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Proofs of Apollonius Theorem
Mr Harish Chandra Rajpoot
M.M.M. University of Technology, Gorakhpur-273010 (UP), India 11/11/2016

Here, we are interested to prove Apollonius Theorem by three different methods 1. using Trigonometry and 2.
using Pythagoras Theorem. Apollonius theorem basically correlates lengths of all three sides & one median in a
triangle.

Apollonius Theorem: In any triangle, the sum of squares of any two sides is equal to
the sum of half the square of third side and twice the square of corresponding median
i.e.if a, b, c are three sides BC, AC and AB respectively & m is the length of medianin a
triangle AABC (As shown in the fig-1) then

2

a
b2+c2=7+2m2

Fig-1: AABC having sides a, b,c & a
median of length m
Proof-1 (Using Trigonometry): Consider a triangle AABC having sides A
BC, AC and AB of lengths a, b & c respectively and the median AD of
length m. (as shown in the fig-2)

Now, applying Cosine rule in AABD (See fig-2)

AB? + BD? — AD?
cosB =
2(AB)(BD) B

a\? ) 13
Cz+(—) -m

i 3‘0—%

cosB = 2 Fig-2:In AABC,BD = CD = a/2&AD = m
29 (3)
2
a
ac cosB = ¢? +T —m? N €Y

Again, applying Cosine rule in AACD
AC* + CD* — AD?

cosC =
2(AC)(CD)
2 a)?
v+ (3) -
cosC=———"—~—
20 (3)
a2
ab cos C = b? T m? N )

Adding (1) & (2), we get

a2 2
accosB+0¢bcosC=c2+7—m2+b2+z—m2
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aZ
a(bcosC + ccosB) =7+b2+c2—2m2

Settingb = KsinB & ¢ = K sinC from Sine rule in AABC,

a2
a(K sinB cosC + K sinC cos B) =7+ b? + c? — 2m?

a2
aK(sinB cos C + sinC cos B) =7+b2 + ¢ — 2m?

aZ
aK sin(B + C) =7+b2 + ¢? — 2m?
aZ
aI(sin(1r—A)=7+bZ+c2—2m2 (since, A+ B+C=m)

aZ
aK sinA =?+b2+cz—2m2

aZ
a-a =?+b2+c2—2m2 (from Sine rule, a = KsinA)

2 az 2 2 2
a =?+b +c*—2m

2
a
b?+c? = - + 2m? Proved

Proof-2 (Using Trigonometry): Consider a triangle AABC having
sides BC, AC and AB of lengths a, b & ¢ respectively and the median
AD of lengthm . Let =<~ BAD = a,—=CAD = & —ADB =286 (as
shown in the fig-3)

Applying sine rule in AABD (See fig-3)

sina sinf

Y% e
2c
sinf = zsina e e (D)
Applying sine rule in AACD Fig-3:In AABC, =BAD = a, = CAD = B & —ADB =0
sinfi sin(m — 0)
“ b
: 2b
sinf = ;sm/j e e (2)

Equating values of sin 8 from (1) & (2), we get

2c 2b
—sina =—sinf
a a

c
sinf =Esina e eee e e (3)
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Applying cosine rule in AABD (See above fig-3)

m? +c? — (%)2 _ 4m? + 4c? — a?

= ..(4
cosa 2mc 8mc )
Applying cosine rule in AACD
2 2 a)?
o er = (D) a2 5
cosf = 2mb a 8mb -5
Applying cosine rule in AABC
@+ p) _bz+cz—a2
cos(a = 2be
8 —si in B b%? + c? —a?
—sinasinf = ——
COS & COS sinas 2be

Setting the values of sin 8, cosa & cos 8 from (3), (4) & (5) respectively as follows

4m? + 4¢? — a?\ (4m? + 4b? — a? ) c . b? + c? —a?
—sina (Bsm a) =

8mc 8mb 2bc
(4m? + 4c® —a®)(4m* +4b*> —a®) ¢ b% +c?—a?
64m?bc Tptt e 2bc
(4m? —a? +4c?)(4m? — a2 +4b%) ¢ b? + c? — a?
——(1—-cos?a) ————=0
64m2bc b 2bc

(4m? — a?)? + 4(b? + c?)(4m? — a?) + 16b%c? ¢ 1 4m? + 4c? —a?\*\ b%+c? —a? 3
64m2bc b

8mc 2bc =0

64m?2bc 64m?2c?
b? + c? — a? B
2bc -

(4m? — a?)? + 4(b? + c?)(4m? — a?) + 16b%c* ¢ (64mzc2 — (4m? — a?)? — 16¢* — 8c?(4m? — az))
b

0

(4m? — a?)? + 4(b? + c?)(4m? — a?) + 16b%c? — 64m?c? + (4m? — a?)? + 16c¢* + 8¢?(4m? — a?)
64m?bc

b2+cz—a2_

2bc 0

2(4m? — a®)? + 4(b? + 3¢?)(4m? — a®) + 16b%c? — 64m?c? + 16¢* — 32m?(b? + ¢ — a?)

=0
64m2bc

16m* + a* — 8m?a? + 8m?b? + 24m?c? — 2a?b? — 6a%c? + 8b%c? — 32m?c? + 8¢c* — 16m?b? — 16m?c?
+16m2a? =0

(16m* + a* + 8m?a?) — 8m?b? — 24m?c? — 2a?b? — 6a*c? + 8b%*c?> + 8¢* =0
(4m? + a?)? — 8m2(b? + 3¢?) — 2a?(b? + 3¢?) + 8c?(b®> +c?) =0
(4m? + a?)? = 2(b? + 3¢?)(4m? + a?) + 8c?(b*> + c?) =0

Let 4m? + a? = x then we get a quadratic equation as follows
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x? —2(b% +3c¢®)x +8c?(h?>+¢?) =0

—(—2(b? +3¢2)) + J(—Z(bz +3c2))" — 4 x 1 x 8¢2(b? + c2)

= 2x1

x = b2 +3c? +/b* + 9¢c* + 6b%c2 — 86b2c? — 8¢c*

x = b?+3c? £ b*+c* —2b%c?

x=b%+3c?+ (b?>-c?)
Case-1: Taking positive sign, we get

x =b%+3c?+b%?—c?

= 4m? + a? = 2(b* + c?)
Case-2: Taking negative sign, we get

x =b%+3c? — (b? —?)

4m? + a? = 4¢?

This case holds only if AABC is an isosceles triangle i.e. for b = ¢ but itis
meet the requirements of a scalene triangle

We accept only case-1 which gives us

a4m? + a? = 2(b% + ¢?)

1
b? +c? = E(l}m2 + a?)

2
a
b2+c2=7+2m2

Proof-3 (Using Pythagoras Theorem): Consider a triangle AABC
having sides BC, AC and AB of lengths a, b & ¢ respectively and the
median AD of length m. Drop a perpendicular AN from vertex A to the
side BC (as shown by dotted line AN in the fig-4)

Applying Pythagoras Theorem in right AAND (See fig-4)
AN? + ND? = AD?

AN? + ND? = m? S ¢ §)

Applying Pythagoras Theorem in right AANB

AN? + BN? = AB?

AN? + (% - 1VD)2 =2

not the case i.e. this case does not

Proved

&
M. % AL

Fig-4: In AABC, AD is median of lengthm & BD = ¢D = %/,
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2
2 2 a__ — 2
AN? +ND? + -~ a(ND) = c

aZ
m? + v a(ND) = c? (from (1), AN? + ND? = m?)

aZ
a(ND) = m? +I —c? N ¢

Applying Pythagoras Theorem in right AANC

AN? + NC? = AC?

2

AN? + (%+ND) = p?

a2
AN? + ND? +T + a(ND) = b?

2

a
m? + =t a(ND) = b? (from (1), AN? + ND? = m?)
a? a? .
m? + s +(m?+ T c?|=bh2 (setting value of a(ND) from (2), )
a? a?
m2+T+m2 +T_C2 = b2

2
a
2m2+?=b2+c2

2
a
b%? +c? =—+2m? Proved

Apollonius Theorem for parallelogram: In a parallelogram, the sum of squares of D
diagonals is equal to twice the sum of the squares of its adjacent sides i.e. if a & b are A f
lengths of two adjacent sides AB & BC respectively and d; & d, are the lengths of a
diagonals AC and BD respectively in a parallelogram ABCD (as shown in fig-5) then
2 2 s ,/
— 2 2
d,”+d, 2(a? + b?) B b rel

Fig-5: Parallelogram ABCD with
adjacent sides a, b & diagonals d,, d,

Proof: Consider a parallelogram ABCD having adjacent sidesAB =a & BC = b D
and the diagonals AC = d, & BD = d, . Let the diagonals AC and BD be bisecting A
each other at the point O (as shown in the fig-6) then we have

dy

dy
A0=0C=— &B0O=0D=—
2 2

In AABC, BO is median. Now, applying Apollonius theorem in this AABC as follows B

C
- et
Fig-6: In parallelogram ABCD, A0 = 0C = d1/2
& BO =0D = d2/2
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AC?
AB? + BC? = —— + 2(B0)?

d,* d,\*
a2+b2=L+2(—2>

2 2

d,* d,’
2 2 - =
a+b > + >
2 2

a? +b? = 4 td

2
d,* +d,? = 2(a? + b?) Proved

Special Case 1: A rhombus has all four sides equal hence setting b = a in above formula of parallelogram, we
get

d,* +d,? =2(a? +a?)
d,* +d,? = 4a?
The above result can also be obtained by using Pythagoras theorem in a rhombus.

Special Case 2: A rectangle has both diagonals equal hence setting d; = d, = d in above formula of
parallelogram, we get

d* +d* = 2(a® + b?)
2d* = 2(a* + b?)
d? = a? + b?

The above result is true for a rectangle by Pythagoras theorem.

Note: Above articles had been concluded & illustrated by Mr H.C. Rajpoot (B Tech, Mechanical Engineering)
M.M.M. University of Technology, Gorakhpur-273010 (UP) India Nov, 2016
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