomplete.
In particular it does not have the copower of 1 indexed
by B. If that copower exists, by Lemma 2.3, it is [{1},B].
For each B in B there is a map from 1 to [{1},B] which
takes * to B on B and O on the complement of B. This
would induce a map from [{1},B] to itself. The partition
involved in this map must be a disjoint set of elements
of B which generates all of B. The existence of such a
set is precisely the statement that B is atomic.

If B is not atomic LamB is not cocomplete, hence it
cannot be Sh(B), since Sh(B) is cocomplete.

Categories of laminations on a Boolean algebra have
another nice property: if B' is a w-complete subalgebra
of B then any wm-partition of B' is also a w-partition of
B; thus there is a natural inclusion LamB'ﬂ+ LamBn. This

inclusion is a logical morphism.

III: Laminations on a Quantum Logic

The construction in section I runs into difficulties
if C is not filtered-- the equivalence relation used to
define laminations is no longer transitive so we must

take its transitive closure; composition of morphisms



need not be defined; limits cause a few problems because
we needed to beable to put all of the data in the same
topos. Still, we would like to be able to paste together
Boolean topoi to obtain Quantum Logic-valued models of
set theory since this would give us a setting in which
to do quantum valued mathematics. Since a quantum logic
is typically an orthomodular lattice and not a Heyting
algebra, we should not expect to get a topos. Indeed,
since we want the lattice of truth values to be non-
distributive, we cannot use a category since logical
categories always have distributive lattices of truth
values (Reyes$ [7]). We will aim for a structure which is
as close to being a topos as a noncategory can be.

To do this we will introduce a notion of compatibility
corresponding to commutativity in the case where the
orthomodular lattice is the lattice of all projection
operators on a Hilbert Space. We will ask that limits of
compatible data exist, that compatible data gives exponen-
tiation, and that subobjects be representable in a nice
compatible fashion.

In this section we will study the situation in which
C has an initial object, but need not be filtered, F is
a functor from C to (Top,log). A construction parallel
to the one in section I leads to a partial topos-- a

partial category which is as close to being a topos as

a noncategory can be.

DEFINITION 3.1: A partial category consists of a family
I of indices of compatibility, a family F of subsets of

I giving compatible sets of indices, a class of objects,

a class of morphisms, and an assignment of an index (indic-

ated by anI with an appropriate subscript) to each object

and morphism such that the following conditions are satis-

fied:



1. If (h,I):(A,1,)
{515
2. There is an identity on (A,I,) with index I

>(B,IB) is a morphism, then

IB} is in F.
A
3. For any pair of maps

(h.1,) (k. 1)

c)

with {IA,Ih,IB,Ik,IC} in F, there is a composite
(kh,Ikh) such that if S\J{Ih,Ik} is in F, then
s0 is SUII,} .

4. - Composition is associative when defined.

Composition with the identity on either side is

always defined and changes neither the map composed

with nor its index.

6. F contains all singletons.

E'ig closed under subsets.

As before, a prelamination on (C,F) will consist of
a pair (%,A) where = is an object of C and A is an object
of FE. To define laminations we will take equivalence
classes of prelaminations where the equivalence relation .
is the transitive closure of the one used in section II.
Thus (E,A) is equivalent to (5',A') if and only if there
is a finite chain of the form
4, . Ap An
/9(/}' h\\gl q;//ﬂ ' L “\\EQ
= 1
such that for each i, Fui

m
[

at T F g A
In a similar fashion a map of laminations h from
[E,A] to [¥,B] consists of a family of maps of prelamin-

ations such that
1. the domain of each representative (h;a,A,B) is
in [E,A]
2. the codomain of each representative is in [¥,B]



3. if (h;a,A,B) is a representative taking (E,A)
to (¥,B) and (k;a',A',B') is a map of prelam-
inations taking (2',A') to (Y',B'),where
(2',A') is in-[E,A] and (Y',B') is in [¥,B],
then (k;a',A',B') is in h if and only if there
is a finite chain of maps of prelaminations
(hi;ai,Ai,Bi): (Ei,Ai) -+ (Wi,Bi) connected as

illustrated below:
2 n
)’ a)/ .
s o = =!
-2- . g E

g —\——> -1@-/\

— V] < '1‘2-:--—‘}‘11(—‘!"
in which each of the squares commutes and each
F§.h. = h, for odd i and F8.h. .= h. for even

ii-1 i ii+l i

i.
Note that if the "only if" part of condition 3 is
satisfied we can always extend the family of maps to
satisfy the "if" part of tle condition.

The family of indices of compatjbility for C is the
set of all nonempty classes of objects of C such that
1. if £ is in I and there is a map a:E% + ¥ then
¥ is in I
2. any two objects in I are connected by a finite
chain of maps in the full subcategory of C on
the objects in I similar to the chain used in
the definition of a lamination.
A family of indices is compatible if every subset of it
has an intersection which is an index.
The index of a lamination [Z,A] is the class of objects
at which it has a representative. The index of a map of
laminations is the class of all A such that there is a

representative (h;a,4,B).



PROPOSITION 3.1: For any category C equipped with a func-

tor F to the category of topoi with logical morphisms,

the structure with objects laminations, morphisms maps

of laminations,and indices of compatjbility as defined

above is a partial category.

Proof: Properties 1,2,6,and 7 are essentially trivial--
to show that Definition 3.1 is satisfied we need only
give the composite for compatible composable maps.

Our definition of compat jbility guarantees that the
class of objects for which two maps of laminations have
composable representatives forms an index. This means
that if we define the composite to be the family of maps
of prelaminations consisting of the composites of repre-
sentatives at objects in this index we will almost have
a map of laminations. All that can fail is the "if"
part of condition 3 in the definition of a map of
laminations. By the note after the definition, we can
extend to get a unique map of laminations. This composi-
tion is clearly associative when defined and behaves

properly with respect to identities.

The notion of a limit in a partial category must
carry a compatibility condition. A limit is a compatjble
cone on a diagram which is universal among all compatible
cones. The partial category Lam(C,F) has such limits and

also has powerobject formation.

DEFINITION 3.2: A partial category is a partial topos if

1. Any finite diagram of compatjble data has a

limit with index I, ~such that if SWI| I is an

index involved in the data} is in F then so is
SU{Ilim}'



2. For any object A there is an object PA and a sub-

object €a of PA x A, both with the same index aa

A, such that subobjects of A x B correspond 1 to 1

with maps B — PA through a pullback

C > EA
hl l
1 x X},
A x B > PAx A

THEOREM 3.2: Lam(C,F) is a partial topos.

Proof: the existence of limits of finite compatible

diagrams is easy: since the diagram is compatjble, the
intersection of the indices of the data is an index at

each member of which we have a diagram. The limits of
these diagrams fit together to form a lamination (extend-
ing if necessary to get a full equivalence class) which

is the limit. The terminal is [I,1] where I is the initial
object of C and 1 is the terminal object of FI.

The objects PA and ¢, are obtained by taking [=z,PA]
and [g,eA]. In order to show that these classify relations
into A, we need a characterization of monos in Lam(C,F).

Now in any category m is monic iff the square

D =D

m, &
D—>

is a pullback. For this to be true for a map of laminations

there must be an index on which each representative is
a pullback. Hence, each representative must be a mono.

With this information it is clear that the characteristic
map of a relation is the map of laminations consisting
of the characteristic maps of representatives of the

relation at each level in the index of the relation.



This theorem tells us that Lam(C,F) is as close to
being a topos as a partial category can be. To pinpoint
its internal propositional calculus we may ask what the
subobjects of the terminal are. In a manner analogous
to the technique used when C has colimits we can show
that pq = limcrgs. Investigating the axiom of choice
yeilds the result that if each of the topoi Fz satisfies
AC then so does Lam(C,F). Thus if we use this construction
to piece together models of set theory we will obtain
a structure very like a model of set theory, only with a
highly nonstandard propositional logic.

In particular, if we let C be the category with objects
complete Boolean algebras of projections on a Hilbert
space H and morphisms inclusions as complete subalgebras,
then we can define F taking B to LamB as defined in section
II (the topos of arbitrary partition laminations on B)
and taking an inclusion morphism to the logical morphism
described at the bottom of p.17.

If we apply the construction of this section to this
situation, we will obtain a partial topos which has the
lattice of all projections on H as truth values and which
has all epimorphisms split. It has an NNO given by [I,N]
where I is the complete Boolean algebra consisting of the
identity on H and the zero map. This means that Lam(C,F)
has precisely the kind of structure that we would like
a Quantum-logic valued model of set theory to have. In
particular, we can model higher order theories in Lam(C,F)
without having to change too many of our logical thought
processes. We can do mathematics in a quantum - logic
valued world.

It would be more desirable to use a functor which
gave the Boolean-valued models studied by Takeuti [9]
instead of LamB, but it is not known how (or whether)
the inclusion of complete Boolean algebras induces a
logical morphism between the Boolean -valued models he

considers.
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