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Stress Field in Finite Width
Axisymmetric Wound Rolls

Y. M. Lee A mo_del is deve_lopec_i for predict_ing the stress field within a wound roll of wet_) material,
Associat.e Men.1 ASME in which _the radial, circumferential, transverse, and shear stresses can vary in both_ the
' roll's radial and cross-web (transverse) directions. As has been the case in previous
J. A. Wickert wound roll stress analy_ses based on one-dim_ensional r_nodels, the present approac_h ac-
o Fellow ASME counts fqr the anisotropic anq non!lnear mateylal properties of.t.he layered web material,
and the incremental manner in which the roll is wound. In addition, the present develop-
ment accounts for arbitrary cross-sectional geometry and material of the core, and the
presence of nonuniform tension across the web’s width during winding. The solution is
developed through an axisymmetric, two-dimensional, finite element analysis which
couples individual models of the core and layered web region substructures. The core’s
stiffness matrix at the core-web interface provides a mixed boundary condition for the web
region’s first layer. In several parameter studies, variations of the stress components in the
roll’s radial and cross-width directions are discussed and compared with predictions of
the simpler companion one-dimensional model. The character of the stress field at the web
region’s free edges and along the core-web interface, and the possibility of stress concen-
tration or singularity existing there, are also discuss¢BOIl: 10.1115/1.1429934

Department of Mechanical Engineering,
Carnegie Mellon University,
Pittsburgh, PA 15213-3890

1 Introduction solutions that could be expressed in the form of easily computed
. . Integrals. Motivated by applications in magnetic tape data storage,
Continuous sheets of metal, paper, polymer, and other thin I mposch[2,3] investigated the viscoelastic characteristics of

terials are encountered in diverse products and industries. S - > . h
“web” materials are flexible mechanFi)caI structures that are tran%’-OI meric substrates, and developed a linear, anisotropic, and
e-dependent model to examine stress relaxation in wound rolls.

orted under tension and at high speed during their production - - - .
grocessing In short, wound rogllls ch:rmed arougnd a cgntral core E;E goda[4] demonstrated that the C|rcu_mfer_ent|a| stress in the vi-
' ' o ity of the core depends strongly on its stiffness. In short, a soft

(ri:)c:g?]ggolnnorr:iiglu fgﬁéu“?gcg g;/llr?onrm:?t% raggt:rrizll gsetgvrsaragy at'g re does not substantially resist the compression afforded by the
P 9 eb layers, in turn generating high compressive circumferential

transportation. {resses near the core-web interface and facilitating defects. Con-
The stress field within a roll develops incrementally as the f'rgolly and Winarski’5] surveyed the Altmann and Tramposch for-

layer 1S wrapped onto a core, fo_llowed by the addltl_on of rn"’m|¥‘|ulations, presented parameter studies in Poisson ratio, radial
more discrete layers. The resulting stresses determine to a la dulus, winding tension, core radius and thickness, and evalu-

extent the roll's quality, and can contribute to such failure mod ﬁﬁed such environmental factors as temperature and humidity
i .

?OS sCS éﬁ g?gﬁf;sn?’s'rc];enrlﬁ)éeér?;ﬁlgggaiﬂ?osl};”g% p\:\r/ircllilsemsgﬁgocp Each of the aforementioned studies specified that the layered
and-try efforts, the roll's state of stress preferably meets certgiporon !N the wound roll had linear, albeit anisotropic, elastic

design criteria. For instance, the circumferential stress withinlp;/J(_E)rzlgl'eviég;| ?:é?gﬁfs’ ?;é?j gil:g(ciieovr? li’sttﬁ Oevlvart]silg &Ogu#fr'”'i?] ég?
\g\?tej lgﬁfre)?é:ssgil\\//:réoprglnrte?sitgr? ég:l] (I::z;ldkig }32;'Igu%rkﬁrc:mpl_rﬁ(%]_nction of the radial stress. Even for such seemingly well-
! p g derstood materials as sheet steel or aluminum, the wound roll

wise, desirable radial stresses are large enough to prevent in ress problem is intrinsically nonlinear, with the roll being prop-

vidual layers from slipping relative to one another, but not so greé ly viewed as a composite, anisotropic, and nonlinear structure

as to cause surface damage. %J). Hakiel [7] and Willett and Poesc8] represented the lay-

Research pertaining to the stress analysis of wound rolls ha d ion's effective bulk radial modul | il §
rich history and has emphasized the development of o red region's effective bulk radial modulus as a polynomial func-

dimensional models wherein the core and web are each treated &2 of the radial stress, and approached the solution through finite

being infinitely wide. Those models account for anisotropic an%l rence methods, Other processes that contribute to bulk mate-
9 y : P | nonlinearity include air entrainment within the rd[l9,10)

B . N . |
nonlinear material properties, the bulk compliance of the core, ah ; . e
the roll's layered structure. Uniform mechanical properties a ghd asperity compliance at the surfaces of the individual web

. . I o ers.
tension across the width are likewise specified, and a key assump, .
tion used in such one-dimensional models is the specification of ound roll stress analysis is also governed by the effects of

; : ; . . .- wound-in tension loss, viscoelastic response, and the finite defor-
core stiffness being uniform across the roll's width, a restriction _.. . ' . b , f
that is re-examined here. mation of materials that are substantially soft in the roll's radial

Altmann [1] treated each web layer as an orthotropic pseﬁ_:rectlon. Good et al[11] accounted for tension losses within

- ; . .centerwound rolls of highly compressible materials due to reduced
lastic material, an vel linear wound roll model wi : . . . .

doelastic material, and developed a linear wound roll mode nterior radius. With corrected values for the wound-in tension, a
_ modified and more accurate stress model was developed based on

Contributed by the Applied Mechanics Division oHE AMERICAN SOCIETY OF H.ak|6| S approach._ Zabaras et. 512] (_:on_S|dered the deformation
MECHANICAL ENGINEERSfor publication in the ASVE QURNAL oF AppLiEDME-  NiStory of magnetic tape during winding and developed a hy-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, Oct. 2poelastic finite element model which accounts for variable loading
2000; final revision, June 5, 2001. Associate Editor: J. R. Barber. Discussion on fgtes. Qualls and Godd 3] extended previous linear analyses of
paper should be addressed to the Editor, Professor Lewis T, Wheeler, Departmentiaf e |astic winding mechanics by accounting for the roll's non-
Mechanical Engineering, University of Houston, Houston, TX 77204-4792, and wi . .
be accepted until four months after final publication of the paper itself in the Asmitn€ar bulk radial modulus. Bensdi4] developed an alternative
JOURNAL OF APPLIED MECHANICS. approach to the wound roll problem by accounting for the geo-
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Fig. 2 Collocated point radial compliance of (a) hollow cylin-
r drical and (b) cup-shaped cores. The parameter values are as
specified in Table 1 (plastic ).
Fig. 1 Schematic of a finite width wound roll comprising the
inner core and wound web regions

but axisymmetric geometry, so that the modeled problem has

) ) ] ) ] somewhat greater generality than that depicted in Fig. 1. The web
metric nonlinearity that arises when web layers are highly congself has thickness, and it is wound layer-by-layer into a cylin-
pliant. In that approach, finite radial displacements within the rofjrical shape having outer rading and inner radius, common
were treated by monitoring the position of material particles usingith the core. As an incrementally layered structure, the web re-
a |ap index, rather than radius, SO.aS to mark the same mategﬁ\jn is a Composite with bulk anisotropic properties’ and is
location regardless of the deformation level. formed fromN individual layers that have been shrunk-fit onto

These modeling issues play an important part in wound rdhe another.

stress analyses, and challenge the development of efficient nuThe materials and elastic properties of the core and layered web
meri_cal method_s to predict stresses that can vary in more than g@gions in Fig. 1 generally differ. For two core designs, Fig. 2
spatial dimension. Some so-called two-dimensional wound r@lkpicts the manner in which the core’s compliance changes in the
models have been examined by HaKieb|, Kedl [16], and Cole rolI's width-wise direction. Each core has properties and dimen-
and Hakiel[17] with a view toward understanding such width-sjons as specified in Table (plastig. The collocated point com-
wise variations as the outside roll's radius, winding tension, af}ﬂiance is recorded in Fig. 2 with respect to the core’s radial
stress field due to changes in material thickness. In those vieWgection. The hollow cylindrical core in Fig(8) has a symmetric
width-wise variations were modeled under the assumptions thaffness distribution irz, with the compliance at the core’s free
the roll could be partitioned across its width into strips or segdges being some three times greater than at the centerline. For
ments that do not couple, and that within each segment, thf cup-shaped core shown in FighR the asymmetric stiffness
stresses and displacements are width-independent and can begafile varies nearly tenfold between the closed and open ends. To
culated through a one-dimensional analysis. the extent that the core’s compliance establishes one boundary

The wound roll examined in the present study comprises coggndition that is afforded to the layered web region, it is problem-
and web regions of finite width, as depicted in Fig. 1. Aside from
core stiffness, the winding tension, material thickness, and elastic
properties can in principle also be nonuniform. Such realistic at- ) . .
tributes are not captured in a one-dimensional model, and it is afC/e 1 Baseline parameter values used in the case studies

objective of this investigation to develop the methodology to as- ©°¢

sess their importance. To the extent that the radial compliance of| Modulus, £ 3.5 (plastic) | GPa
the core varies along the axis of its generator, the innermost web 70 (aluminum) | GPa
layer is subjected to a stiffness boundary condition that varies - - 043 (ploctic) | —
across the web’s width. In what follows, by accounting for differ- | Feissonratio: ¥ S
ential core compliance, transverse stress, and shear stress, th 0.33 (aluminum) | —
model is capable of predicting the manner in which the wound | Outer radius, 7 25.0 | mm
roll's stress field varies in both the roll's radial and cross-web | wideh, w 12.7 | mm
directions. In several parameter studies, the extent to which - ko, £ 95| mm
stresses vary in the cross-width direction is discussed, and the
results are compared with those obtained from the simpler one-
dimensional model. Of further interest are the character of the vy,
stress field at the web’s free edges and along the core-web inter- -
face, and the possibility of stress concentration or singularity ex- | Tension, T Ll
isting at those points. Number of layers, NL 3000 —
Width, w 12.7 | mm
2 Core and Wound Roll Model Thickness, h 10.0| pm
2.1 Geometry and Boundary Conditions. Figure 1 depicts Bulk modulus, E, (jo;| < 4 MPa) | 10]o,* = 1200, [* + 590/o,| + 7 | MPa
a prototypical roll of finite widthw which is formed by winding Circumferential modulus, Ep 7| GPa
continuous web material at specified tensioonto a core. Shown Transverse modulus, E, 9| GPa
illustratively in Fig. 1 as a hollow cylinder, the core has inner - modulus, G, 100 | MPa
radiusr;, wall thicknesst, and coordinates— #—z centered in -
the roll. In what follows, the core is treated as having an arbitrary |_Foisson ratio, ve. = ver = v 03] —
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N

w(r,z) are the radial and transverse displacementg/jrrespec-

Linearly Nonlinearly tively. The stress field is determined through the method of
slastic s weighted residuals, and the weak form of the equilibrium condi-
leTe tions is given by the volume integral
i q NR
i T 5 f uTAudWw=0 1)
i ] o w
" : 4 O, Z Og
% P, B ¢ g o NZ ‘Q?,ht which provides governing equations ovéV, the rectangular
§ g L — o ~-> cross-sectiond={(r,z):r.<r<r, and —w/2<z<w/2}, and the
E T o, boundarySA={(r,z): r=r or r=r, and —w/2<z<w/2}U{r,
———T] % <r<r, andz=*w/2}. Those conditions become
L P2
! x_ A 1 Oy 1 -
Core, ¢ S ngu F(ro'r)’r* T+Urz'z) +&N(F(r(7rz),r+oz,z) dw=0
To 2
or

Fig. 3 Axisymmetric finite element model used to determine
wound roll stresses o, oy, o,, and o,,, shown illustratively

for a hollow cylindrical core 27TJ SU((roy) ;= o+ 10,,)+ow((ray,) +ro,,)dA=0,
A

®)

atic of one-dimensional wound roll models that such gradients aadd

their influence on the roll’s stress field cannot be captured.
Stress components, , o4, o,, and o, within the core and

web regions are each functions mandz and equilibrium solu-

tions are subject to certain displacement and traction boundary

conditions. For instance, rigid-body motion of a hollow cylindri-

cal core is suppressed by specifying that transverse displacement +(‘>\N),r))d-’4_277j (Su(oyn;+ o Nz) + SW(a Ny

vanishes at the center;(0) of the inner core’s surface. As each oA

!ayer is added to the roll, traction conditions over the boundary are +o,n,))rdsA=0, (4)

imposed as follows:

u
T +roy( b\N),z"' ro'rz((au),z

27Tf (rUr((SU)'r‘i‘rO’g

 inner core surfacea =r;, ze[—w/2w/2], and z#(r;,0): or
o, =0;=0,

« upper and lower core surfaces =w/2 andr e[r;,r.]: o, 27rj (8€'o)rdA—27 | (su™rdsA=0 (5)
=0,,=0, A SA

e upper and lower web surfacess =w/2 andr e[r¢,r,]: o, T . .
=0,,=0, where n={n,,n;}' is the unit normal, strains e

« outer web surface =r, and ze[—w/2w/2]: o,,=0 and =1{€ €€ ¥}, stressesr={o;,04,0,,0,,}", and tractions
o, =TI(w(r.+(n—=1)h)) t:{Crrr‘lr'%o'rznzxo'rznr"'Crzrlz}T-
) i ] Equation (5) is discretized locally by using four node, rec-
wheren (1=n=<NL) is the integer index of the current layer, andangular, axisymmetric finite elements, each having eight degrees-
NL is the total number of layers on the fully formed roll. of-freedom. The displacement field within each element is

2.2 Substructure Stiffness Matrices. In order to account 9'Ve€n
for realistic core geometry and designs, the wound roll is se
rated into substructure€={(r,0,z):r <r.,0< <2, —w/2<z 4
<w/2} over the core andWV={(r,0,z):r.<r<r,0<0<2m, ue:z N.
—w/2<z<w/2} over the layered web region, as indicated in Fig. =
3. Each substructure is discretized locally through finite element,
and they couple through the interfacial core-web stiffness matriix terms of shape function;=(a=(r —ry,))(b=z)/(4ab) and
Kc . Unit loads are applied sequentially to those nodes in the catiedal displacementaf:{ufwf}T. Herer,, 2a, and 2D are the
substructure’s model which are located along the core-web int@fiean radius, width, and height of each element, respectively, as in
face, and the corresponding nodal displacements are recorded Higr. 3. The discretized5) then becomes
version of the flexibility matrix so obtained, formed of displace-
ment vectors irr andz, provides matrixK of dimension 2NZ NE .
+1)X2(NZ+1), whereNZ is the number of elements allocated 2 uP (wa B[(D;(Ba’— €y) + o) d.A®
in zalong the core’s axis. Because of the potential variety of core i=1 A°
materials and geometr¥¢ is analyzed by using a commercial
finite element package. In that manner, the present method is ap- _27Tf NiTtird 5Ae) =0 7
plicable to designs having arbitrary shape znand isotropic, SA°
orthotropic, or anisotropic material properties. For illustration in . .
the case studies which follow, two prototypical core designs-WhereNE=NRXNZ is the total number of elements witiRin
cylindrical and cup-shaped—are considered, each having isotroffi€ radial directionD; is the elasticity matrixB;={d}{N;} is the
properties. derivative of the strain-displacement relations withd]

In terms of the layered web region, the equilibrium require=[/9r,0;1k,0;04/9z;9/9z,d/r ], andey; and ay; are the initial
ments, constitutive equations and conditions of compatibility agrain and stress In thigh element.
represented in terms of the displacement field{uw!™ as Au Sincesuf in Eq. (7) is arbitrary, solutions satisfita’=f in
=0, whereA is a matrix differential operator, and(r,z) and terms of the & 8 elemental stiffness matrix

a

=

©)
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with the measurement of corresponding displacements or strains
KFZZWJ B/D;B;d.A° (8) in #andz In practice, however, such compression plate fixtures
A invariably restrict in-plane expansion through frictional contact.
and the 81 elemental load vector Thus, conventionally in the analysis of wound roll stresses and

with an acknowledged view towards expediengy, and v,, are
ff:zﬁf NTtrd 545+ 27,] B;rDiGOidAe_z'n'f B oo d.A°. approximated on the basis of a material symmetry condition. Spe-
5A° e 42 cifically, to the extent the roll deforms elastically and in a path-
(9) independent manner,

As the nth layer is incrementally added to the roll, thén21)

(NZ+1)X2(n+1)(NZ+1) stiffness matrix ovenV is determined i E — E vom oy 2 (10)
throughK,,==N_ K¢, prior to the specification of boundary con- TR, Tt TEE, TR TR

ditions. Likewise, the 2f+1)(NZ+1)X1 vector of nodal loads ) ) ) o
becomesF=3N ¢, Summation here indicates the assembly dhe latter of which can be directly measured in principle. For the
=1 M mple polymeric material in Table 1, these conditions provide the

elemental matrices or vectors by the addition of overlapping termi&

at adjoining nodes, which requires a connectivity matrix relatinﬁpprox'mat'ons”zf0'233' and av, =1 MPa compressiony, ,

the local elemental nodes to the global structural ones. The proQ;021 andv;;=0.016. However, because of interlayer slippage

cedure is described in detail by Zienkiewicz and Tayltt8]. The and other effects, real web materials and rolls exhibit some degree

structure-level stiffness matrix of the entire wound rRlihaving ©f @symmetry along the loading-unloading path. As a result, the
boundary conditions as specified above becotfes Ko+ Ky condition(10) is not strictly applicable and should be viewed as a

where assembly of the matrices corresponding to the interfacﬁi]ysmall.y motivated apprgximation. In_the quthors’ measurements
nodes along =r is implied on certain polymers, for instance, at identical valuesrpf E,
c .

In this manner, the equilibrium conditions are expressed by tl\{@lues_which c_iiffer by 50-100 percent between the loading and
system of simultaneous nonlinear algebraic equatikpéa)a unloading portions of a compression test have been observed. To

=F. As discussed in the following section, nonlinearity arisege extent thag, is already typically much smaller tha, and

N : ¢, thev,, and v, values calculated through EQLO) are like-
zolgv(ttt]g stress-dependent bulk properties ¥ namely K wise small, and Bensofl4] has suggested specifying ,= v,,
).

~0. On the other hand, aside from the small differences in nu-

2.3 Web Region Elasticity Matrix. The elasticity matrix merical values between application of tfggiestionablgmaterial
D; for each element within VW is an important aspect of the symmetry condition and the specification (afbitrary) small val-
wound roll stress model. With each layer or group of layers haues forv, , andv,,, application of Eq(10) does have the pleasing
ing polar orthotropy, some ten material constants—magyland attribute that mathematical symmetry Ky, is preserved. On bal-
E,, bulk radialE, , and bulk shea6,, moduli, and Poisson ratios ance, and from that standpoint of computational efficiency,
Vozs Vors Vars Vzgy Vig, @andv,,—are needed to specify proper-the material symmetry condition is used here in determining
ties in the web region. Even for typical, not to mention exotio,,, v,,, andv,,, even while recognizing the limitations of that
materials, numerical values for those parameters are known wéthproximation.
varying degrees of certainty, and it is problematic to estimate With respect to the shear modulu§,, can in principle be
some of the parameters. For instance, the mdap@ndE,, and determined experimentally by loading a stack of materiakzin
ratiosv,, andv,,, can be readily measured. Since parametgrs under prescribed compressive stress, in conjunction with an angu-
and v,, relate in-plane loads to out-of-plane displacements, thégr distortion. The value so measured would be valid up to the
are challenging to measure for an already thin web layer. Tip@int at which interlayer slippage began. Lacking such available
specific E,(o,) dependence can be determined experimentaligeasured data fdg,, in the literature, in case studies he@, is
through standard compression testing of a stack of web matesalecified to be constarfit00 MPa near the valug130 MPg
having representative dimensio(i$§,8]). By fitting a polynomial E,/(2(1+v,,)) at o,=—1 MPa. Subsequent parameter studies
curve, for instance, to the measured data, a functional expresswith various values oG,, in the range 25 400 MPa have dem-
for the bulk-level radial modulus can be obtained. onstrated that the wound roll stresses are generally insensitive to

Accurate numerical values for ratios, andv,,, however, are G,,, with variations less than five percent, except é95 which
generally not available. Their measurement requires the applicaries withG,, in a substantially proportional manner.
tion of compressive forces across the layer’s thickness dimensionWith these considerations in minB; becomes

Er(l_Ez/EH)Vgg (Egvrot Ezvizvgn) Ex(vrovrz) 0
Ey(1—(E./E)vf) EfEwy+Egvv)/E, 0
D;=C, 5 (11)
E,(1—(E4/E;)viy) 0
Symmetric G,,/Cy
[
where Taylor expansion is used to linearize about either an initial esti-
. 5 5 mate atn=1 or the converged reswt obtained from a previous
Co =1-2 E/E)vigVorViz— Vi ( E,/E,)— Vaz(Ez/Ee) iterate.
2 £ IE 12 Computation begins by evaluatiri¢; at an initial estimate of
—vrg(E/Er). (12) the stress field. In the first iteration, the nodal displacements be-

2.4 Computation and Iteration. The equilibrium equations comea,=Kg*(a*)F. The vector of imbalanced nodal loads in the
are writteng(a) = Kg(a)a— F in terms of the nodal displacements second iteration becomesf,=Kg(a)a;—F. The incremental
and roots are found through Newton-Raphson iteration. As ea@hdal displacementsAa in the second iteration areda,
layer or group of layers is added to the stratifidd a truncated =K§1(a1)Af2, and the cumulative displacements at that stage

Journal of Applied Mechanics MARCH 2002, Vol. 69 / 133
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becomea,=a;+Aa,. Generally, at thgth iteration, the imbal- 0 , , , ' -

anced load, incremental displacement, and cumulative displa«ﬂ;-’ =77
ment fields are calculated through o1k e i
g \\\\ ‘_””//f’
Af 1 =Kg(gy)a—F (13) 3 -2+ R - -
&
_ -3 1 .
Aaj, 1 =Kg'(a)Afj 4 (14)
aj+1=aj+Aaj+1. (15)

For each system of locally linearized equilibrium conditions,
preconjugate gradient method is used to determineAtige and
convergence is identified by evaluating the norny
=(ZAa?/zal)* If nfalls below a specified tolerance, say £0
as in the case studies below, iteration is terminated.

With the nodal displacements so obtained, the stresses witlg s . . .
elementi of the wound roll are incremented by 25 30 35 40 45 50 55

Radial position r, mm

ferential stress A MPa

ircumd

C

A 0y, =D;i(Bija — &) + oy (16) Fig. 4 Comparison of the radial and circumferential stresses

as thenth layer is added. In turn, the cumulative stress along centerline z=0 as determined through the present  (——)
' ! and one-dimensional (-----; Hakiel [7]) models. The parameter

values are as specified in Table 1  (plastic, hollow core ).

O, = O(n-1)i + Aoy, 17
is represented in terms ef,; and the stresses;,_ 1) developed
by the first through f— 1) st layers. nite plate, the strength of the singularity depends on the ratios of
the (differing) material properties of the inclusion and the sur-
3 Comparisons and Convergence rounding material[20]).

. . gundurs[zﬂ demonstrated that the influence of the elastic con-

Results obtalne:d fror_n the present analysis are bench_marks@ nts for two isotropic edge-bonded materials is set by the two
against the one-dimensional model of HaKig], which does in- variables =(E —E)/(E +€) and B=(u1(kp—1)— ol

clude the effects of nonlinear radial modulus and uniform coré a=E1mE)iE™ =2 B=(plxz M2l K

compliance. Parameter values are as specified in Table 1, and fop))/ (#a(ka+ 1)+ ua(xy+1)), where E;=E; and kj=(3

_ 2 —
a hollow cylindrical core, Hakiel's “effective core modulus” was ~ ¥j)/(1+»j) for plane stress oi;=E;/(1-»j) and «;=3
calculated through —4v; for plane strain. In that formulatiorg;, »;, and u; (j

=1,2) are the elastic moduli, Poisson ratios, and shear moduli, of
the two edge-bonded regions, and the corner stress is character-
E(l—(rc—t)zlrﬁ) ized by the numerical value of the determinant quantitf
= 2.2 (18) —2p). For strictly positive values, stresses at the corner are sin-
(I+v)(re—t)rg+(1—v) e ; :
gular at orderp™*; for strictly negative values, the stresses are
whereE and v are the core’s modulus and Poisson ratio. Asideinite and nonsingular; and for vanishing determinant, the stresses
from discretization, in Hakie[7] equilibrium is only approxi- can be singular of order lgg depending on the applied loads
mately satisfied sincg, is calculated based on the stress state #s19]).
the previous, not the current, layer was added, and is specified td-or anisotropic materials, the character of the free-edge corner
be a constant as each layer is added. For slightly greater accuraggsses in ideally bonded quarter-spaces of dissimilar materials
here, the modulus is calculated based on the stress state athi&ie been investigated by Wang and C[22,23. That solution
current iteration. was developed through Lekhnitskii stress potentials, and an eigen-
A comparison ofo, and o, for the two solutions is shown in function expansion was developed to obtain the stress field near
Fig. 4, where values calculated along the roll's centeriind are the free edge. Alternative approaches have included enriched fi-
shown for the two-dimensional modéNR=100 andNZ=80). nite element and boundary integral methods which offer compu-
The two-dimensional model, which does not assume conditionstational efficiency([24]). The nature of the free-edge corner stress
plane strain or neglect Poisson coupling as does the ornagularity in composite laminates remains an open issue, and the
dimensional model, predicts larger values of the radial stress pyesent two-dimensional model can be viewed as a tool for ex-
some 15 percent, with peak values-e1.76 and—2.02 MPa for ploring the presence of stress concentration or singularity at the
the two models, respectively. The maximum occurs in each casdges of the core-web interface.
nearr=32mm. In terms ofo,, the two solutions are in close With solutions here based on finite element, the presence of a
agreement along the centerline with maximum deviation at tiéngularity is only suggested by high stress gradients and/or slow
core-web interface of less than ten percent. convergence rates under successive mesh refinements. Such cal-
In a one-dimensional model, no free edge exists along the cotedations identify whether stresses converge uniformly at edges of
web interface, and in particular, no free surface of dissimilahe core-web interface and enable stress concentration factors to
bonded materials exists, as is the case in a two-dimensional modelquantified, or whether the stresses do not converge or converge
(points P2, for instance, in Fig).3For linear, isotropic, homoge- slowly, in which case singularity is possible. For properties as
neous materials, such configurations are associated with stregecified in Table 1, Fig. 5 depicts convergence pfn the roll’'s
concentration or even singularity, and the corner stress can firet layer for the cases of plastic and aluminum cores. In each
non-singular, or of ordep™, or logp, where p is the radial case, the radial stress converges quickly at pointZ21Q() in Fig.
distance from the corner and is an exponent, depending on3, and for the plastic cores;, also converges bilZ=40 at points
material properties and the type of loadi(i@9]). In addition, in P2 (z=*=w/2), namely, edges of the interface. However, with an
related problems of elastic inclusions within a half-space or infaluminum core, the radial stress at P2 has not converged with
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Fig. 5 Convergence of ¢, at points P1 and P2 in Fig. 3 for (a)
plastic and (b) aluminum cores. The radial stress converges
well along the roll's centerline in each case, and at the edge of

the core-web interface for the plastic material.

Fig. 7 Surface and contour representations of the radial and
cross-web variation of o,; NR=100, NZ=80. The parameter
values are as specified in Table 1  (plastic, hollow core ).

) ] ) _ 4 Discussion and Further Applications

successive mesh refinements evenNat=160. This material-
dependent behavior is analogous to that observed in studies ofi.1 Stress Field With a Hollow Core. Figures 7-9 depict
other edge-bonded regions. variations of the four stress components as functionsasidz for

When stresses are finite and converged at P2, stress concertravound roll having hollow core, dimensions, and properties as
tion factors between the roll's nominal centerline stresses agpecified in Table 1. In Fig. 7, the maximum compressive radial
those at the core-web interface’s edge can be identified. The crosfsess of 1.89 MPa occurs €81.6£6.35 mm. The cross-width
web variation ofo, in the first layer is shown in Fig. 6 for both variation of o, diminishes with radial distance from the core. In
plastic and aluminum cores. In Fig(a for the hollow plastic the regionr =25~30 mm, for instance, the cross-width variation
core, the stress at the edges is sdfe1.22 times greater than in o is greater than ten percent. For the inner 58 percent of the
the centerline value, which could be a useful quantity in analyzirigyered region, the cross-width variation is greater than five per-
wound roll defects. In Fig. @), the shaded zones denote the&ent but becomes smaller at larger distances from the core in
regions where the stresses have not converged to three significstordance with St. Venant's principle.
digits atNZ=160. Even in that case, however, the influence of the The circumferential stress is tensile B, vanishes near
potential singularity is localized since the stress solution has sat35mm, and is compressive at radial locations nearer to core,
isfactorily converged over 90 percent of the roll's width. and with negligible cross-width variation. In an axisymmetric

structure,o, depends only on radial displacement, which in turn
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Fig. 6 Cross-web variation of o, along the core-web interface
for hollow (a) plastic and (b) aluminum cores; NZ=80 (OOO0),
and NZ=160 (——). The shaded zones in (b) denote regions Fig. 8 Surface and contour representations of the radial and

where the stresses have not converged to three significant cross-web variation of o,; NR=100, NZ=80. The parameter
digits. values are as specified in Table 1  (plastic, hollow core ).
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Fig. 9 Radial and cross-web variations of  (a) o, and (b) o,,;
NZ=80 (surface ) and NZ=160 (OOOQ; first layer only ). The
parameter values are as specified in Table 1  (plastic, hollow

core).
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Fig. 11 Surface and contour representations of the radial and

cross-web variation of o,; NR=100, NZ=80. The parameter
values are as specified in Table 1  (plastic, cup-shaped core ).

o,, are highly localized, their solutions have converged in Fig. 9,
where results foNZ= 80 (surface are compared in the first web
layer with the results foNZ=160 (data points

In the foregoing analysis, adjacent layers are assumed to remain
in contact with no lateral slippage. With an assumed coefficient of
friction of, say ©=0.3, that assumption can be re-examined by

is almost uniform for the chosen core design and with Umfo”@omparing the magnitudes of,, and wo, . Over the entire web
winding tension. The maximum compressive valuedgrof 10.9  qomain,, is smaller, providing internal consistency at least with

MPa occurs at the core-web interface.

respect to this no-slippage assumption.

In Fig. 9, the transverse and shear stresses are significant only
near the core-web interface, and rapidly fall to almost zero else-4.2 Stress Field With a Cup-Shaped Core. When the core
where. The localized character af and o, is attributed prima- is cup-shaped with wall thickness, width, outer radius, and plastic
rily to Poisson coupling in the core. Away from the interfacematerial properties as specified in Table 1, Figs. 10 and 11 depict
Poisson coupling is negligible becausg andv,, are small, and the radial and circumferential stresses as functions afidz. In

the stresses are likewise small. Although the solutions-foand
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Fig. 10 Surface and contour representations of the radial and
cross-web variation of o,; NR=100, NZ=80. The parameter
values are as specified in Table 1  (plastic, cup-shaped core ).
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the roll's first layer, the compressive radial stress varies between

25% 50% 100%

T

Radial stress o_, MPa

Circumferential stress Oy MPa

25 30 35 40 45 50 55

Radial position r, mm

Fig. 12 Variations of o, and o, along the roll's centerline with
increasing numbers of web layers: 25 percent, 50 percent, and
100 percent of a full roll;, NR=100, NZ=80. The parameter val-
ues are as specified in Table 1  (plastic, cup-shaped core ).
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Radial stress o; Circumferential stress o of significant cross-width variation. In each casg,varies further

635 from tension to compression across the roll's width.

5 Summary

The width-wise variation of stresses in wound rolls is investi-
gated by using a two-dimensional, axisymmetric, finite element
model. The present analysis relaxes assumptions made in previous
one-dimensional models in which the roll was specified to be
infinitely wide and with uniform core stiffness, winding tension,
and material properties. By separating the wound roll into two
regions—the core and layered web substructures—general core
geometry and designs can be accommodated, analyzed, and
optimized.

In several case studies with different materials and core geom-
etry, the radial and cross-web variations of the ¢4, o,, and
o,, stress components, as well as stress concentration or potential
singularity at the free edges of the core-web interface, are inves-
tigated. The transverse and shear stress in these examples are sig-
6.35 nificant only near the core-web interface and are attributed to

2 3 45 5% 3 45 5 Poisson coupling and strain mismatch between material proper-

Radial position r, mm ties. The model can be used for quantifying stress concentration at
edges of the core-web interface, and for identifying material com-
binations and core designs for which certain stress components
are expected to be finite or singular. The model can further be
applied to investigate the stress state in the presence of nonuni-
form winding tension or material thickness across the web’s
width, and those areas are subjects of current investigation.

25% 0.0

6.35

-6.35

50% 0.0

&%f&

6.35

Cross-web position z, mm

-6.35

100% 0.0

Fig. 13 Radial and cross-web variations of o, and o, with in-
creasing numbers of web layers: 25 percent, 50 percent, and
100 percent of a full roll; NR=100, NZ=80. The parameter val-
ues are as specified in Table 1  (plastic, cup-shaped core ).
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