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An exact bound
for the inner product of vectors in C"

Tosif Pinelis

Abstract. It is shown that 1/2 is the exact upper bound on the difference >y _, |zx|?|yx|* —

] >oret xkyk|2 for any unit vectors x = (z1,...,%,) and y = (y1,...,yn) in C".

Proposition 1. Let x = (z1,...,2,) and y = (Y1, .. .,Yn) be any two unit vectors
in C". Then

(] 1y?) = [z, 9)]* < 1/2, (1)

where (x,y) := Y _,_, 1V is the canonical inner product of x and y, with Z denoting
the complex conjugate of z, and |z|? := (|z1]?, ..., |zu|?) for z = (21, ..., 2,) € C™
The upper bound 1/2 on {|x|?, |y|?) — |{x, y)|? in (1) is exact, as it is attained if, e.g.,
n>2x=2(1,10...,0)ady = % (1,-1,0,...,0).

Inequality (I)) may be viewed as providing a lower bound on |(z, y)|. As such, it may
remind one of a reverse to the Cauchy—Schwarz inequality |(x, y)|* < (x, x)(y, y) for
any z and y in C"; see, e.g., [1, 2] and many references therein. One may also note
here that the lower bound on the modulus |(x, y)| of the inner product (x, y) of vectors
x and y in C" is provided by (T)) in terms of the inner product {|z|?, |y|?) of vectors
|z|? and |y|? in R™.

Proof of Proposition[l} The last assertion in Proposition|[I]is obvious.

As for inequality (T)), it can be obtained using Lagrange multipliers [3], at least for
z and y in R™. However, analyzing a “thoughtless” Lagrange multiplier solution, one
may find a more elegant, “clever” solution. At least, this happened here.

First, suppose that « and y are in R”. Then the problem is to show that

D Tk <1/24 (Zxkyk)Q @

giventhat > 27 = land Y yi = 1.

Let
St = Z TrYg, S- = — Z TrYk-

k: xpyp>0 k: xpyr<0

Then sy —s_ =Y apyr and . +s_ = > |xpys] < /D a2/ Y. yi =1, by the
Cauchy—Schwarz inequality. Also, > 27 y; < s% + s2. So, 2) reduces to 53 + s> <
1/2 + (s — s_)?, which simplifies to s, s_ < 1/4, and the latter inequality holds
because sy > 0 and sy + s_ < 1. Thus, (2) is proved.

Consider now the general case, with any unit vectors x and y in C". Replacing 7,
by y, and noting that || = |yx|, we see that the remaining problem is to show that

|5 = > leaPlye® > —1/2,
k=1
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where

3

s = vy and vy = XTpYp-
k=1

For any fixed values of the |z;|’s and |y,|’s (so that values of the |vy|’s are also
fixed), minimize |s|*. Let ((x;), (yx)) be a corresponding minimizer, which exists by
compactness and continuity. Suppose first that the minimum value of |s|? is nonzero,
so that s # 0. By the triangle inequality for complex numbers s and vy, we have

|s| > Hvl\ — |s — v1]|, with the equality iff v; is a real multiple of s. So,

5 = (foil — s = val)? = (foa] = Joz + - -+ )%

with the equality (in place of the just displayed inequality) iff v; is a real multiple of s.
Fixing now the vectors vy, . .., v,, we see that, for any minimizing ((z;), (yx)), the
vector v; must be a real multiple of s. Similarly, all the v;’s must be real multiples of
s.

Therefore, if s # 0, then all the vectors v, = xy, are real multiples of s, and
the problem reduces to the already considered case when the x;’s and y;’s are real
numbers.

The yet remaining problem, corresponding to the case s = 0, is this: show that

Z |z *yel® < 1/2
k=1

for unit vectors x and y in C™ with Y, _, zxyx, = 0.

The condition Y~ w4y, = 0 obviously implies [y, < 34 gy [TrYr] - or,
equivalently, 2|z;y;[ < 37, i lzrys| —forall j € [n] == {1,...,n}.

Letting now a; := |z;| and b; := |y;|, we see that the problem reduces to proving
the following.

Claim. Ifa; > 0,b; > 0, and 2a;b; < 37,y aibiforall j € [n), andif 32 c(,, a% =
1=3icin b3, then > jcin] azb? < 1/2.

The proof of this claim is easy. Indeed, by the Cauchy-Schwarz inequality,
> i @ibi < 1. So, for all j € [n] we have 2a;b; < 37,1 a;b; < 1 and hence
a;b; <1/2and 3, a3b? < > eln] ajbj/2 <1/2.

This completes the proof of the claim and thus the entire proof of Proposition[l} ®
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