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Introduction: Here, we are to analyse the identical circles, each having a flat radius  , touching one another 

on the spherical polyhedrons (i.e. tiled spherical surfaces), having a radius R, analogous to all 13 Archimedean 

solids by using the tables (of all Archimedean solids prepared by the author) for determining the following     

1. Relation between         

2. Radius of each circle as a great circle arc (     ) & 

3. Total surface area & its percentage ( ) covered by all the circles on the spherical polyhedron.   

For such cases, each of certain no. of the identical circles is assumed to be 

centred at each of the identical vertices of a spherical polyhedron analogous to 

an Archimedean solid. Thus, each of the identical circles touches other circles 

exactly at the mid-points of great circle arcs representing the edges of all faces 

of analogous Archimedean solid (as shown in the figure 1). Then for a given 

spherical polyhedron analogous to an Archimedean solid, we have  

                                                   

                                         

                                                  

                                                           

                               

                                     

Now, consider a spherical polyhedron (tiled sphere), with a radius   & centre 

O, analogous to an Archimedean solid having edge length   & centre O 

(coincident with the centre of spherical polyhedron). Draw   no. of the identical 

circles each having a flat (plane) radius   (or arc radius      ) & centred at one 

of the  vertices of the given spherical polyhedron such that they touch one 

another exactly at the mid-points of all the great circle arcs representing all the 

edges of the analogous Archimedean solid. Now, consider any of great circle 

arcs say AB representing (straight) edge      of Archimedean solid. The 

points A & B are the centres of two identical circles touching each other at the 

mid-point C of a great circle arc AB. Join the points A, B & C to the centre of the 

spherical polyhedron (See the figure 2). We have 

      
  

 
 
 

 
   

 

                                   
 

 
  

 In right      

Figure 1: Certain no. of the identical circles, 
touching one-another, centred at the vertices of 
a spherical polyhedron analogous to an 
Archimedean solid  

Figure 2: Great circle arc AB on a spherical 
polyhedron represents the (straight) edge AB of 
analogous Archimedean solid with centre O.   
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Total surface area (  ) covered by all the identical circles on the spherical polyhedron as whole: In 

order to calculate the surface area covered by each of   no. of the identical circles on the spherical polyhedron 

with a radius  , let’s first find out the solid angle subtended by each circle with a flat radius   at the centre O 

of the spherical surface (See the figure 2 above)  by using formula of solid angle of a right cone concentric 

with a sphere as follows  
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Hence, the total surface area, covered by all   identical circles on the spherical polyhedron as whole, is given 

as 
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Hence, the percentage of total surface area covered by all   identical circles on the spherical polyhedron, is 

given as 
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Thus, by directly using the tables of Archimedean solids & above generalized expressions, we will analyse the 

spherical polyhedrons corresponding to all 13 Archimedean solids in an order as discussed below.    
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1.) 12 identical circles, each having a flat radius  , touching one another on the spherical truncated 

tetrahedron with a radius   (analogous to truncated tetrahedron): In this case, let’s  assume that each 

of 12 identical circles, with a flat radius  , is centred at each of 12 identical vertices of a spherical truncated 

tetrahedron, with a radius  , analogous to the truncated tetrahedron with edge length  . Then in this case, we 

have  

                                                   

                                                       

                                                 

                                                                         

                                                                                 

From the table of truncated tetrahedron, the radius   of spherical truncated tetrahedron & edge length   are 

co-related as follows (refer to the table for value of outer (circumscribed) radius of truncated tetrahedron) 
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Hence by setting the value of   in term of  , all the important parameters are calculated as follows 
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KEY POINT-1: 12 identical circles, touching one another at 18 different points (i.e. each one touches three 

other circles), on a spherical truncated tetrahedron, always cover up approximately          of total 

surface area irrespective of the radius of the circles or the radius of the spherical surface while 

approximately         of total surface area is left uncovered by the circles.  
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2.) 24 identical circles, each having a flat radius  , touching one another on the spherical truncated 

cube with a radius   (analogous to truncated cube): In this case, let’s assume that each of 24 identical 

circles, with a flat radius  , is centred at each of 24 identical vertices of a spherical truncated cube, with a 

radius  , analogous to the truncated cube with edge length  . Then in this case, we have  

                                                   

                                                

                                                 

                                                                  

                                                                          

From the table of truncated cube, the radius   of spherical truncated cube & edge length   are co-related as 

follows (refer to the table for the value of outer (circumscribed) radius of truncated cube) 
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Hence by setting the value of   in term of  , all the important parameters are calculated as follows 
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KEY POINT-2: 24 identical circles, touching one another at 36 different points (i.e. each one touches three 

other circles), on a spherical truncated hexahedron (cube), always cover up approximately          of total 

surface area irrespective of the radius of the circles or the radius of the spherical surface while 

approximately         of total surface area is left uncovered by the circles.  
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3.) 24 identical circles, each having a flat radius  , touching one another on the spherical truncated 

octahedron with a radius   (analogous to truncated octahedron): In this case, let’s assume that each 

of 24 identical circles, with a flat radius  , is centred at each of 24 identical vertices of a spherical truncated 

octahedron, with a radius  , analogous to the truncated octahedron with edge length  . Then in this case, we 

have  

                                                   

                                                      

                                                 

                                                                        

                                                                                

From the table of truncated octahedron, the radius   of spherical truncated octahedron & edge length   are 

co-related as follows (refer to the table for the value of outer (circumscribed) radius of truncated octahedron) 
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Hence by setting the value of   in term of  , all the important parameters are calculated as follows 
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KEY POINT-3: 24 identical circles, touching one another at 36 different points (i.e. each one touches three 

other circles), on a spherical truncated octahedron, always cover up approximately          of total 

surface area irrespective of the radius of the circles or the radius of the spherical surface while 

approximately         of total surface area is left uncovered by the circles.  
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4.) 60 identical circles, each having a flat radius  , touching one another on the spherical truncated 

dodecahedron with a radius   (analogous to truncated dodecahedron): In this case, let’s assume that 

each of 60 identical circles, with a flat radius  , is centred at each of 60 identical vertices of a spherical 

truncated dodecahedron, with a radius  , analogous to the truncated dodecahedron with edge length  . Then 

in this case, we have  

                                                   

                                                        

                                                 

                                                                          

                                                                                  

From the table of truncated dodecahedron, the radius   of spherical truncated dodecahedron & edge length 

  are co-related as follows (refer to the table for the value of outer (circumscribed) radius of truncated 

dodecahedron) 
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Hence by setting the value of   in term of  , all the important parameters are calculated as follows 
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KEY POINT-4: 60 identical circles, touching one another at 90 different points (i.e. each one touches three 

other circles), on a spherical truncated dodecahedron, always cover up approximately          of total 

surface area irrespective of the radius of the circles or the radius of the spherical surface while 

approximately         of total surface area is left uncovered by the circles.  

 

5.) 60 identical circles, each having a flat radius  , touching one another on the spherical truncated 

icosahedron with a radius   (analogous to truncated icosahedron): In this case, let’s assume that each 

of 60 identical circles, with a flat radius  , is centred at each of 60 identical vertices of a spherical truncated 

icosahedron, with a radius  , analogous to the truncated icosahedron with edge length  . Then in this case, we 

have  

                                                   

                                                       

                                                 

                                                                         

                                                                                 

From the table of truncated icosahedron, the radius   of spherical truncated icosahedron & edge length   are 

co-related as follows (refer to the table for the value of outer (circumscribed) radius of truncated 

icosahedron) 
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Hence by setting the value of   in term of  , all the important parameters are calculated as follows 
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KEY POINT-5: 60 identical circles, touching one another at 90 different points (i.e. each one touches three 

other circles), on a spherical truncated icosahedron, always cover up approximately         of total surface 

area irrespective of the radius of the circles or the radius of the spherical surface while approximately 

       of total surface area is left uncovered by the circles.  

 

6.) 12 identical circles, each having a flat radius  , touching one another on the spherical truncated 

cuboctahedron with a radius   (analogous to truncated cuboctahedron): In this case, let’s assume 

that each of 12 identical circles, with a flat radius  , is centred at each of 12 identical vertices of a spherical 

truncated cuboctahedron, with a radius  , analogous to the truncated cuboctahedron with edge length  . 

Then in this case, we have  

                                                   

                                                         

                                                 

                                                                           

                                                                                   

From the table of truncated cuboctahedron, the radius   of spherical truncated cuboctahedron & edge length 

  are co-related as follows (refer to the table for the value of outer (circumscribed) radius of truncated 

cuboctahedron) 
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Hence by setting the value of   in term of  , all the important parameters are calculated as follows 
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KEY POINT-6: 12 identical circles, touching one another at 24 different points (i.e. each one touches four 

other circles), on a spherical truncated cuboctahedron, always cover up approximately          of total 

surface area irrespective of the radius of the circles or the radius of the spherical surface while 

approximately         of total surface area is left uncovered by the circles.  

  

7.) 30 identical circles, each having a flat radius  , touching one another on the spherical truncated 

icosidodecahedron with a radius   (analogous to truncated icosidodecahedron): In this case, let’s 

assume that each of 30 identical circles, with a flat radius  , is centred at each of 30 identical vertices of a 

spherical truncated icosidodecahedron, with a radius  , analogous to the truncated icosidodecahedron with 

edge length  . Then in this case, we have   

                                                   

                                                             

                                                 

                                                                            

                                                                                       

From the table of truncated icosidodecahedron, the radius   of spherical truncated icosidodecahedron & 

edge length   are co-related as follows (refer to the table for the value of outer (circumscribed) radius of 

truncated icosidodecahedron) 
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Hence by setting the value of   in term of  , all the important parameters are calculated as follows 
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KEY POINT-7: 30 identical circles, touching one another at 60 different points (i.e. each one touches four 

other circles), on a spherical truncated icosidodecahedron, always cover up approximately          of total 

surface area irrespective of the radius of the circles or the radius of the spherical surface while 

approximately         of total surface area is left uncovered by the circles.  

 

8.) 24 identical circles, each having a flat radius  , touching one another on the spherical snub 

cube with a radius   (analogous to snub cube): In this case, let’s assume that each of 24 identical circles, 

with a flat radius  , is centred at each of 24 identical vertices of a spherical snub cube, with a radius  , 

analogous to the snub cube with edge length  . Then in this case, we have   

                                                   

                                           

                                                 

                                                             

                                                                     

From the table of snub cube, the radius   of spherical snub cube & edge length   are co-related as follows 

(refer to the table for the value of outer (circumscribed) radius of snub cube) 
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Hence by setting the value of   in term of  , all the important parameters are calculated as follows 
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KEY POINT-8: 24 identical circles, touching one another at 60 different points (i.e. each one touches five 

other circles), on a spherical snub cube, always cover up approximately          of total surface area 

irrespective of the radius of the circles or the radius of the spherical surface while approximately         

of total surface area is left uncovered by the circles.  
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9.) 60 identical circles, each having a flat radius  , touching one another on the spherical snub 

dodecahedron with a radius   (analogous to snub dodecahedron): In this case, let’s assume that each 

of 60 identical circles, with a flat radius  , is centred at each of 60 identical vertices of a spherical snub 

dodecahedron, with a radius  , analogous to the snub dodecahedron with edge length  . Then in this case, we 

have   

                                                   

                                                   

                                                 

                                                                     

                                                                              

From the table of snub dodecahedron, the radius   of spherical snub dodecahedron & edge length   are co-

related as follows (refer to the table for the value of outer (circumscribed) radius of snub dodecahedron) 
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Hence by setting the value of   in term of  , all the important parameters are calculated as follows 
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KEY POINT-9: 60 identical circles, touching one another at 150 different points (i.e. each one touches five 

other circles), on a spherical snub dodecahedron, always cover up approximately         of total surface 

area irrespective of the radius of the circles or the radius of the spherical surface while approximately 

       of total surface area is left uncovered by the circles.  

 

 

10.) 24 identical circles, each having a flat radius  , touching one another on the spherical small 

rhombicuboctahedron with a radius   (analogous to small rhombicuboctahedron): In this case, let’s 
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assume that each of 24 identical circles, with a flat radius  , is centred at each of 24 identical vertices of a 

spherical small rhombicuboctahedron, with a radius  , analogous to the small rhombicuboctahedron with 

edge length  . Then in this case, we have   

                                                   

                                                           

                                                 

                                                                          

                                                                                     

From the table of small rhombicuboctahedron, the radius   of spherical small rhombicuboctahedron & edge 

length   are co-related as follows (refer to the table for the value of outer (circumscribed) radius of small 

rhombicuboctahedron) 
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Hence by setting the value of   in term of  , all the important parameters are calculated as follows 
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KEY POINT-10: 24 identical circles, touching one another at 48 different points (i.e. each one touches four 

other circles), on a spherical small rhombicuboctahedron, always cover up approximately          of total 

surface area irrespective of the radius of the circles or the radius of the spherical surface while 

approximately         of total surface area is left uncovered by the circles.  
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11.) 60 identical circles, each having a flat radius  , touching one another on the spherical small 

rhombicosidodecahedron with a radius   (analogous to small rhombicosidodecahedron): In this 

case, let’s assume that each of 60 identical circles, with a flat radius  , is centred at each of 60 identical 

vertices of a spherical small rhombicosidodecahedron, with a radius  , analogous to the small 

rhombicosidodecahedron with edge length  . Then in this case, we have   

                                                   

                                                              

                                                 

                                                                             

   

                                                                                         

From the table of small rhombicosidodecahedron, the radius   of spherical small rhombicosidodecahedron & 

edge length   are co-related as follows (refer to the table for the value of outer (circumscribed) radius of 

small rhombicosidodecahedron) 

  
 

 
√    √           ⇒       

 

    √
    √ 

  
  

 

 

Hence by setting the value of   in term of  , all the important parameters are calculated as follows 

                                  
 

 
  √

    √ 

  
                

                                           (
 

  
)        (√

    √ 

  
)                

                                     
 (  √  (

 

  
)
 

) 

  (  )   

(

 
 
  √  (√

    √ 

  
)

 

)

 
 
       (  √

    √ 

  
)                 

                                    (  √  (
 

  
)
 

)    (  )

(

 
 
  √  (√

    √ 

  
)

 

)

 
 

 

     (  √
    √ 

  
)            

 



 

 Spherical Geometry by H.C. Rajpoot 

KEY POINT-11: 60 identical circles, touching one another at 120 different points (i.e. each one touches four 

other circles), on a spherical small rhombicosidodecahedron, always cover up approximately          of 

total surface area irrespective of the radius of the circles or the radius of the spherical surface while 

approximately         of total surface area is left uncovered by the circles.  

 

12.) 48 identical circles, each having a flat radius  , touching one another on the spherical great 

rhombicuboctahedron with a radius   (analogous to great rhombicuboctahedron): In this case, let’s 

assume that each of 48 identical circles, with a flat radius  , is centred at each of 48 identical vertices of a 

spherical great rhombicuboctahedron, with a radius  , analogous to the great rhombicuboctahedron with 

edge length  . Then in this case, we have   

                                                   

                                                           

                                                 

                                                                          

                                                                                     

From the table of great rhombicuboctahedron, the radius   of spherical great rhombicuboctahedron & edge 

length   are co-related as follows (refer to the table for the value of outer (circumscribed) radius of great 

rhombicuboctahedron) 
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Hence by setting the value of   in term of  , all the important parameters are calculated as follows 
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KEY POINT-12: 48 identical circles, touching one another at 72 different points (i.e. each one touches three 

other circles), on a spherical great rhombicuboctahedron, always cover up approximately          of total 

surface area irrespective of the radius of the circles or the radius of the spherical surface while 

approximately         of total surface area is left uncovered by the circles.  

  

13.) 120 identical circles, each having a flat radius  , touching one another on the spherical great 

rhombicosidodecahedron with a radius   (analogous to great rhombicosidodecahedron): In this 

case, let’s assume that each of 120 identical circles, with a flat radius  , is centred at each of 120 identical 

vertices of a spherical great rhombicosidodecahedron, with a radius  , analogous to the great 

rhombicosidodecahedron with edge length  . Then in this case, we have   

                                                   

                                                               

                                                 

                                                                                

                                                                                         

From the table of great rhombicosidodecahedron, the radius   of spherical great rhombicosidodecahedron & 

edge length   are co-related as follows (refer to the table for the value of outer (circumscribed) radius of 

great rhombicosidodecahedron/the largest Archimedean solid) 
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Hence by setting the value of   in term of  , all the important parameters are calculated as follows 
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KEY POINT-13: 120 identical circles, touching one another at 180 different points (i.e. each one touches three 

other circles), on a spherical great rhombicosidodecahedron, always cover up approximately         of 

total surface area irrespective of the radius of the circles or the radius of the spherical surface while 

approximately        of total surface area is left uncovered by the circles.  

  

Conclusion: The above formulae are applicable on a certain no. of the identical circles touching one another 

at different points, centred at the identical vertices of a spherical polyhedron analogous to an Archimedean 

solid for calculating the different parameters such as flat radius & arc radius of each circle, total surface area 

covered by all the circles, percentage of surface area covered etc. These formulae are very useful for tiling, 

packing the identical circles in different patterns & analysing the spherical surfaces analogous to all 13 

Archimedean solids. Thus also useful in designing & modelling of tiled spherical surfaces.  

 Note: Above articles had been derived & illustrated by Mr H.C. Rajpoot (B Tech, Mechanical Engineering) 

M.M.M. University of Technology, Gorakhpur-273010 (UP) India                                                            May, 2015 
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