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Nonmodal and nonlinear dynamics of a volatile liquid film flowing
over a locally heated surface

Naveen Tiwari and Jeffrey M. Davisa�

Department of Chemical Engineering, University of Massachusetts, Amherst, Massachusetts 01003, USA

�Received 7 April 2009; accepted 10 September 2009; published online 1 October 2009�

The stability of a thin, volatile liquid film falling under the influence of gravity over a locally heated,
vertical plate is analyzed in the noninertial regime using a model based on long-wave theory. The
model is formulated to account for evaporation that is either governed by thermodynamic
considerations at the interface in the one-sided limit or limited by the rate of mass transfer of the
vapor from the interface. The temperature gradient near the upstream edge of the heater induces a
gradient in surface tension that opposes the gravity-driven flow, and a pronounced thermocapillary
ridge develops in the streamwise direction. Recent theoretical analyses predict that the ridge
becomes unstable above a critical value of the Marangoni parameter, leading to the experimentally
observed rivulet structure that is periodic in the direction transverse to the bulk flow. An oscillatory,
thermocapillary instability in the streamwise direction above the heater is also predicted for films
with sufficiently large heat loss at the free surface due to either evaporation or strong convection in
the adjoining gas. This present work extends the recent linear stability analysis of such flows by
Tiwari and Davis �Phys. Fluids 21, 022105 �2009�� to a nonmodal analysis of the governing
non-self-adjoint operator and computations of the nonlinear dynamics. The nonmodal analysis
identifies the most destabilizing perturbations to the film and their maximum amplification.
Computations of the nonlinear dynamics reveal that small perturbations can be sufficient to
destabilize a linearly stable film for a narrow band of wave numbers predicted by the nonmodal,
linearized analysis. This destabilization is linked to the presence of stable, discrete modes that
appear as the Marangoni parameter approaches the critical value at which the film becomes linearly
unstable. Furthermore, the thermocapillary instability leads to a new, time-periodic base state. This
transition corresponds to a Hopf bifurcation with increasing Marangoni parameter. A linear stability
analysis of this time-periodic state reveals further instability to transverse perturbations, with the
wave number of the most unstable mode about 50% smaller than for the rivulet instability of the
steady base state and exponential growth rate about three times larger. The resulting film behavior
is reminiscent of inertial waves on locally heated films, although the wave amplitude is larger in the
present case near the heater and decays downstream where the Marangoni stress vanishes. The film’s
heat transfer coefficient is found to increase significantly upon the transition to the time-periodic
flow. © 2009 American Institute of Physics. �doi:10.1063/1.3241967�

I. INTRODUCTION

Many industrial and technological applications involve
thin liquid films flowing over heated surfaces, including
coating processes, material processing flows, energy systems
with evaporative cooling, thermal management of electronic
devices, and separation processes. Because the surface ten-
sion of a liquid-gas interface depends on the temperature, a
temperature variation along the interface induces a surface-
tension gradient, or Marangoni stress.1 In thin liquid layers,
the thermocapillary flow associated with these tangential
stresses can make the film unstable to infinitesimal perturba-
tions that grow and ultimately lead to spatiotemporal pattern
formation or even film rupture.2,3 Evaporation can signifi-
cantly influence the temperature distribution in liquid films,
and models have recently been developed to study its effects
on the dynamics of locally heated films4 and the Bénard–
Marangoni instability.5 Detailed theoretical analyses have

been used to explore the stability of liquid films on heated,
horizontal surfaces6 and for films flowing down uniformly
heated, inclined planes.7–10 In addition, gravity-driven flow
down inclined surfaces with nonuniform heating has been
investigated recently.11–15

While most of these studies were focused on the inter-
action of the inertial surface-wave instability with ther-
mocapillary effects, there has also been much recent theoret-
ical work on pattern formation in liquid films flowing over
locally heated surfaces,16–23 in which interesting dynamics
occur even in the noninertial limit. These studies were moti-
vated by a series of experiments in which a thin liquid film
flows over an inclined plane wall bearing a rectangular
heater.24–27 The temperature gradient at the upstream edge of
the heater induces the formation of a two-dimensional bump,
or thermocapillary ridge, in the streamwise direction, and the
bump height increases with the heat flux from the heater. At
a critical value of the heat flux, the film becomes unstable to
disturbances with transverse wave numbers in a finite banda�Electronic mail: jmdavis@ecs.umass.edu.
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separated from zero,20 and a periodic array of longitudinal
rivulets forms at the downstream edge of the bump.

A linear stability analysis of models based on long-wave
theory revealed the existence of both a discrete and a con-
tinuous spectrum.19,21,23 The continuous spectrum consists of
eigenfunctions that approach bounded oscillations at the in-
finities, is described by the dispersion relation of a flat film,
and is always stable. The discrete spectrum is unstable be-
yond a critical Marangoni number for a band of wave num-
bers in the interval �q1 ,q2� with q1�0, corresponding to a
rivulet instability that is consistent with published results
from experiment and direct numerical simulation.20

Because the spatial nonuniformity of the base state gives
rise to non-normal �not self-adjoint� linearized operators that
govern the evolution of perturbations, Tiwari et al.21 per-
formed a transient, nonmodal analysis to study the short-time
dynamics of perturbations in the limit of negligible heat
transfer from the film �vanishing Biot number�. The transient
amplification of perturbations was found to be essentially
negligible for unstable wave numbers because the �unstable�
discrete eigenfunction is nearly orthogonal to the �stable�
continuous modes. Weak transient amplification was found
for stable wave numbers, indicating that nonmodal effects
are insignificant for noninertial flows over locally heated sur-
faces in the limit of vanishing Biot number. Tiwari and
Davis23 subsequently examined the linear stability of a vola-
tile liquid film flowing over a locally heated surface. Evapo-
ration results in significant heat transfer from the film to the
surrounding gas �analogous to larger Biot number�, and the
interfacial temperature depends not only on the substrate
temperature but also on the local film thickness, such that
spatial variations in the film thickness induce thermocapil-
lary flow. The resulting dynamics and dispersion curves can
be significantly more complex than in the vanishing Biot
number limit, as evidenced by the presence of an oscillatory,
thermocapillary instability23 in addition to the rivulet insta-
bility investigated previously.

It is therefore of interest to extend the model of Tiwari
and Davis23 to study the nonmodal and nonlinear dynamics
of these flows. In this present paper, the dynamics and sta-
bility of a thin, volatile liquid film falling under the influence
of gravity down a locally heated, vertical plate are analyzed
in the noninertial regime using a model based on long-wave
theory. The evolution equation developed by Tiwari and
Davis,23 which also forms the basis for this work, is briefly
summarized in Sec. II. Representative film profiles and dis-
persion curves from a linear stability analysis, which are
used to interpret results in subsequent sections, are presented
in Secs. III A and III B, respectively. Results of a nonmodal,
transient analysis are presented in Sec. III C. The optimal
perturbations, which elucidate the regions of the film most
sensitive to disturbances, are presented in Sec. III D. The
pseudospectra of the governing linearized operator are
shown in Sec. III E. Results from the nonlinear evolution of
the perturbed film are presented in Sec. III F, including the
nonlinear growth rate of perturbations, perturbation
magnitude that destabilizes a linearly stable flow, time-
periodic base states that correspond to a Hopf bifurcation of
the steady base state �and which are attained through the

nonlinear saturation of a thermocapillary instability�, and the
linear stability of these time-periodic base states to transverse
perturbations. Conclusions are presented in Sec. IV.

II. PROBLEM FORMULATION

Consider a thin liquid film with density �, viscosity �,
and thermal diffusivity �th flowing under the influence of
gravity over a planar substrate inclined from the horizontal
by angle �. The film flows along the plane in the x̂-direction,
ẑ is directed outwardly normal from the substrate, and ŷ is
the transverse coordinate in the plane of the substrate. A
rectangular heater is embedded in the substrate, as shown
schematically in Fig. 1, and generates the temperature profile

T̂�x̂ , ŷ , ẑ�= T̂0�x̂� at the solid surface, with T̂H=max�T̂0�. Far
upstream of the heater, the film has constant thickness

ĥ= ĥ�, corresponding to the liquid being supplied at a
constant flow rate. The liquid has surface tension �0 at the

ambient temperature T̂= T̂�. A linear variation of surface ten-

sion with temperature is assumed, i.e., ��T̂�=�0−�T�T̂− T̂��,
where �T�0 and �T��� /�T̂.

Dimensionless quantities are formulated by introducing
scaled variables,

�z,h� = �ẑ, ĥ�/ĥ�, �x,y� = �x̂, ŷ�/lc,

T = �T̂ − T̂��/�T̂, p = p̂/��0 Ca2/3/ĥ�� ,

lc = ĥ��3 Ca�−1/3, �T̂ � T̂H − T̂�, �1�

U = ��gĥ�
2 sin ��/�3��, G = �3 Ca�1/3 cot � ,

M = 31/3�T�T̂/�2�0 Ca2/3�, J = Ĵ��Hvapĥ�/k�T̂� ,

where lc is the dynamic capillary length, Ca=�U /�0 is
the capillary number, U is the characteristic velocity of
the falling film, and �Hvap is the latent heat of vapor-
ization. The Marangoni parameter M characterizes the
magnitude of the surface-tension gradient from the non-
uniform temperature profile at the heater. The parameter

G����gĥ�
2 /�0�sin ��1/3 cot � can also be expressed in terms

of a Bond number �Bo=�gĥ�
2 /�0� based on the film thick-

FIG. 1. Schematic diagram of a thin liquid film flowing over a heater. The
Marangoni stress at the upstream edge of the heater opposes the gravita-
tional flow, which leads to the formation of a capillary ridge.
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ness. The key dimensionless parameters are summarized in
Table I.

With the constraints Ca2/3	1, Re Ca1/3	1, and

Pe Ca1/3	1, where Re=�Uĥ� /� is the Reynolds number

and Pe=Uĥ� /�th is the thermal Peclet number, the governing
Navier–Stokes, energy, and continuity equations can be re-
duced to the leading-order evolution equation for the film,23

�h

�t
+ EJ + � · ��ex + ��2h − G � h�h3 − M � Tih2� = 0,

�2�

which is similar to evolution equations derived in many other

studies of thin liquid films.1 Here, E= �k�T̂� / ��Uĥ��Hvap� is
a dimensionless evaporation number that is a ratio of the

convective time scale, tc= ĥ� /U, to the evaporative time

scale, te= ��h�
2 �Hvap� / �k�T̂�, and k is the thermal conductiv-

ity of the liquid. In the remainder of this work, attention is
restricted to a vertical substrate, �=
 /2, so G=0. Vapor
recoil6 is neglected in this analysis.

The interfacial temperature is Ti=KT0 / �K+h�, and the
�dimensionless� mass flux is J=T0 / �K+h�.23 The parameter
K behaves as an inverse Biot number that quantifies the re-
sistance to heat transfer from the free surface to the sur-
rounding gas relative to the thermal resistance from conduc-
tion across the liquid film.28 This parameter can be defined in
several ways depending on how heat transfer from the film to
the gas is modeled.

In the one-sided evaporation limit,6,28 the interfacial tem-

perature T̂i is related to the mass flux using a linearized con-
stitutive equation derived from kinetic theory,29

Ĵ = ��E�v�Hvap

T̂�
3/2 �� Mw

2
Rg
�1/2

�T̂i − T̂�� , �3�

where Mw is the molecular weight, Rg is the universal gas
constant, and �v is the vapor density. The dimensionless,
empirical evaporation coefficient �E was defined28,30 as the
ratio of the observed to calculated evaporation rate and has
been used to correlate a large number of measurements.31

This coefficient has been shown to be a small parameter �E

�1, with reported values for water ranging from 0.0002 to
0.3 in many experimental studies at 1 atm and 20–50 °C.30

Smaller values of �E are common for polar liquids or when
trace impurities are present at the liquid-gas interface.30 In
this one-sided model, mass transfer �diffusion� of the vapor
is assumed to be very fast, corresponding to the limit of large
Peclet number in the gas phase.32 Consequently, the vapor
density is spatially uniform, and the evaporation rate is de-
termined only from thermodynamic considerations at the
liquid-vapor interface. The parameter K is then defined as

KOS= �kT̂�
3/2�2
Rg /Mw�1/2 /�Eĥ��v�Hvap

2 �.
In many situations, the rate of mass transfer of the vapor

from the interface limits the evaporation rate. For this case,
with the gas phase saturated in vapor in the vicinity of the
interface,32 the evaporation rate is equal to the rate at which
vapor is transported away from the interface,

Ĵ = km��v�int − ��
v � , �4�

where km is the mass transfer coefficient, �v �int is the vapor
density at the interface, and ��

v is the vapor density in the
bulk gas away from the interface as ẑ→�. For small differ-

ences between T̂i and T̂� such that �v�T̂� can be linearized,23

KMT=kRgT̂�
2 /km�vĥ�Mw�Hvap

2 . If km→� then thermody-
namic effects at the interface must be taken into account as
in the one-sided model.

For the case of a nonvolatile liquid, heat transfer from
the free surface to the surrounding gas is characterized by a
heat transfer coefficient kH, and the interfacial energy bal-
ance is

− kn · �T̂ = kH�T̂ − T̂�� at ẑ = ĥ�x̂, ŷ� . �5�

In this limit, E→0 and K�Bi−1, with Bi= ĥ�kH /k the Biot
number. As a consequence of the different physical mecha-
nisms that govern heat loss from the film, the admissible
range of values for K is large.23

The boundary conditions for Eq. �2� correspond to a uni-
form film away from the heater,

TABLE I. Definition and physical interpretation of dimensionless groups.

Parameter Definition Physical interpretation

Re �Uĥ� /� Ratio of inertia to viscous forces

Ca �U /�0 Ratio of viscous force to surface-tension force

Pe Uĥ� /�th

Ratio of convective heat transfer in flowing film to conduction
across film

M 31/3�T�T̂ / �2�0 Ca2/3� Dimensionless surface-tension gradient

KOS kT̂�
3/2�2
Rg /Mw�1/2 / ��ĥ��v�Hvap

2 �
Dimensionless vapor pressure driving force for net mass transfer

from free surface

KMT kRgT̂�
2 / �km�vĥ�Mw�Hvap

2 �

Ratio of heat transfer resistance between free surface
and surrounding gas to thermal resistance from conduction

across liquid film

Bi ĥ�kH /k�K−1 if E→0 Biot number

E k�T̂ / ��Uĥ��Hvap� Ratio of convective time scale to evaporative time scale

102101-3 Nonmodal and nonlinear dynamics of a volatile liquid film Phys. Fluids 21, 102101 �2009�
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h → 1, hx → 0 as x → − � ,

�6�
hx → 0, hxxx → 0 as x → � .

Because there is mass loss from evaporation as the film flows
over the heater, h→c1 as x→�, with 0�c11. For numeri-
cal computations, these boundary conditions were imple-
mented in a finite domain at x=−L1 and x=L2, with L1 and
L2 increased until there was no effect on the results, which
typically required L2+L1�L, with L� �60,120�. The initial
condition is a flat film h�x ,y , t=0�=1, which corresponds to
an isothermal surface.

III. RESULTS

A. Base profiles

The steady, two-dimensional base profile is found by
seeking solutions of the form h�x ,y , t�=h0�x�. Making this
substitution into Eq. �2� yields

ET0

�K + h0�
+

�

�x
��1 + h0xxx�h0

3 − MT0x
i h0

2� = 0. �7�

The base states were computed for a finite domain,
x� �−L1 ,L2�, with h0�−L1�=1, h0xxx�−L1�=0, h0x�L2�=0, and
h0xxx�L2�=0. Finite element computations were performed
using COMSOL 3.3 to determine the base profiles for a pre-
scribed temperature field T0�x� at the solid surface using a
modified, damped Newton method.33 The base profile was
calculated for a small value of M based on an initial guess
value of h0=1, and a continuation method34 was used to
extend the solution to larger values of M. Additional compu-
tations were performed by evolving the one-dimensional ver-
sion of Eq. �2� in time via the method of lines35 and the
implicit DASPK solver36,37 until a steady profile was obtained,
with a unit height profile used for the initial condition. The
results were identical to the solution of Eq. �7� as an ordinary
differential equation for the cases in which the film does not
undergo an oscillatory, thermocapillary instability, as dis-
cussed in Sec. III B. The accuracy of the solution method
was assessed by checking convergence after mesh refine-
ment, varying the domain length, and examining the invari-
ance of 	−�

� �MTx
i /h0+ �1−h0

3� /h0
3�dx=0 for E=0. This prop-

erty is guaranteed from Eq. �7� and its boundary conditions,
and the value of this integral was always less than 10−9.
Typically, about 2000 points were used for the computations,
with local refinement around the regions with steep gradients
in the temperature or free-surface shape.

The heater embedded in the substrate is modeled as

T0�x� = 0.5
tanh���x + ��� − tanh�0.5�x − 8��� , �8�

where � is a parameter that governs the steepness of the
temperature increase at the upstream edge of the heater and �
governs the streamwise extent of the heater. It has been
shown that � can have a significant effect on the base pro-
files and their stability behavior for a volatile liquid and that
the oscillatory, thermocapillary instability does not occur if
the streamwise width of the heater is sufficiently small.23 For
this study, �=1 and �=4.

Base profiles are plotted in Fig. 2 for M =15, along with
the interfacial temperature in the streamwise direction. At the
upstream edge of the heater, the temperature gradient induces
a Marangoni stress that opposes the flow of the film, and the
film thickens to maintain a constant flow rate. This local
thickening is smoothed by surface tension into a pronounced
thermocapillary ridge. The amplitude of the ridge increases
as M increases. As K decreases, Tx

i decreases, and the ampli-
tude of the ridge decreases because of the smaller Marangoni
stress induced by the diminished temperature gradient along
the interface. At the downstream edge of the heater, the
Marangoni stress augments the flow due to gravity, and the
film thins.

B. Linear stability

To investigate the stability of these two-dimensional so-
lutions to perturbations that vary in the transverse direction,
the film thickness is perturbed as h�x ,y , t�=h0�x�
+�h1�x , t�exp�iqy�, with �	1 and q the transverse wave
number of the perturbation. Upon substitution into Eq. �2�
and collecting O��� terms, the linearized equation governing
the evolution of perturbations is obtained,

�h1

�t
= �

i=0

i=4

Lih1
�i�, �9�

where

L0 = − 
3�h0
2�1 + h0xxx��x − ET0/�K + h0�2 − 2M�T0x

i h0�x

− M�T1x
i h0

2�x + q2MT1
i h0

2 + q4h0
3� ,

L1 = − �3h0
2�1 + h0xxx� − 3q2h0

2h0x − 2MT0x
i h0 − MT1x

i h0
2

− M�T1
i h0

2�x� ,

L2 = − �− 2q2h0
3 − Mh0

2T1
i � , �10�

L3 = − 3h0
2h0x,

L4 = − h0
3.

Due to the perturbation in h, the interfacial temperature pro-
file becomes Ti=T0

i +�h1T1
i , where T0

i �x�=KT0 / �K+h0� and

M K

K

E

E

FIG. 2. Base profiles h0�x� for M =15 for different values of K and E. The
curves with symbols are the corresponding temperature profiles Ti�x� at the
interface.
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T1
i �x�=−KT0 / �K+h0�2. Equation �9� is solved subject to the

boundary conditions

h1 bounded as x → � � . �11�

When discretized in space using fourth-order, centered
finite differences, Eqs. �9� and �11� yield a linear system of
equations that can be written in vector form as

�h1

�t
= Ah1, �12�

where A is an autonomous matrix and h1 is the discretized
form of h1. Assuming exponential time dependence for h1,
h1�x , t�=��x�exp��t�, yields the eigenvalue problem
��=A�, where 
�n� are the n eigenvectors of A. For each
value of the wave number q, the n eigenvalues �n�q� of the
matrix A were found using the MATLAB 6.1 function eig. For
the domain size and number of grid points used, the leading
eigenvalues were insensitive to the size of square matrix A,
which is of dimension 2000 or larger for all computations.

Representative dispersion curves obtained by solving the
eigenvalue problem are shown in Fig. 3 for M =15. It was
found in a previous study21 that for E=0 and K→�, corre-
sponding to a nonvolatile film in the limit of Bi→0, the film
is stable for M =15 and that the leading eigenvalue corre-
sponds to the continuous spectrum given by �=−q4. As K is
decreased a band of discrete, stable modes appears, as shown
in Fig. 3�a� for K=15 and E=0.10. The discrete modes are
real. As K is decreased further, the discrete band extends into
the unstable half-plane �for 0.51q0.77� as shown in Fig.
3�b� for K=8 and leads to rivulet formation. �Similar behav-
ior occurs as M is increased for fixed K.� It has been shown21

that the dominant mechanisms for rivulet formation in the

limit of small heat loss from the free surface �K−1=Bi→0�
are the additional capillary pressure gradient due to the per-
turbation thickness variation in the streamwise direction and
gravity. For larger heat loss, the rivulet instability is aug-
mented by a transverse Marangoni flow due to the variation
in perturbation thickness.23 For smaller K, a band of com-
plex, unstable, and discrete modes appears for small q
�0q0.31 in Fig. 3�b��. These unstable modes correspond
to an oscillatory, thermocapillary instability that begins
above the heater. The discrete and continuous spectra inter-
sect at q0.49 and q0.63 for the linearly stable film with
K=15. A more extensive analysis of the structures of these
different eigenmodes and the variation of the critical
Marangoni number with K and E can be found in the work of
Tiwari and Davis.23

The dominant eigenvector �1 that corresponds to the
leading eigenvalue for M =15, K=15, and E=0.1 is shown in
Fig. 4. The continuous mode for q=0.4 asymptotes to con-
stant values as x→ ��. For q=0.5, the leading eigenfunc-
tion is discrete, which corresponds to perturbations localized
near the heater and slowly decaying as x→�. The wave
number q0.49 corresponds to a repeated eigenvalue as the
discrete and continuous spectra intersect. The bifurcation of
a discrete mode from a resonance pole as it is crossed by the
continuous spectrum is discussed in detail by Kalliadasis
et al.19 Similar behavior occurs for q0.63.

The nonmodal and nonlinear dynamics of films corre-
sponding to the parameter values in Figs. 3 and 4 are inves-
tigated in the remainder of this work to illustrate typical
film behavior. The dynamics are similar for other sets of
parameter values, including nonvolatile films with E→0 and
K�Bi−1.

C. Transient amplification: Nonmodal analysis

The structure of the base profile is highly nonuniform in
space, which when coupled to the nonlinearity of Eq. �2�
yields38,39 a non-normal linear operator A with eigenvectors
that are not orthogonal. Transient amplification of perturba-
tions due to the interaction of these nonorthogonal eigenvec-
tors could lead to instability wavelengths different than those
predicted from a modal linear stability analysis or possibly
instability in a linearly stable film due to the large growth of
finite-amplitude perturbations at early times.40,41 Further-

(a)

(b)

FIG. 3. �a� Leading eigenvalues �n of A for M =15, K=15, and E=0.1. �b�
Real part of the leading eigenvalues of A for M =15, K=8, and E=0.1.

M
K
E

Φ1

FIG. 4. Leading eigenfunctions for M =15, K=15, and E=0.1.
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more, for a normal system, the most harmful perturbation is
the leading eigenfunction of the linear system. For a non-
normal system, the structure that undergoes the largest am-
plification, which can be found from a nonmodal analysis,
may be significantly different than the eigenfunction and has
important implications for techniques to stabilize the flow.

The general solution to Eq. �12� is

h1�t� = exp�At�h1�t = 0� , �13�

where h1�t=0� is the initial perturbation applied to the base
state. The maximum amplification �max of an initial pertur-
bation over the time interval t is then given by41

�max�t� = sup
h1�t=0��0

�h1�t��
�h1�t = 0��

= �exp�tA�� , �14�

where � · � represents the l2 norm. If nondefective, the matrix
A has the similarity transform A=S�S−1, where S is the
matrix whose columns are the normalized eigenvectors �n of
A in order of growth rate and � is the diagonal matrix of the
associated eigenvalues.42 It follows that

exp��1t�  �exp�tA��

= �S exp�t��S−1�  �S��S−1�exp��1t� , �15�

where �1 is the leading entry of �, 
��11. If A is normal, S is
unitary, and �exp�tA��=exp��1t� ∀t. If A is non-normal,
however, the eigenvectors are not orthogonal, and �S� and
�S−1� can be very large. Perturbations could therefore be am-
plified by several orders of magnitude and induce nonlinear
effects.40,41 As t→� the first column of S and the first row of
S−1 exponentially dominate, and it follows from Eqs. �14�
and �15� that

lim
t→�

�max = ��1���̂1�exp��1t� , �16�

where �̂1 is the leading eigenvector of the adjoint operator

associated with A and normalized such that ��1 ,�̂1�=1.
The maximum transient amplification of a perturbation

to the film is shown in Fig. 5 for two sets of parameter
values. Each point on these curves represents the maximum
growth of an initial condition that is optimal for the time
interval �0, t�. In Fig. 5�a�, the maximum transient amplifi-
cation is plotted for M =15, K=8, and E=0.1. The film is
unstable for q=0, 0.2, and 0.6 and stable for the other wave
numbers shown in the plot. Growth rates obtained from the
modal analysis were recovered for t�30 for q=0, 0.2, 0.4,
and 0.6. For q=0.5, the modal growth rate is not obtained
even at t=70, and the transient amplification is nearly e6,
which is an indication of the non-normality of A for this
wave number. The maximum transient amplification of per-
turbations to the linearly stable film for M =15, K=15, and
E=0.1 is shown in Fig. 5�b�. Transient growth of more than
two orders of magnitude is seen for q=0.2 and q=0.49 even
after t=40. The large transient growth for q=qr10.49 is
related to the repeated eigenvalue as the discrete and con-
tinuous spectra intersect in Fig. 3. Similar transient growth
may be expected for q=qr20.63 where the continuous and
discrete spectra also intersect, but the perturbation is ampli-
fied less because the model decay rate is larger.

Nonmodal growth can indicate a deviation from the dy-
namics predicted from the modal analysis. Shown in Fig.
6�a� is the maximum transient amplification with the modal
growth factored out, �= �exp�tA��exp�−�1t�, versus t. For
q=0.2 and q=0.9, this nonmodal growth is less than O�10�

(a)

(b)

M
K
E

M
K
E

A
A

FIG. 5. Maximum transient amplification of spanwise perturbations to the
film with M =15 and �a� K=8 and E=0.1 and �b� K=15 and E=0.1.
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FIG. 6. �a� Maximal nonmodal amplification, ���exp�tA��exp�−�t�, vs t
and �b� ��t→�� vs q for the linearly stable film with M =15, K=15, and
E=0.1.
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and asymptotes to a constant by t40. For q0.49 and
q0.63, the nonmodal growth is very large and continues to
increase significantly at t=70. Shown in Fig. 6�b� is the non-

modal growth at large times, ��t→�����1���̂1�, versus q.
This quantity is very large for q=qr1 and q=qr2 for this

linearly stable film because �1 and �̂1 are nearly orthogonal,
although the actual amplification of a perturbation,
�exp�tA��, is finite because of the exponential decay associ-
ated with the leading eigenvalue. For the repeated eigenval-
ues at q=qr1 and q=qr2, the corresponding eigenvectors of A
are identical �within the numerical accuracy�, which yields a
defective matrix A. The growth rates of the modes are there-
fore exp��1t� and t exp��1t�. The curves � versus t in Fig. 6
for q0.49 and q0.63 become nearly linear by t50, and
t−1� asymptotes to a constant value as t→�, as indicated in
Fig. 6�b�. The large transient amplification for q=qr1 and
q=qr2 is therefore due to algebraic growth proportional to t
caused by the repeated eigenpair.

These interesting nonmodal dynamics motivate an inves-
tigation of the nonlinear dynamics of perturbations to the
film. Such large nonmodal growth for the wave numbers
corresponding to repeated eigenvalues was also found for
linearly unstable films �e.g., M =15, K=8, and E=0.1�, al-
though in those cases the dynamics are dominated by the
unstable modes. It has been shown that the nonmodal ampli-
fication ��t→�� is proportional to the square root of the
domain length for continuous modes and is independent of
the domain length for discrete modes.21

D. Optimal perturbations

The evolution of an optimal initial perturbation into its
final state after time t can be found by the singular value
decomposition41 of exp�tA�,

exp�tA� = U�V†. �17�

The columns of the unitary matrix V are the complete set of
�orthogonal� initial states, and the columns of the unitary
matrix U are orthonormal basis vectors that span the range
space of final states. The diagonal matrix � contains ele-
ments �i that describe the growth rate of each corresponding
initial state during the specified time interval. The vectors Vi

form the columns of V, and the optimal perturbation at a
specified time, Vopt�V1, is the initial condition that under-
goes the maximum growth over the time interval t as it
evolves into Uopt�t�. This maximum growth is denoted by the
leading singular value, �max�t���exp�tA��, and corresponds
to the amplification shown in Fig. 5 at time t.

The maximum possible amplification at any time is at-
tained by the optimal initial disturbance calculated for that
time. As t→�, Uopt asymptotes to the eigenfunction that
describes rivulet formation in the spanwise direction, �1.
The optimal initial disturbance, Vopt�t→��, in this long-time
limit �at which the most unstable mode dominates� asymp-

totes to �̂1, the eigenvector of the adjoint linearized operator,
which is the initial condition that optimally excites the most
unstable mode. �Slight differences may occur at the ends of
the domain due to the imposition of the physical boundary

conditions on the adjoint eigenvector.� For normal A, the
optimal initial condition for any time is the normalized lead-
ing eigenvector.

Shown in Fig. 7 are the optimal initial perturbations and
the evolved states for q=0 �oscillatory instability� and
q=0.6 �rivulet instability� with M =15, K=8, and E=0.10.
For q=0, Vopt is located at the leading edge of the heater for
small t and extends a distance x20lc units upstream as
decaying oscillations that are convected to the forward por-
tion of the capillary ridge where the Marangoni stress op-
poses the bulk flow, as shown in Fig. 7�a�. By time t=5, the
oscillations appear at x−25. For t�15, the oscillations in
Vopt extend further upstream such that they undergo transient
amplification when they are convected over the heater. For
early times, the evolved states Uopt�t� in Fig. 7�b� localize at
the upstream edge of the heater but for later times are oscil-
lations that encompass the entire heater by t=5 and extend
far downstream by t=15. By this time Uopt is indistinguish-
able from the eigenfunction �1.

The shapes of Vopt and Uopt for q=0.6 are plotted in
Figs. 7�c� and 7�d� and are significantly different than for
q=0. For t=1, Vopt is sharply peaked at the leading edge of
the heater and extends upstream about x=15lc units. As t
increases, Vopt broadens somewhat upstream but retains the
strong peak at the leading edge of the heater. For t�15 Vopt

is constant in time, and its structure reveals that perturbations
applied to the portion of the film from −40x0 are am-
plified the most strongly, with the forward portion of the
capillary ridge the most sensitive region to perturbations.
These results suggest that the rivulet instability might be
suppressed by appropriate modulation of the flow in this re-
gion of the film. The evolved state Uopt is focused at the
forward portion of the capillary ridge �leading edge of the
heater�. For t�15 Uopt is constant and indistinguishable from
the leading eigenfunction. This rapid asymptote to the modal
behavior corresponds to the small nonmodal growth for un-
stable q in Fig. 5�a� and occurs because of the near orthogo-
nality between the �discrete� leading eigenfunction and the
stable, continuous modes at this value of q.

FIG. 7. Optimal perturbations for the unstable base state with M =15,
K=8, and E=0.1. �a� Optimal initial perturbation Vopt and �b� corresponding
evolved state Uopt after time t for a perturbation with wave number q=0. �c�
Vopt and �d� Uopt for q=0.6.
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Shown in Fig. 8 are Vopt and Uopt for q=0.49 for the
stable film with M =15, K=15, and E=0.10. This wave num-
ber corresponds to a repeated eigenvalue, as shown in Fig. 3.
At early times Vopt again is peaked at the leading edge of the
heater and extends upstream. A more interesting structure
appears for intermediate times, t20, at which Vopt extends
far upstream like an optimal perturbation for a stable, con-
tinuous mode21 but also has a structure at the leading edge of
the heater like an unstable, discrete mode. The shape of Vopt

does not change significantly for t�40, and the perturbation
is focused at the upstream boundary of the computational
domain. The evolved perturbation Uopt is again focused at
the leading edge of the heater for early t and encompasses
more of the film for later t. For earlier times the structure is
similar to a discrete mode, but for later times Uopt resembles
a stable, continuous mode and eventually asymptotes to the
eigenfunction by t100. The deviation from modal dynam-
ics for such an extended time interval after a perturbation is
applied implies a significant degree of non-normality in the
linear operator and suggests that further investigation of A is
warranted.

E. �-pseudospectra

The �-pseudospectrum of a matrix A is the set of
points39,40,43

���A� = 
w � C:w � ��A + E�,�E�  �� , �18�

where �� · � denotes the spectrum of � · �. The
�-pseudospectrum thus consists of the eigenvalues of a per-
turbed matrix and reveals the susceptibility of the eigenval-
ues to perturbations. For M =15, K=8, E=0.1, and the un-

stable wave number q=0.6, the �-pseudospectral contour
does not exceed the spectrum by more than � near the lead-
ing eigenvalue, implying that the leading eigenvalue is
physically determinant. The minimum angle between the
leading eigenvector and each other eigenvector is nearly

 /2, indicating the near orthogonality of the leading eigen-
mode to the others. The dynamics are thus dominated by the
unstable, leading eigenvalue as was also found for unstable
films with no heat transfer.21 The pseudospectra therefore
provide little additional information for these parameters and
are not shown.

Shown in Fig. 9 are the �-pseudospectra of A computed
with the eigtool �Ref. 44� for MATLAB 6.1. Contours are
shown in Fig. 9�a� for �=10−1 ,10−2 , . . . ,10−11 for the stable
film with M =15, K=15, E=0.1, and q=0.54, which is the
least stable wave number as shown in Fig. 3. The symbols
are the leading eigenvalues of A. For each value of �, the
�-pseudospectrum extends a distance of approximately � be-
yond the leading eigenvalue, which is the behavior expected
for a normal linear operator. Nonmodal dynamics should
therefore be insignificant for q=0.54. More interesting is the
result for q=0.49, which is shown in Fig. 9�b�. The film is
still stable at this wave number, which corresponds to a re-
peated eigenvalue. The �=10−7 contour extends into the un-
stable right half plane �to Re�w�=0.017�, indicating that a
perturbation to A with such small magnitude could make the
film linearly unstable. In practice, such perturbations could
be small deviations of the film profile from that calculated in

(a)

(b)

M
K
E

FIG. 8. �a� Optimal initial perturbation Vopt and �b� corresponding evolved
state Uopt after time t for a perturbation with wave number q=0.49 applied
to the linearly stable base state with M =15, K=15, and E=0.1.

(b)

M
K
E

(a)

FIG. 9. Plot of the pseudospectra given by ���A�= 
w�C :w���A
+E� , �E��� for the linearly stable film with M =15, K=15, E=0.1, and �a�
q=0.54 �least stable eigenvalue� and �b� q=0.49 �repeated eigenvalue�. The
abscissa is Re�w�, and the ordinate is Im�w�. Contours are plotted for
�=10−1 ,10−2 , . . . ,10−11 �the �=10−11 contour is not visible in �a��. The sym-
bols are the leading eigenvalues of A.
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Sec. III A due to experimental noise or a minor disruption to
the film. The computed eigenvectors corresponding to the
repeated eigenvalue are identical, indicating a significant in-
teraction, and the minimum angle between these eigenvec-
tors and the others is greater than 9
 /25, so the interaction
with those modes is relatively weak. The eigenvalues with
nonzero imaginary parts are more susceptible to perturba-
tions because the �=10−11 contours are visible on an O�1�
scale at the left of the figure, but these modes do not signifi-
cantly influence the dynamics because their associated decay
rate is much greater. The minimum angle between the other
eigenvectors was found to be approximately 
 /9, indicating
a potentially large interaction between the modes that is
similar to films with driven contact lines.38,39 These results
suggest that if the linearly stable film were to become un-
stable due to a finite-amplitude perturbation, instability
might occur not for the least stable wave number �q=0.54�
but instead for the wave number with largest nonmodal
growth. This possibility and the relevance of the nonmodal
analysis to the nonlinear dynamics are explored in Sec. III F.

F. Nonlinear evolution of perturbations

Computations with Eq. �2� were performed to study the
nonlinear evolution of perturbations and the significance of
the nonmodal dynamics. After computing the steady base
state, a perturbation was applied to the film, and its evolution
was computed using periodic boundary conditions in y
and the conditions given by Eq. �6� in x. Soft boundary
conditions45,46 were used at x=L2 and were found to have a
negligible effect away from the boundary. The perturbation
was chosen to be the structure with the maximum instanta-
neous growth rate, which can be found from eigenanalysis of
the matrix B= �A+A†� /2. This growth rate is the leading
eigenvalue �the spectral abscissa� of B, �max

R �B�
�max
��B��, and the perturbation that induces this growth
is the corresponding eigenvector �B. This instantaneous
growth rate is also a nonlinearly valid bound on the potential
for perturbation growth.41,47

Shown in Fig. 10�a� is the maximum instantaneous
growth rate, ��A���max

R �B�, for M =15, E=0.1, and several
values of K. As K increases, � decreases, which is the same
trend as in the linear stability results. Shown in Fig. 10�b� are
the corresponding eigenvectors �B for K=15 and q=0,
q=0.49, and q=0.63. The perturbations are again localized at
the leading edge of the heater and forward portion of the
fluid ridge.

As a check on the nonlinear computations, the
linear stability results were first verified. The growth of
the perturbation is defined as the amplification ratio
H=ln��h�x ,y , t�−h0�x�� / �h�x ,y , t=0�−h0�x���, where �� · ��
= �		CD� · �2dxdy�1/2 and CD represents the computational do-
main. The initial perturbation is �B cos�qy�, and its magni-
tude is �1= �h�x ,y , t=0�−h0�x��, which is comparable to the
maximum amplitude of the perturbation. The domain width
in y for these computations is 2
 /q.

The nonlinear growth of a perturbation for the linearly
unstable film with M =15, K=8, and E=0.1 is shown in Fig.
11�a�. For q=0.6 it can be seen from Fig. 3 that the film is

linearly unstable with eigenvalue �=0.34. After a brief tran-
sient period, the slope of the curve for q=0.6 in Fig. 11�a� is
0.335 until t20, which is in good agreement with the linear
stability result. After this time the slope increases as the film
thins significantly between the developing rivulets. A contour
plot of the computed film profile after rivulet formation is
shown for these parameters in Fig. 11�b�. The rivulets extend
from the thermocapillary ridge and are separated by thin re-
gions of the film. At later times the film thins and tends to
rupture at the front of the thermocapillary ridge due to the
mass loss above the heater. It was found that rupture could
be prevented through the introduction of a disjoining pres-
sure term in the evolution equation, but the dynamics as the
film thins significantly between the rivulets is beyond the
scope of this work. For q=0.35, the film is stable for
�1�10−3 as predicted by the linear stability analysis, and the
growth of a small perturbation is shown by the curve with an
s in the plot. For perturbations with �1�10−3, the film is
nonlinearly unstable, and the growth of such an unstable per-
turbation is given by the curve with a u. Also plotted is the
growth of the perturbation for q=0, which in the linear sta-
bility analysis has a complex eigenvalue with positive real
part. It is apparent from the nonlinear results that this oscil-
latory thermocapillary instability evolves to a new two-
dimensional, time-periodic base state. This transition is asso-
ciated with a Hopf bifurcation from the steady base state as
M is increased or as K is decreased. The growth rate before
nonlinear saturation is consistent with the prediction of the
linear stability analysis. This time-periodic base state is ex-
amined further in Sec. III G.

A linear combination of perturbations of different wave
numbers 0.25�q�1.0 with �1=10−2 was applied to the base

(a)

(b)
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K
K
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ΦB

FIG. 10. �a� Maximum instantaneous growth rate ��A� vs q for M =15,
E=0.1, and several K. �b� Corresponding eigenvectors �B for M =15,
K=15, and E=0.1. The curve with symbols is T0�x�.
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state with the parameter values in Fig. 11�a�, and an array of
rivulets ultimately developed for this linearly unstable flow
with the transverse wave number that corresponds to the
largest eigenvalue, confirming that the linear stability results
capture the relevant dynamics for this linearly unstable flow.
Further, the oscillatory, thermocapillary instability developed
for K=5 for a similar linear combination of small perturba-
tions, which is consistent with the linear stability results for
that value of K. The width of the computational domain was
twice the longest wavelength of the applied perturbations.

Shown in Fig. 11�c� are the nonlinear growth curves for
the linearly stable film with M =15, K=15, E=0.1, and
q=0.49. For very small �1, there is a period of transient
growth, after which the perturbation decays at the rate pre-
dicted from the linear stability analysis. For perturbations of
O�10−3� or larger, however, the film is nonlinearly unstable.
The increase in the growth rate for t�20 corresponds to
rapid rivulet formation. The magnitude of the perturbation
needed to induce a nonlinear instability in this linearly stable
film �for the particular choice of initial perturbations� is
shown in Fig. 11�d�. Instability was found for very small
perturbations with �1�10−3 for two particular wave num-
bers: q0.49 and q0.63. These two values correspond to
the wave numbers in Fig. 6 at which the nonmodal growth is
very large due to the repeated eigenvalue. The nonmodal
analysis of the linearized operator thus predicts the wave
numbers at which the nonlinear effects can be important. For

q�0.8, the film was linearly stable even for perturbations of
O�1�. A linear combination of perturbations of various wave
numbers �including q0.54, which corresponds to the least
stable eigenvalue� was applied to the film with �1=10−2 for
each perturbation, and the rivulet instability developed with a
wavelength of q0.49. Although very large nonmodal
growth is also predicted for q=0.63, the modal decay rate is
larger than for q=0.49, which explains the preferred wave-
length for pattern formation.

The method of normal forms48–50 could provide addi-
tional qualitative information about the weakly nonlinear dy-
namics near the instability threshold of this non-normal lin-
ear system.51 For example, for thin liquid films with spatially
nonuniform base states, a weakly nonlinear stability analysis
of the �long-wave� fingering instability in gravity-driven
films with moving contact lines has been performed using
a center manifold projection to obtain a Kuramoto–
Sivashinsky-type equation,52 and the dynamics in that case
was dominated by the neutrally stable mode corresponding
to q=0. In the present case, however, the transient amplifi-
cation of perturbations is large for a narrow band of wave
numbers separated from zero and only for Mc�M �Mcrit

with �Mcrit−Mc� /Mcrit	1. The nonmodal growth is small for
M �Mc, and the dynamics is dominated by the unstable
mode for M �Mcrit. A weakly nonlinear analysis is therefore
left as a topic for future study.

q=0.49

(a)

(c) (d)
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FIG. 11. �a� Nonlinear amplification ratio H of perturbations to the linearly unstable film with M =15, K=8, and E=0.1. �b� Contour plot of h�x ,y , t� of the
nonlinear film evolution after rivulet formation. Contours are shown for h=0.5, 0.75, 1.25, 1.5, 2.0, 2.5, and 3.0. �c� Nonlinear amplification ratio H for the
linearly stable film with M =15, K=15, and E=0.1. �d� Magnitude of perturbation �1 that destabilizes the linearly stable film with M =15, K=15, and
E=0.1.
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Nonlinear simulations for a nonvolatile film �E=0� were
also performed. It was reported in the work of Tiwari and
Davis21 that for M =25 and Bi→0 the film is unstable, with
the largest eigenvalue corresponding to q=0.4. For a linear
combination of perturbations with different wave numbers,
q=0.4 was selected. Instability occurred at this wave number
even when the base state was perturbed by a superposition
of 20 modes with different wave numbers with a random
amplitude in the range �1�0.05. For M =19.9, the film
was nonlinearly stable even for �1=0.5, which confirms
the linear stability analysis that predicted instability for
M �Mcrit=19.9. Note that for a linearly stable film in the
limit Bi→0, discrete modes do not exist for relevant values
of q, as discrete modes appear only when the film becomes
linearly unstable. �By contrast, for a volatile film or with
Bi�0, a linearly stable film has a band of discrete modes for
Mc�M �Mcrit, where Mc is slightly less than Mcrit.

23� The
interesting nonmodal dynamics and nonlinear instability of a
linearly stable film for small �1 are associated with the
presence of discrete modes with the �real� eigenvalue for
the discrete modes larger than that for the continuous
spectrum ��=−q4�. For example, for a nonvolatile film
with M =21 and Bi=0, discrete modes appear for
q� �0.32,0.46�. Linearly unstable discrete modes were
found for q� �0.35,0.44�. Linearly stable modes appear for
q� �0.32,0.35� and q� �0.44,0.46�, and the film is nonlin-
early unstable at these wave numbers for �1=O�10−4�. �Since
stable discrete modes only appear for a linearly unstable film
with E=0 and Bi→0, when there are also linearly unstable
modes, the unstable eigenvalues dominate. Without discrete
modes, there is minimal transient growth. In this limit, there-
fore, the nonlinear dynamics do not deviate strongly from the
predictions of eigenvalue analysis.21� The film was stable in
the nonlinear simulations for q�0.46 even for a perturbation
of magnitude �1=0.5, which is expected because the spectral
abscissa for these wave numbers corresponds to the continu-
ous spectrum. The nonmodal and nonlinear dynamics are
much less significant when the discrete modes have a faster
decay rate than the leading part of the continuous spectrum.
Because �Mcrit−Mc� /Mcrit	1 for the volatile film, eigenan-
alysis should provide an accurate prediction of the behavior
of small perturbations and the film’s stability for most of the
conditions of interest.

G. Bifurcation to time-periodic base state

As discussed in Sec. III F, the oscillatory, thermocapil-
lary instability predicted from a linear stability analysis of
the steady base state for q=0 evolves nonlinearly into a new,
time-periodic base state hp�x , t� that is uniform in the trans-
verse direction. With a pair of complex conjugate eigenval-
ues �1,2 with Re��1,2�q=0��→0 as M→M�=13.225 for
K=8 and E=0.10 and with d /dM
Re��1,2�q=0��� �M=M�

=0.098�0, this transition corresponds to a Hopf bifurcation
and occurs for sufficiently small K. When the heat loss from
the free surface is sufficiently large, Ti varies significantly
with the local film thickness. A small variation of h with x
therefore induces a Marangoni stress from thinner �warmer�
to thicker �cooler� regions of the film above the heater. The

interaction of this Marangoni stress with gravity and, to a
lesser extent, the streamwise capillary flow from variations
in the film curvature results in the oscillatory behavior.23

To examine the nonlinear dynamics, after the steady base
state h0�x� was computed, a small perturbation was applied
to the film and then evolved in time. Shown in Fig. 12�a� is
the evolution of the film near the heater at early times after
the perturbation is applied for M =15, K=8, and E=0.1. The
perturbation is the eigenfunction for q=0 found from the
linear stability analysis, and its magnitude is �1=0.01. �It
was verified that instability develops for �1 that is orders of
magnitude smaller, but the time required for nonlinear satu-
ration is significantly greater.� After the perturbation is ap-
plied at t=0, the film begins to oscillate above the heater,
with the amplitude �and period� of oscillations slowly grow-
ing in time. As they grow, the oscillations extend into the
film beyond the heater.

Once the oscillations grow sufficiently large that the film
thins significantly above the heater, the amplitude of the cap-
illary ridge is affected, much as for spreading films with
moving contact lines, for which it has been shown that the
amplitude of the ridge increases as the thickness of the pre-
cursor film ahead of it decreases.53–57 The oscillations then
include the ridge, are largest above the heater, and decay as
they are convected downstream of the heater as waves.
Shown in Fig. 12�b� are the film profiles at intervals of 1
time unit after the time-periodic state hp�x , t� is reached. For
these parameter values, the period is approximately 7.32.
The dark solid line is the steady base profile, and the dashed
lines denote the minimum and maximum values of the film
thickness attained at each value of x.

Phase space plots of �hp /�t versus hp are shown in Fig.
12�c� at four x-locations. At x=20, which is downstream of
the heater, the variations in hp are relatively small and occur
more slowly than at locations further upstream. The varia-
tions in hp are significant at x=0, which is above the heater.
At x=10, which is just downstream of the heater, the varia-
tions in the film are less pronounced, but the film thickness
varies rapidly.

The waves that are formed due to the oscillations also
affect the rate of heat transfer from the heated surface to the
film. The dimensionless heat transfer coefficient in the flow-
ing film is defined as

Bif �
kheatĥ�

k
= �

x1

x2 �− k��T̂/� ẑ��ẑ=0

T̂0 − T̂i
� ĥ�

k
dx = �

x1

x2 1

h
dx ,

�19�

where kheat is the convective heat transfer coefficient in the
film and x2−x1 is the width of the heater �determined from
T0�xi�=0.01, i=1,2�. The heat transfer coefficient relative to
that for the steady flow, Bifilm=Biosc /BiSS, is plotted in Fig.
12�d� for profiles with the time interval �t=1. Heat transfer
to the film is significantly increased by the waves, with the
average over one period about twice as large as for the
steady flow. An even larger heat transfer coefficient has been
calculated for flow over a surface with a periodic tempera-
ture profile.11
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While these time-periodic profiles enhance the heat
transfer rate, which is desirable for some applications, it is
also of interest to examine their stability to transverse pertur-
bations. A linear stability analysis of the time-periodic profile
hp�x , t� was performed by expressing the film thickness as
h�x ,y , t�=hp�x , t�+hp1�x , t�cos�qy� with �hp1�	 �hp�. The
time-periodic base state was evolved along with Eq. �9�,
which is the linearized equation governing the evolution of
perturbations that vary sinusoidally in the transverse direc-
tion with wave number q. Both uniform and Gaussian initial
conditions were used for h1�t=0�, and the results after sev-
eral periods of evolution were found to be independent of the
initial condition used. The asymptotic, exponential growth
rate of the perturbations �within the linearized analysis� is

�L = lim
t→�

sup t−1 ln
�hp1�x,t��

�hp1�x,t = 0��
. �20�

This quantity is similar to the first Lyapunov exponent except
that the formal propagator58 �based on a time-ordered expo-
nential� is not used.

Shown in Fig. 13 is the effective dispersion curve �L

versus q for the time-periodic base profile with M =15,
K=8, and E=0.1. This time-periodic profile is also unstable
to spanwise perturbations. The maximum growth rate occurs
for q0.4, which corresponds to a perturbation wavelength
about 50% larger than for the steady base state with these
same parameter values, and the exponential growth rate is

three times larger. As shown in Fig. 3, the steady film is
stable for 0.32q0.50 and for 0.78q, whereas the time-
periodic film is unstable for 0�q0.73. The resulting un-
steady film profiles, which are waves in the streamwise di-
rection that undulate in the transverse direction, are
reminiscent of inertial waves modulated by Marangoni
stresses in films flowing over locally heated surfaces,59,60 al-
though in the present case inertial effects are insignificant,
and the waves decay in amplitude as they are convected far
downstream of the heater.

It has been confirmed by explicit computation that all of
the results in Sec. III G also occur for a nonvolatile film with

hp hp

hpt

(a) (b)

(c) (d)

hp

FIG. 12. �a� Oscillations above the heater after a perturbation is applied to the steady film profile h0�x� at t=0. The dashed curves indicate the maximum and
minimum values of the film thickness after the oscillations evolve into a time-periodic profile. �b� Profiles at intervals of �t=1 after the film reaches the
time-periodic state. The dark curve is the steady base state. �c� Phase space plots at x=0,5 ,10,20. �d� Dimensionless heat transfer coefficient after the
time-periodic state is reached relative to that for the steady profile at intervals of �t=1.

L

FIG. 13. Asymptotic exponential growth rate of transverse perturbations to
the time-periodic film.
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E=0 and Bi=K−1�0. For example, for M =15, K=Bi−1=9,
and E=0, for which the leading eigenvalues for q=0 are
0.0085�2.17i, the instability begins as small oscillations
over the heater with a period of approximately 2.9. The os-
cillations increase slowly in amplitude �because the spectral
abscissa is rather small� and eventually evolve into a profile
very similar to that shown in Fig. 12. Once the oscillations
extend beyond the heater and encompass the capillary ridge,
they become waves that decay as they are convected along
the film, and the effective oscillation period increases until
the time-periodic state is reached with a period of 5.3. The
time-periodic state of this nonvolatile film is also susceptible
to a transverse instability.

IV. CONCLUSION

The stability of a thin, volatile liquid film falling under
the influence of gravity down a locally heated plate was ana-
lyzed in the noninertial regime using a model based on long-
wave theory. Because the linearized operator that governs the
evolution of perturbations is non-normal, the rivulet and
thermocapillary instabilities that develop were investigated
using a transient, nonmodal analysis and nonlinear computa-
tions of the evolution of perturbations to the film.

The nonmodal analysis identified the upstream edge of
the heater and downstream edge of the capillary ridge as the
regions of the film that are the most sensitive to perturba-
tions. Very large nonmodal amplification was found for per-
turbations with wave numbers that correspond to the inter-
section of the discrete and continuous spectra. Computations
of the pseudospectra of the governing linearized operator fur-
ther suggested the importance of nonmodal effects for these
wave numbers, as the magnitude of the perturbation �to the
linear operator� required to destabilize a linearly stable flow
was found to be several orders of magnitude smaller than for
the wave number corresponding to the eigenvalue with larg-
est real part. The possible importance of these effects was
confirmed by computations of the nonlinear dynamics, which
revealed that for Mc�M �Mcrit, small perturbations can be
sufficient to destabilize a linearly stable film for a narrow
band of wave numbers predicted by the nonmodal analysis.
The importance of the transient and nonlinear effects was
linked to the presence of a band of stable, discrete modes.

Furthermore, the thermocapillary instability was found
to lead to a time-periodic, two-dimensional base state that
corresponds to a Hopf bifurcation as M is increased or K is
decreased. A linear stability analysis of this time-periodic
state was performed and reveals further instability to trans-
verse perturbations. The wavelength of the most unstable
mode is about 50% smaller than for the rivulet instability of
the steady base state, the exponential growth rate is three
times larger, and the time-periodic flow is unstable to pertur-
bations with a large range of wave numbers for which the
steady base state is stable. The resulting behavior after insta-
bility onset is reminiscent of inertial waves on locally heated
films, although the wave amplitude is larger in the present
case near the heater and decays downstream where the
Marangoni stress vanishes. The dimensionless heat transfer
coefficient that characterizes heat transfer from the heated

surface to the flowing film was found to more than double
upon the transition to the time-periodic flow. These results
for a volatile film were found to occur also for a nonvolatile
film with sufficiently large Biot number characterizing the
heat loss from the liquid-gas interface.

While thin liquid films that flow over topographical fea-
tures develop similar capillary ridges to those in flow over
locally heated substrates, the transient amplification of per-
turbations was found to be insignificant in that system.61 For
the system with topography, a linear stability analysis pre-
dicts that the film is stable for a wide range of the pertinent
parameters.62 The operator of the linearized system has a
continuous spectrum for disturbances with wave numbers
less than a critical value. The discrete spectrum exists only
above this critical wave number, and the associated decay
rate of the disturbances is extremely rapid because surface
tension damps these highly oscillatory perturbations. For the
smaller wave numbers with slower decay rates, disturbances
cannot localize at the capillary ridge because of the lack of a
discrete spectrum, so they are simply convected away by the
flow. The perturbation dynamics are therefore similar in the
system with localized heating only for sufficiently small val-
ues of M and large values of K that discrete modes do not
exist.

In addition to variations in topography and temperature,
surface heterogeneity often occurs from lateral gradients in
wettability, which can significantly influence the dynamics of
liquid films and drops. Recent theoretical studies have shown
that the depinning of two-dimensional63,64 �ridges� and
three-dimensional65 drops from a locally wetting or dewet-
ting stripe involves fascinating dynamics, and saddle-node
and Hopf bifurcations have been predicted. It is of interest in
future work to apply the analysis in this present paper to the
depinning problem and the bifurcation analysis to the present
problem involving the locally heated stripe to provide further
insight, as real substrates may have a combination of local
chemical or topographical defects and temperature gradients.
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