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1. Introduction:

When a smaller circle exactly lies inside the bigger one (either touching or not touching internally) with their

centres separated by a certain distance, then the locus of the centre of a third tangent (parametric) circle, in

the annular region between them, touching the smaller circle externally & the bigger one internally is

always an ellipse having the centres of former circles as its foci & its centre at the midpoint of the centres of

former circles. This path becomes a circle if both the smaller & bigger circles are concentric i.e. centres of both

the circles, smaller inside bigger, are coincident. (See figure 1 below, showing an elliptical path (dotted curve

A’BAB’A’) in the annular region between two circles, smaller inside bigger, with their centres separated by a

certain distance)

2. Derivation of major axis, minor axis, eccentricity & equation of elliptical path in the annular

region between two circles, one inside other, with their centres separated by a certain distance:

Consider a smaller circle, with a radius r, centred at
the origin (point O) completely inside the bigger one,
with a radius R, centred at the point O’ such that
distance between their centres O & O’ is d. Now
consider an elliptical path (dotted curve A’BAB’A’
with the centre C) traced by the centre of a third
(parametric) circle, in the annular region between
them, which touches the smaller circle externally &
the bigger one internally.

For convenience, let’s assume

major axis, AA' =2a & minor axis, BB' = 2b

Now, we have

OE=0F=7r,0D=0'G=R & 00" =d
DE=0'D—0'E=0'D- (00 + 0E)

=R—-(d+71)

_DE _R—(d+r) R—d-r
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Figure 1: Elliptical path (dotted curve A’BAB’A’ with the centre C ) is the
locus of the centre of a third tangent (parametric) circle, in the annular
region between two circles (smaller inside bigger) with their centres
separated by a certain distance d, touching the smaller circle (with the
centre O) externally & the bigger one (with the centre O’) externally.

FA FG R+d-r
YT 2T 2
—d-r R+d—r R—-d-r+4r+R+d-r
ﬁA’A=A’E+OE+0F+FA:ﬁ+r+r+ > = 3 =R+r
~ Major axis, 2a=AA"=R+r R ¢
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Now, join the vertex B of the transverse axis BCB’ to the origin O so as the line OB intersects the smaller circle
at the point | & then join B to the centre O’ & extend the line O’B to intersect the bigger circle at the point H.
Now, draw a third tangent circle, with a radius a & centre at the vertex B, which touches the smaller circle

externally & the bigger one internally. Thus we have

BC = semi minor axis = b, Bl = BH = radius of tangent circle =a &

= 0C = 0G — CG = (OF + FG) — (CA + AG)

AN’ A4
= (OF +FG) = (= +FA CA=CA' == & AG=FA
0C— ot REd—) (R+r+R+d—r)_2R+2d—2R—d_d
-\ " 2 2 = 2 =2
d d d
£ €0'=00'—0C=d—5=5 > €0=co' =3 e (ID)

Thus, the centre C is the midpoint of line segment OO’. Now in the right triangles BCO & BCO’ we have
d
Co =o' =5 BO =B0O =b & —=BCO = =BC0O' =90°

Hence, the right triangles BCO & BCO’ are congruent.

In right ABCO
d\>  [4b2+d? 4b? + d2
08 = JBOT+ (007 = |b2+(3) = -
2 4 2
V4b? + d?
= 0B=0I+IB=r+a ~r+a= — N ¢ 1))
but, OB=0'B=0'H—BH=R—a (since, right triangles BCO & BCO' are congruent)

Now, equating the value of OB from the eq(lll), we get

R—r
2

R—a=r+a > 2a=R—-r or a=

Now, substituting the value of a in the above eq(lll), we get

R—r +4b2+d2 vV4b2+d?2 R+
2 2 2 2

= 4b?2+d*’=(R+7)2 or 2b=(R+71)2—d?
» Minor axis, 2b=BB' =./(R+71)>—d? T (4|

b? Jl N <m>

= Eccentricity, e= |1 —— = —
ccentricity, e \/ ) 2a (R-I-T')

r+
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_ | (R+7)>—d?* -1 az az  d
h B (R+1r)? B +(R+r)2_ (R+1)? R+r

d
Eccentricity, e = Rer (0<e<1 VR=d+r) R (/4

Equation of elliptical path: Since, the elliptical path has its centre at the point C (d/2 ! 0), major axis 2a &

minor axis 2b, hence the equation of the elliptical path, assuming centre of the smaller circle as the origin, can
be obtained by using standard formula of ellipse centred at the origin as follows

d\? d

x: vy (x-2)  o-0 (x-2) .y
—+—==1 = + =1 or ———

A% B2 a? b2 a? b2

d
: - (x-3) s R+r
. Equation of elliptical path, —z +>==1 Va= B & b= (R+1)?—d?

Above equation is very useful for determining the co-ordinates of any point on the elliptical path & the
radius of the parametric circle with centre at any arbitrary point on the elliptical path.

Now, the distance of foci from the centre C of elliptical path, can be determined as follows

X=4= d +(—R+T>( d ) d+d 0 & d
= = —_—= = = - = = =
xTae X o 2 R+r or Xx ) X X

but x =0 & x =d represents the coordinates of the centres 0 & 0’ respectively

Hence, it’s obvious from the above values that the centres of two circles are always the foci of the elliptical
path in the annulus of these circles, smaller inside bigger, with their centres separated by a certain distance.

3. Radius of the tangent circle with centre at the vertex B: The radius (a) of tangent circle, having
centre at the vertex B of the transverse axis BCB’ of the elliptical path, touching the smaller circle externally &
the bigger one internally (See the above figure 1), is given as

r
a=—— VR>d+r

And angle a,, of the line BO joining the centre B of the tangent circle to the origin O with the x-axis (line 00’)

In right ABCO

) (‘/(R +7)2 —d?

ran_—BOC BC . b 2 ) \/(R +71)2—d? (R + r)z L
= — = = —= = — —_
an oc ana, (Q) P P P
2
1)? 1-e2 Vi-e? L (Y1-¢?
or tana, = (E) -1= PR . or a,=tan B

d
Ve=— & R>d+r

R+ 1\? 1<\/1—e2)
) —1]|=tan*[——
e R+r

a, = tan™! ( =

Above, equation can be used to calculate angle a, for the tangent circle with centre at the vertex B.
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4. Derivation of the radius of tangent (parametric) circle touching the smaller circle externally &

the bigger one internally: Consider a tangent
(parametric) circle with the centre at any arbitrary
point say E on the elliptical path such that it
touches the smaller circle at the point D externally
& the bigger one at the point F internally. Now join
the centre E of the tangent circle to the origin O,
centre C & the centre O’ by the dotted lines & also
draw a perpendicular EM on the x-axis (see the
figure 2) such that

—EOM=qa, —ECM=y & —EO'M =p

Now, the equation of line OE passing through the
origin O & inclined at an angle a with the positive
direction of x-axis is given as follows

y=mx=xtana V 0<a<m
Now, solving the equation of the line OE & the
equation of elliptical path to calculate the co-
ordinates of the point of intersection E of the

ellipse & the line by substituting x = ycota in the
equation of elliptical path as follows

(-8 o (eota-D)

\
[
1

> A
XV

vY'

Figure 2: A tangent (parametric) circle, with the centre at any arbitrary point E
on the elliptical path, is considered such that the angle of the line OE with the
positive direction of x-axis is a in order to calculate its radius

C ==

2

t —_—
yeota —

or (T G

4

5 =1 (on substituting the values of a & b)

2 2 2

N <R + r)2y2 _ (R + r)2 (\/mf

4 4 4

2 _ g2 2 2 2 2 _ g2
s ((R+r) d ><y200t2a+%—ydcota>+(R+r) y2=(R+r) <(R+r) d>

2 _ J2 2 2 _ J2 2 _ J2 2
() g B () ) ()

_(R+r)2((R +r)2—d2>_0

4 4

4 4 4

4 4 4

{(R +1)2cosec’a d? } {((R +7)? — d2> } <(R +7r)% - dz) <(R +7)? d2>
— — —cot?aty? —{|——— | dcotaty — ——]=0

(R +1)?cosec’a d* X
O B A ¢

4 4

w) dcom} . <w) “o

Now, solving above quadratic for the values of y as follows
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;

y
((R +7)2 — dz) deota + J{((R +7)2 — dZ) dwm}z +a {(R +r)%cosec?a d—zcotza} ((R +7)2 —d?
4 + 4 4 4 4
= 2 2
{(R +7) Cosec a chotz }

2 _ g2 2
(W) dcota + (( rL)L >\/dzcot2a + (R + r)%cosec?a — d?cot?a

%{(R + r)2cosec?a — d?cot?a}

4 (R + r)?cosec?a — d?cot?a 2 (R +1)? — d?cos?a

((R +7)? — d2>< dcota + (R + r)coseca ) <(R +7)?% — d2> ( dcosa + (R+71) > ]
=2 = sina

Taking positive sign, we get

_((R+1)?—d? dcosa + (R + 1) ]
a 2 (R +1)? —d?cos?a stna

3 ((R +71)?%— d2>( dcosa + (R + 1) ) o sma( (R+71)? - )
B 2 ((R +7)+ dcosa)((R +7r)— dcosa) st = (R+71)—dcosa

sina( (R+71)? -
=>y=

2 \R+7) - dcosa) >0 V 0 <a<m hence this value of y is accepted

sinacota< (R+1)?—

_cosa( (R+1)? —d? )
2

& x = ycota = (R+7r)— dcosa) ~ 2 \(R+7r)—dcosa

Taking negative sign, we get

_((R+1)?—ad? dcosa — (R+71) )
a 2 (R + r)? — d?cos?a stna

_((R+r)2—d2>( dcosa — (R + 1) ) ) _—sina( (R+71)*>—d? )
Bl 2 ((R +7)+ dcosa)((R +7r)— dcosa) stma = 2 (R+71)+dcosa

—sina( (R+71)?—
=>y=

> R+ + dcosa) <0 V 0 <a <m hence this value of y is discarded

Hence, the co-ordinates of the point of intersection E (i.e. the centre of tangent circle) is given as

E=(ry)= cosa( (R+1r)*—d? sina{ (R+1)?— d>? v O0<a<
=Wy =172 (R+r1)—dcosa)’ 2 \(R+71)—dcosa e

Now, in the right AEMO, we have

OM=x=

cosa( (R+1)*—d?
&EM=y=

sina{ (R+71)?—d?
2 \(R+r)- dcosa) < )

2 \(R+r)—dcosa

7 > |fcosa( (R+7)*—d? * [sina (R+71)%2—d? ’
(OM)?2 + (EM)? = ( 2 <(R +7)— dcosa>) + ( 2 <(R +7r)— dcosa>>
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1/ (R+r)*—d? 1/ (R+r)*—d?
= OE =§<¥>\/sin2a+cosza =§(¥)

(R + 1) —dcosa (R + 1) —dcosa
but,OE =0D +DE =r+ED = ED=0E —r

~ED

1/ (R+1)?—d? _1((R+7)?—d*—2r(R+r)+ 2rdcosa
" 2\(R +7) —dcosa =2 (R+ 1) —dcosa

1 R?2 + 1%+ 2rR —d? — 2rR — 2r? + 2rdcosa 1 R? —d? —r? + 2rdcosa
) (R+71r)—dcosa ) (R+71)—dcosa

Hence, the radius (R,) of the tangent (parametric) circle for the given value of the angle « is given as follows

1 (RZ —d? —r% 4+ 2rdcosa

R, == VO<a<m& R>d
“ 2 (R+1)—dcosa ) sasm S

The above expression is very useful to determine the radius (R,) of the tangent (parametric) circle for the
given value of parametric angle a.

5. Parametric angles 8 & ¥ : The parametric angles 8 & y are determined for the given value of parametric
angle a as follows

In the right AEMC, we have

sina( (R +1)?%—d? )

EM EM 2 \(R+r)—dcosa
tanZECM—W—ioM_OC :tany—cosa( (R+T')2—d2 >_g
2 \(R+r)—dcosa 2
((R + 1r)? — d®)sina ((R +1r)? — d?)sina

- (R + r)2cosa — d?cosa — (R + r)d + d?cosa (R + r)?cosa — (R +r)d

(R +1)? — d*)sina
(R+1)2cosa— (R +1)d

tany = 0<y<m VO0O<a<m

In the right AEMO’, we have

sina( (R+71)?—d? )

, EM EM 2 \(R+r)—dcosa
tanAEOM—O,M—OM_OO, ﬁtanﬂ_cosa( (R+1)%— d2 )_
2 \(R+r)—dcosa
((R +1)? — d?)sina ((R +1)? —d?¥sina

- (R +1r)?cosa — d?cosa — 2(R + r)d + 2d?cosa - (R +1r)?cosa + d?cosa — 2(R + r)d

(R +1)? — d¥)sina

tanp = ((R+1)2+d?)cosa—2(R+1)d

0<B<m VO<asm

Thus, the parametric angles 8 & y can be determined for the given value of angle a. Also these angles can
be co-related with each other by using above expressions.
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Conclusion: For given two circles, smaller inside the bigger one, with their radii & R respectively and their
centres separated by a certain distance d (V d = 0), the locus of the centre of a third tangent (parametric)
circle (in the annulus of two circles) touching the smaller circle externally & the bigger one internally, is always
an ellipse (except circle in case of concentric circles) then all the parameters of this elliptical path are
determined as follows

Major axis (2a):
2a=R+T1
Minor axis (2b):

2b=./(R+71)%—d>?

Eccentricity (e):

d
=— < >
e Rir (0<e<1 VR=d+rm)

Radius (R,) of the tangent (parametric) circle: For the given value of the parametric angle a

R 1/R? —d? — 1% + 2rdcosa VO<a<m& R>da+
) (R+71) —dcosa =a=n - "
Parametricangles § &y :

(R +1)? —d*)sina
((R+1)2+d?*)cosa—2(R+1)d

tanf =

(R+1)? —d*)sina
(R+1r)2cosa— (R+1)d

tany =

All the articles above have been derived by the author by using simple geometry & trigonometry. All above
articles (formula) are very practical & simple to apply in case studies & practical applications of 2-D Geometry.
These articles are the most generalised expressions which can be used for the analysis of the elliptical path in
the annular region between two circles, smaller inside the bigger one & their centres separated by a certain
distance in order to calculate major axis, minor axis, eccentricity & the radius of the tangent (parametric) circle.

Note: Above articles had been derived & illustrated by Mr H.C. Rajpoot (B Tech, Mechanical Engineering)
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