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We discuss the renormalization prescription for fermions at finite temperature and describe the
procedure for calculating radiative corrections. Novel features arise, such as a lack of explicit
Lorentz invariance, 1/k? singularities, and the absorption of soft photons from the background heat
bath. The methods are illustrated by explicit calculation of the electron renormalization and the ra-
diative corrections to H —e *e ~ (with H being spin zero) in finite-temperature QED.

I. INTRODUCTION

In studying the applications of particle physics to the
early universe, one needs to use field theory at nonzero
temperature. The general formulation of finite-tem-
perature field theory was developed by Weinberg,! Dolan
and Jackiw,? and by Duncan’® who obtained the tree-level
propagators and Feynman rules, and calculated the effec-
tive potential in gauge theories. More recent applications
concern how the temperature affects scattering processes
and decay rates.*> In these cases, the temperature enters
through radiative corrections. However, the conventional
procedures for renormalization and calculation of radia-
tive corrections are not applicable. There are two main
reasons for this. First, the processes do not take place in
the usual vacuum but occur in the background of particles
present at finite 7, i.e., a heat bath. Additionally, finite
temperature theories are not explicitly Lorentz invariant;
the heat bath defines a preferred frame of reference.
Standard renormalization prescriptions use Lorentz invari-
ance heavily. It is the purpose of this paper to describe a
renormalization procedure appropriate for finite tempera-
ture.

The outline of our paper is as follows. In Sec. II we
briefly describe the real-time formulation of finite-
temperature field theory. Then in Sec. III we discuss mass
and wave-function renormalization for fermions by con-
sidering the fermion propagator. Weldon has studied the
photon self-energy so we need not repeat his work.® We
describe the procedure for calculating radiative corrections
of decays or scatterings in Sec. IV. Here we present an ex-
plicit calculation of the decay of a neutral scalar boson
(such as a Higgs particle) in order to demonstrate the can-
cellation of infrared divergences. We summarize the pro-
cedure and results in Sec. V. Finally in the appendices we
give a particularly simple and transparent derivation of
the finite-T propagator and the calculational details.

II. FINITE-TEMPERATURE FORMULATION

At nonzero temperature the presence of particles in the
background heat bath modifies the propagators even at the
tree level. For a rigorous derivation we refer the reader to
the early literature.” However, in Appendix A, we present
a simple derivation which demonstrates just how the
modifications of the propagator come about.

In the “imaginary-time” formulation, the energy vari-
able is treated as a discrete quantity and calculations in-
volve integrals over momentum and sums over energy.
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We prefer to use the “real-time” formulation wherein en-
ergy is a continuous variable as in conventional field
theory. The real-time formulation has the additional ad-
vantage of explicitly separating out the zero-temperature
result from the finite-temperature corrections.

The tree-level fermion propagator in momentum space
is

Sglp)= —2m8(p>—m*)p+m)np(E,) ,

(1
where B is the inverse temperature
B=1/T @)
and

1

B

“BE (3
e EP+1

nF(Ep )=

is the Fermi-Dirac distribution function. Note that we use
units of temperature where Boltzmann’s constant is set
equal to unity. The tree-level photon propagator in the
Landau gauge (which we adopt throughout this paper) is

i

Dl (q)=—g"* | ———+2mwd(g*)np(E,) | , @)
q°+ie
where
1
np(Ey)=—— (5)
! eBEq—l

is the Bose-Einstein distribution function. Feynman dia-
grams are calculated in the usual fashion, except for the
substitution of the above propagators in place of the usual
ones.

The usual infinite ultraviolet renormalization of the
masses and coupling constants are due to the zero-
temperature portion of the propagators. The finite-T
correction involves an exponential ultraviolet cutoff in the
distribution functions. However, new infrared problems
can (and do) arise because of the 1/E, singularity in
ng(E,) as E,—0. These require special treatment, as we
shall demonstrate.

III. RENORMALIZING THE FERMION PROPAGATOR

At the one-loop level the fermion self-energy is given by
the diagram in Fig. 1. Explicit calculation of this diagram
yields
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2 22 2
e . np(E, _1)8((p —k)?—m?) ng(k)8(k?)
b =3r_ — | d°k(2m —p+k — (6)
8P) =27 —0o(p)+ 43 J d'k@m—p+k) k24ie (p—k)P—m2+ie
=3r_op)+ :‘:;2—[(11~m)14 +A+2m —p)+d5], )
where
ko k
_817'f ——nB(k) It= Zf —ng k)‘——(—o——)—‘
E,ko—BK
d3l
= [ LhneEy) L LS ®)
1 E,Ej+m?>—p'1  E,E;—m?4p-1

(E, +E;,B+1) 3

(E,—E;,B+1)

3]
= iiE—n H(E)) )
1 E,Ei+m*—B-1 E,E
At T=0, Lorentz invariance allows us to write the self-
energy near the mass shell as

Zr_olp)=—(Z,~

The standard procedure identifies 8m as the mass shift
(mPYs=m +8m) and Z, as the wave-function renormali-
zation constant. The lack of explicit Lorentz invariance
obscures this identification when T5£0. We must then
turn to the basic definitions of these renormalizations in
order to define them unambiguously.

First we introduce some notation. We write the fermion
self-energy as

—Dp—m)+8m . )

3(p)=A(p)Ey,—B(p)p-¥—C(p), (10)
where
4= IA+LIO J +J_39
472 E ATE |
a 1= 1=
B=2 M 150+ 57,55,
477'2( p? p? B
C=-5mI"—27%)
4

and the coefficients may depend on E and P in a Lorentz-
noninvariant fashion. The inverse propagator is then

S~ p)=(1—A)Eyy—(1—B)py—(m —C)
=F—m , (1
where
Pu=((1—A)E,(1-B)p),

m=m-—-C. 12

e e e

FIG. 1. The diagram for the fermion self-energy.

—

—m?4+p-1

|
In order to find the physical mass of the particle we seek
the pole in the propagator. This may be done fairly sim-

ply:

Sp=—=~t - _F+m) (13)
F—ri+ie pl—mttie
The pole occurs when
pr—m?=0 (14)
or
(1—24)E*—(1=2B)p *—my*+2mC =0,
E?2_B%*=my*—2m,C +24E*>—2Bp?
=m02+$(21'p+2.f3'p+2m2.1,4)
2
=My AP ) . (15)

On the right-hand side of this equation it is appropriate to
this order in a to use E =E,=(P 2+m(2)!/2. The physi-
cal mass thus found can be a function of the three-
momentum P.

For the one-loop calculation we find (see Appendix B)

Monys*=mo*+ FarT?+ "Z-ZJ‘monA (p)
2
o poLd Ty D (16

At low temperatures (T <<mg) the last two terms, due to
fermions in the heat bath, are exponentially small and the
physical mass is independent of momentum. However, at
high temperatures it does depend on p through J4(p). As
Weldon has pointed out, the finite-T mass is nonzero even
if the T=0 mass, m,, vanishes.®

The particles which propagate freely in the finite-T heat
bath satisfy

(F—m

If 3 were Lorentz invariant (4 =B) this would reduce to
the Dirac equation with the mass /7 being the physical
mass. However, in general, the finite-T spinors are

Jug(p)=0 (17)
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~ 12 X

uglp)= E+m _ E(1—A4A)4+m —-C

B & 7P X 2E(1—A)
E+m

]1/2 X

(18)

o-p(1—B) Y
E(1—A4)4+m —-C

with a corresponding expression for the case of antiparticles. The renormalized fermion field operator can be expanded

in terms of these solutions:

YR(x)= f

27

)3 S [us(p)by(ple P> +vg,(p)d (ple+ 7] .

(19)

With the normalizations given, these fields satisfy the usual anticommutation rules

{zﬁg(x),aﬁ(x')}xﬁxé =8%x —x")oup »
{bs(p),b}(p")} =8%p —p"Bys
{dy(p),d}(p")} =8%p —p")8s: .

It is these commutation rules which define the renormalized propagator. We write

SE(x —p)=p(0| T(YRx)PR(y)) |0)g

- [ 22 on )3 3 [6(x0—yo)ug(p)ig(ple =P "= =2+ 6y —x0)vg(p)Tp(ple?"* ] .

If we use
S up(p)iEg,(p)= Zféﬁ S 05, (p)0p5(p) = — %.”1
s ]

this can be converted into a four-dimensional integral

4 .
SE(x —p)=—i [ (—‘;r%e“"“‘”u—A)——(L

72 +ie

The factor of (1—A) is required to produce a correctly
normalized propagator. Comparing this with the unrenor-
malized form permits us to identify the wave-function re-
normalization constant

Z,"'=(1—-4) . (24)

When the self-energy is Lorentz invariant this rule is iden-
tical to the conventional definition of wave-function re-
normalization

33(p) _ |
oy

but the prescription is not the same in general. The expli-
cit form of Z, is

-z, 1, (25)

z,7'=2,7 T =0~ 2% [ 4k,

anT? 1 1+v 1 .0
— 6E? ;l [l——v ]+JA———E‘JB (26)

with J, and J5 given in Eq. (8).

IV. RADIATIVE CORRECTIONS

There are several novel aspects to the calculation of ra-
diative corrections at finite temperature. We will discuss
these in more detail below but here we list some of these
features.

(a) One should use the finite-T spinors, Eq. (18), rather

(20)

(21)

(22)

__L —ipx—y_(1—4) . (23)
2m)° F—i+ie

than the usual T=0 spinors.

(b) In addition to the inclusion of soft-photon emission,
one must allow for processes involving the absorption of
soft photons or fermions from the heat bath.

(c) Finite-T renormalization constants are used and the
phase space is determined using the finite-T mass, m ;py.

(d) The density-of-final-states factor is modified by par-
ticles in the heat bath to

3
iB—L[l—np(Ep)]

27
(27 2E, @72

for fermions, and
[ 42 on )3 2E ——[1+n5(E,)] (27b)

for bosons. The existence of some of these features have
been noted in previous studies.* ¢

In addition there are two new types of divergences to
deal with. The first of these comes because the usual 1/k
bremsstrahlung singularities become intensified by the
presence of bosons in the heat bath. We will see that the
singularity is now of the form

r_1r 1
k efk_1k—oBk?

It will turn out that these leading singularities will cancel
between the vertex renormalization, soft emission, and soft
absorption. Another potential divergence comes from
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mass singularities. At T7T=0, the Kinoshita-Lee-
Nauenberg theorem® assures that any singularities as
m—0 can be absorbed into renormalization constants,
leaving physical processes finite in this limit. However, at
finite T, new mass singularities can in principle appear. A
finite-T" version of the KLN theorem has not yet been
proven, although we feel that it must be a physical re-
quirement that processes finite at =0 should remain fin-
ite when T50. We have not completely answered this
question, but the mass singularities in our explicit calcula-
tion do indeed disappear when all diagrams are included.

]

L7 g —mo=[F—mo—2(P)) | g+ D) | g =T — 7 +Z(P) | yrm, -

In this case we employ then the spinors associated with
the “Lagrangian” §—ni, and use the self-energy as a
“mass counterterm.” We will illustrate this in our explicit
calculation.

The need to modify the density-of-states factor and to
include absorption of particles from the heat bath has been
previously noted by Cambier et al.> and Dicus et al.®
That one must include the absorption diagrams in the to-
tal decay rate is clear. However, it is less obvious that this
inclusion plays a crucial role in the calculation of radiative
corrections. In our example below, however, the absorp-
tion of soft photons diverges like (1/k)ng(k) and is re-
quired in order to cancel similar divergences due to vertex
and wave-function renormalization. The modification of
the density-of-final-states factor is due to the stimulated
emission caused by the particles in the heat bath. For bo-
sons it adds to the total rate as in Eq. (27b). However, for
fermions, the sign is changed and the “stimulated emis-
sion” term lowers the decay rate (due to the Pauli princi-
ple).

As an explicit example of the method of calculating ra-
diative corrections at finite temperature we will consider
the decay H—e Ye ™, where H is a scalar particle (such as,
for example, a Higgs boson). For simplicity, we will as-
sume the H to be at rest with respect to the heat bath, and
calculate at T' <<m,. This latter condition means that we
can neglect finite-temperature modifications to the tree-
level fermion propagators; thus temperature effects enter
only through the photons. The T'=0 radiative corrections
to this process have been discussed in detail by Braaten,’
and we will only deal with the 7540 corrections. The
relevant diagrams to one-loop order are shown in Fig. 2,
and we will discuss each in turn.

(i) The bare vertex is

My=—igit(p')v(p) (30)

which leads to the lowest-order decay rate
m
I"0=—H—g2u3 s (31)
87
where

172
4m 02

mH2

v= [1—

(ii) The vertex correction, Fig. 2(b), has a temperature-
dependent part (see Appendix B)

The need to utilize finite-T" spinors is related to the
method of mass counterterms at T=0. We recall that,
since one wants to use the physical mass, the original La-
grangian is rewritten as

LT=0=F(i¥ —m)y
=T —m gy +Em)P

with 8m =m s —mg. One then employs spinors involv-
ing mp,,s and uses 8m as a perturbative counterterm. At
finite T this can be generalized (in momentum space) to

(28)

29)

1402
v

a
M yeriex = —-Mo; In

1—v

1+v } fow %ng(k).

(32)

This term illustrates the two new possible divergences dis-
cussed earlier. As k—O the integrand behaves as dk /k?
instead of the usual dk /k infrared behavior. In addition
M is singular when m —0,v—1. This divergence cannot

H H
] |
1 |
| |
et e” et e~
Y
(a) (b)
H H
| |
1 |
| |
Y
et e~ et e~
(c) (d)
H H
| | 4
| |
| |
et e~ et e~
Y
(e) (f)

FIG. 2. Diagrams for H—e%*e™ to order a. Diagram (a)
gives the bare coupling, (b) is the vertex correction, (c) and (d)
are the self-energy and mass-counterterm contributions, respec-
tively, while (e) and (f) correspond to real emission and absorp-
tion.
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be absorbed into coupling-constant renormalization be-
cause the coupling constants can be renormalized at T=0.
However, we will see that both of these singularities will
disappear by the time we arrive at the final result.

(iii) In discussing the self-energy corrections let us recall
the calculation of the previous section. At low T
(T <<m,) the finite-T portion of the self-energy can be
written as

3T(p)=[(p—m)I, +1(p)]j—4:2— : (33)
where (cf. Appendix B)
dk

IA=87Tf TnB(k)’
L= L | 14 (34)
op)= 3E, v 1—v |’

2072 1 1+v N
I,(P)— 3Ep 02 ‘l—v —2v |p; .

The corresponding mass shift and renormalization con-
stant are then
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(iv) In order to describe the mass counterterms, Fig.
2(d), we recall that we must employ the finite-7 spinors in
calculating the decay rate. This amounts to rewriting the
momentum space ‘“Lagrangian”

“3”=F_mo
as
“L=p— <. 37
g—m +1(p)4171 (37)
The mass counterterm for Fig. 2(d) is then
“6.7=+4(p)-% (38)
+4 1))41T2
which leads to
| __8m  &m Ap) a
Mcr=—igi(p') 7—m F'+m+ m A
Ap) a
+ am 4 v(p) . (39)

(v) We multiply the matrix element by a factor of
Z,~'2 for each external fermion line.

2
dm = a;rT , Collecting all contributions to the two-body vertex
" (i)—(v) we have thus
a Iy « (35)
Z= 14,5+ =2 |
4w’ E 4 o a1 (14w | odk
, M =—igiglp") [1—=—1n |2 | [ Zn,00)
The self-energy contributions to the matrix element, Fig. ™ v l1—v k
2(c), are then
&dm ém Iy « Qa
Mg =—igi(p’) |21, % + 22 O -2 2 1% uglp).  (40)
SE igu(p A4712+y-—m+p+m E a2 1442 g\p
_Ap) a APp) «a v(p) . (36) )
2m 47? 2m 472 p) . (vi) The matrix element for real emission is
]
— —iooirln’ ot p* B 1 1 k) .
Mg = —iegit(p') ok pk +yHk 2p-k+2p'-k v(ple,(k) 41
When squared and summed over spins this leads to
Ty 2p-p’ m? m p' 1 1
M 2=4e2 2 (p- I_m2) PP _ _ + |2p- /_mZE _m2 +—
| M|"=de’g™ o pkpk  (pkRE (kR | TP ' ok ||k T ok
" -k
+ |k 2k ] @)
pk  pk

[We caution the reader that it is incorrect to set m2=0 in
the above result even if one is not interested in small terms
such as m2/mg> This is because some of the denomina-
tors have 1/m? singularities which renders the result of
O(1). These would be missed by setting m2=0 too early
in the calculation.!?]

(vii) The matrix element for absorption of a photon is

—

obtained from Eq. (42) by k, — —k,.

We now evaluate all the corrections to the decay rate.
The simplest correction is that due to the modification
which takes place in “phase space” due to the
temperature-dependent change in the mass of the electron.
This yields (cf. Appendix B)
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AT =T 22mM 6 (5m2)
mgyg-v

2
_ 41T(12T2 +O(T4) .
mg-v

(43)

The correction to the two-body decay rate is found by
squaring Eq. (40) and summing over final states, giving
(cf. Appendix B)

2
AT=2T, fd—:ng(k) —ﬁ“'—"lni—fz+27“
__a_:i_(ll)_'ﬁ (44)
472 p2 '

The three-body rates (stimulated emission plus absorp-
tion) are more complicated because one must integrate
over the whole of the Dalitz plot, weighted by the distri-
bution function ng(k). The matrix element is a complicat-
ed function of k and the integrals of this with nz(k) can-
not be evaluated analytically. What we do is to expand
dT'/dk in powers of k [times np(k)] and then integrate
term by term, converting this integral into a power series
inT

%R_l +Ro+kR;+0(k?)

(45)
F=F—I+F0+F1+ Tt

In doing the calculation one must expand not only the ma-
trix element but also the size and shape of the Dalitz plot,
which makes the calculation quite tedious. For the lead-
ing (most divergent) term we find [adding emission and
absorption, which contribute equally (cf. Appendix B)]

2aT
9 d—kn,,(k) )
m

-2 X

F_n=

1402 ll+v
In
v 1—v

(46)

As expected, this precisely cancels the leading soft-photon
singularities in the two-body decay rate. The next term,
R(p), would also lead to an infrared divergence because
ng(k)~1/Bk as k—0. There is nothing in the two-body
rate, Eq. (44), with which to ameliorate this singularity,
and so R (o) must vanish. Indeed it does, due to a cancella-
tion of the effect of emission and spontaneous absorption.
Finally for the finite contribution of I'(;, we find

8a I l 1+v

Fm=?mH2 7 |In——+v [np(k)k . 47)

v 1—v

Adding together the two-body and three-body rate correc-
tions and integrating we find

4raT?

AF2’3= 2.2
mg-v

To+0(T*) . (48)

Note that at this stage all the mass singularities have also
disappeared, as we speculated must occur on physical
grounds.!®

The total correction, Eq. (43) plus Eq. (48), vanishes to
the order in T2/My? which we are working:

AT1or=AT (s+AT,3=04+0(T*) . (49)

This vanishing appears to be accidental, but we have also
calculated the radiative corrections for the decay of a
pseudoscalar H (instead of scalar) and found that to be
zero also. The calculation, however, does serve to illus-
trate the finite-temperature renormalization techniques.

There exist calculations in the literature®® evaluating
radiative corrections at finite temperature, which have in-
troduced some of the features described above. However,
the appropriate procedure for wave-function renormaliza-
tion appears to have been overlooked. For example, the
authors of Ref. 5 miss the finite terms I,/E in the wave-
function renormalization because of their use of the con-
ventional Eq. (25) instead of Eq. (24). The term I,/E is
significant because it is singular as m —0, and perhaps
could remove the mass singularities found in Ref. 5.

V. SUMMARY

We have discussed mass and wave-function renormali-
zation for a fermion at finite temperature. There exists a
temperature-dependent and (generally) three-momentum-
dependent mass shift which would be found by locating
the pole in the propagator. The wave equation for a fer-
mion in a heat bath is modified from the Dirac equation
by one-loop corrections and we defined finite-T spinors
[Eq. (18)] which solve the wave equation. By requiring
that the canonical commutation rules remain satisfied we
identify the renormalized propagator and thereby the
wave-function renormalization constant Z,. This identifi-
cation is not the usual one, but does reduce to it if the
self-energy is Lorentz invariant. The mass and wave-
function renormalization for an electron were calculated
in finite-temperature QED. We agree with previous re-
sults on the mass shift,!! but feel that other workers have
incorrectly calculated the wave-function renormalization
Z,.

Radiative corrections are calculated in the same way as
at T=0, except for the additional features.

(a) Finite-T spinors should be used.

(b) Phase space has a temperature-dependent and (gen-
erally) momentum-dependent modification due to the
mass shift.

(c) One must include diagrams involving the absorption
of particles from the heat bath.

(d) One must include stimulated emission. This effec-
tively modifies the density-of-final-states factor to

dp 1
(271')3 2Ep [1+n3(Ep)]

for bosons, and

dp 1 ..
(217_)3 2Ep [1 nF(EP)]

for fermions.

(e) Care must be taken to correctly identify the “mass”
counterterms as the Lorentz noninvariance of the calcula-
tion renders invalid the usual identification.

These points were illustrated by a sample calculation,
H-—sete.
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APPENDIX A: FINITE-TEMPERATURE

PROPAGATORS with H being normal ordered with respect to the T=0

vacuum. With this choice of normalization, we can read

In this appendix we present an elementary derivation of ~ Off the matrix element of the number operator at finite T’

the tree-level propagator at finite 7. For simplicity we

treat a scalar field. The field operator is expanded in t _ _
terms of creation and annihilation operators via p{0a’lkla(k)|0)g=np(wp)= Pox 4 (Ad)
dk 1 —ikex ikxg
= | ——F—— a(k)+et**q'(k)
) 2m)3"% 2wy e (il The finite-temperature propagator can now be calculated,
]
Dg(x —y)=p(0| T[$(x)p(»)]|0)p
d’k d’k’ —ikx, +ik'y Yopry oo +ikex, —ik'y, t .
= f 2,”)3 (22072 p€0| B(xo—yo)le e a(k)a'(k')+e e a'(k)a(k')]+x<y |0)g
k
= f (2 )3 _—[G(XO—YO)e"k *=P 4 O(yo—xgle T x—2]
T
3
+ f dk 1 nB(wk)(exk x—p) 4 g —ik-x—p)) (A5)

(2m)® 2w
The aa’ terms generate the usual Feynman propagator while the a'a terms count the particles in the heat bath. The
propagator can be easily rewritten using contour-integral techniques
A%k, ikx—p) 1

e m—hriﬁ(kz—mz)ng(wk) , (A6)

Dg(x —y)=i

which is the desired result. Similar derivations produce the spin-+ and spin-1 finite-temperature propagators. We ob-
serve then that the finite-T modification of the propagator is due to the existence of real particles in the heat bath.

APPENDIX B: CALCULATIONAL DETAILS

We calculate

3 7
m=2f dk__1 LN (B1)
ko o1 EkO—3K

First note that

d’k 1 © kdk _ 87w e~ xdx 473
[ —_—— = —_—
pul*=2[ PR 87 [ F =g do e (B2)
I° can be calculated directly
2 1 1 -~ _ P 47 . 1+4v pe xdx 27 1 14w
== A h =2 |- 1 == . B3
E, fkddek B 1 ok where V E, } B, B n fo 1~ 3 E, ny— (B3)
Then
— o 1 3
—1»2%4_727 xdx i]nl_’_v— =% 217-2 iln1+u _2l.
r B 0 e*_1 |V 1—v p° 3B 1—v

For the vertex renormalization diagram [Fig. 2(b)] we find
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SM =g062

)ia(p, )Y"Fx - v*v(p,)

i i
—k—m p,—k—
Pi1°D2

=_M0 f d*k 8k ko)~ "

a ) dk 1
My—=(1 )| —x (ko)
02772( Y f ko3 I—V'I?nB 0

= My Z (1402t 1+”f ——-nB(k) (B4)
T v

We obtain the so-called “phase-space” correction by evaluating the effect of the change my—my,, on the zeroth-order
decay rate. We find

8 3v2 dv mdém
—_— e —— — 2
r =, 4 Sm=—1 o2’ (B5)

as given in Eq. (43).
In calculating the so-called two-body decay rate, we start with Eq. (40), square, and take traces using finite-temperature
spinors. This yields

72
. PP — a 1+V 1+v ax fo a 2
(two-body) _» 2251 7 |1_2< -2 21
r To 2E 22 T 1—v ] f ok E 472 +2l 47
r EZ_mPhYZ 1__22 1+v2 In 14v dkn (k)+i¢_1_ ﬂn (k)—Z—E—‘@L) (B6)
-0 E*—my? T v 1—v kK2 T k? 4’ p? .

However, the factor (E 2—mphyz)/(Ez——moz) is already included in what we have called the phase-space correction.
Thus we have

ALtwo-body _ —na<k) 1+v I4o7 4o L1, 1 B 1) (B7)
1—v 41 p2

as given in Eq. (44).
In order to calculate the rate for emission of real photons the matrix-element factor [Eq. (42)] must be multiplied by
the phase-space factor

f d3k d’p,

1 ko 2 484k__ _ k
(2m)2k (2m)2E, (21r)32E [1-+np(kD)(2m) p1—p2—k)=

)2 [k f, m“dEl[1+nB (ko)]

(B8)
and integrated over E,k. Here

4m?

—k+tk |l - —
mH my(my —2k)

E max,min — 2

12
] (B9)

represents the range in lepton energy allowed by kinematics. For the temperature-dependent piece we need only keep the
terms in ng(kq). Since by dimensional arguments

dk k"ng(k)~T"+! (B10)

as long as we are willing to work at low temperatures (7 << my ) it makes sense to expand the final integrand over dk as a
power series in k /my. We find then for the rate of real-photon emission
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. [1— am? 1/212
2 my(mpy —2k) 2 2
&o HMH myg 1 myg m m
— ko) 18k 1 1——2 4 2 m_ 4
FE 2mH 8 f dk nB( 0) n 4m2 ‘ k 2 k2 3 k2 + mHk
my(myg —2k)
4 ) 172 )
m 4m 1 myg m
4 -8 —2k) |1 - ——————— 277,
RERPETS (ma ){ my(my —2k) 2 k kmy
_ 2. a ® my 2\ U7 1+U _1_ 3 2 1+v k 1+v
=4g, P fo dk np(ky) % [(1-{—1} )=—1In 2?7 + [—v ln——-l_v +————mH v+In - (B11)

The rate for absorption is obtained from Eq. (B11) by changing k— —k. Thus the combined absorption and emission

rate is given by

© my v 14w 1 k 14v
r = 2 @ —Z (1 ) jp——" =2 A
Te+Ta=go’ 5 [, dknalko) {— [( HoN) i — ot o oIy
8a | [1+v2, 14v 1 dk 1+v
= - k
Lo T f nB(k)+[ ]f d nB(k) (B12)
Note here that the most singular term, w(dk/k)ng(k), exactly cancels against the corresponding two-body

infrared singularity. The term in [,
grams. Finally, the remaining term,
correction given in Eq. (47).

dkwn g(k), which is also singular, cancels between the emission and absorption dia-
0 dk kng(k), is nonsingular and is the three-body contribution to the radiative
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