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Mathematical analysis of truncated dodecahedron
Application of HCR’s formula for regular polyhedrons (all five platonic solids)

Mathematical Analysis of Truncated Dodecahedron
Application of HCR's Theory of Polygon & HCR's Formula
Mr Harish Chandra Rajpoot
M.M.M. University of Technology, Gorakhpur-273010 (UP), India Dec, 2014

Introduction: A truncated dodecahedron is a solid which has 20 congruent equilateral triangular & 12
congruent regular decagonal faces each having equal edge length. It is obtained by truncating a regular
dodecahedron (having 20 vertices & 12 congruent faces each as a regular pentagon) at all the vertices to
generate 20 equilateral triangular & 12 regular decagonal faces of equal edge length. For calculating all the
parameters of a truncated dodecahedron, we would use the equations of right pyramid & regular
dodecahedron. When a regular dodecahedron is truncated at the vertex, a right pyramid, with base as an
equilateral triangle & certain normal height, is obtained. Since, a regular dodecahedron has 20 vertices hence
we obtain 20 truncated off congruent right pyramids each with an equilateral triangular base.

Truncation of a regular dodecahedron: For ease of calculations, let there be a regular dodecahedron with
edge length PQ (unknown) & its centre at the point C. Now it is truncated at all 20 vertices to obtain a
truncated dodecahedron. Thus each of the congruent regular pentagonal faces with edge length PQ is
changed into a regular decagonal face with edge length a (known) (see figure 1) & we obtain 20 truncated off
congruent right pyramids with base as an equilateral triangle corresponding to 20 vertices of the parent solid.
(See figure 1 which shows one regular pentagonal face & a right pyramid with equilateral triangular base &
normal height h being truncated from the regular dodecahedron).

No.of congruent equilateral triangular faces in the truncated dodecahedron
= no.of vertices in parent dodecahedron = 20

No.of congruent regular decagonal faces in the truncated dodecahedron
= no.of regular pentagonal faces in parent dodecahedron = 12

No.of vertices in the truncated dodecahedron = 20 X 3 = 60

Calculation of edge length of parent regular P
dodecahedron:

Th

Let a be the edge length of each face of a truncated
dodecahedron to be generated by truncating a parent

regular dodecahedron with edge length PQ (unknown). a. U
~—APB ]
~—PAM =90° — — (from figure 1)
108°
=90° — =90° — 54° = 36°
In right APMA
QN5
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AM
c0S=PAM = — or co0s36° =
AP Figure 1: Each of 12 congruent pentagonal faces with edge
length a5 of a regular dodecahedron is changed into a
or AP = W regular decagonal face with edge length a by the truncation of
vertices. A right pyramid with base as an equilateral triangle

L. " , . with side length a & normal height h is being truncated off
Applications of “HCR’s Theory of Poly goN" Proktrom a regular dodecahedron with edge length a5
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~ edge length of parent dodecahedron, PQ = PA + AE + EQ

= 2PA + AB (since, AB = AE = EF = ..... = edge length of truncated dodecahedron = a)
a 4 5+5 V5(vV5+1
=2x70+a=a<—+1)=a< )za( ( ))za\/g

20536 V5+1 VE+1 V5+1

~ edgelength of parent regular dodecahedron, PQ = aVs

Above result shows that if we are to generate a truncated dodecahedron with edge length a then we have to
truncate all 20 vertices of a regular dodecahedron of edge length a+/5

Analysis of truncated dodecahedron by using equations of right pyramid & regular dodecahedron

Now consider any of 20 truncated off congruent right pyramids having base as an equilateral triangle ABD with
side length a, normal height h & an angle 108°between any two consecutive lateral edges (see figure 2
below)

Normal height (h) of truncated off right pyramid: We know that the normal height of any right pyramid
with regular polygonal base, having n no. of sides each of length a & an angle a between any two consecutive

lateral edges, is given as
a a T
H=—- /cotz—— cot?—
2 2 n

Truncated ofj

right pyrami Regula
Equi{aferal Jecagoanal face
triangular (&

N face
I~
A B

H+>Ho

S

Figure 2: Normal distance (Hy) of equilateral triangular faces is always greater than the normal distance
(Hp) of regular decagonal faces measured from the centre C of any truncated dodecahedron.

Applications of “HCR’s Theory of Polygon” proposed by Mr H.C. Rajpoot (year-2014)
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-h—a t21080 tzn—a tan?36° <1>2 ( ilateral tri lar b =3)
o —2 co 2 co 3—2 an \/§ forequlaera riangular oase, n =

( 10—2@)2_1 a [3(10-2V5) - (\F+1) a J30—6\/§—6—2\/§
32 3(V5+1)° “2(V5+1) 3

~ 4(6-2v5)  2a  |V5-1)° a(v5-1) a(¥5-1)(\5-1)
“2(V5+1) 3 2(V5+1) S V3(VE+1) V3(VE+1)(V5-1)

_a(6-2V5) 2a(3-+V5) _a(3-+5)
V3(5 - 1) W3 23

~ truncated normal height, h = (3 \/_)a ()]

Volume (V') of truncated off right pyramid: We know that the volume of a right pyramid is given as

1
= —(area of base (equilateral triangle)) X (normal height)

.-.V’=%<%nazcot%>xh=—(ix3xa cot3> a(32\/§ 5)
1 _(3-v5) (3-v5)a’
T2 B3 3 24
) (3 V5)a®
v="— et e (ID)

Normal distance (H;) of equilateral triangular faces from the centre of truncated dodecahedron

The normal distance (H;) of each of the equilateral triangular faces from the centre C of truncated
dodecahedron is given as

Hr =0C =CP—0P (fromthe figure 2 above)
= H; = (outer (circumscribed) radius of parent regular dodecahedron) —h

3(V5+1 5 3—-+5
= \/_(\/_ )(a\/—) - ( \/_)a (outer radius is given from HCR's Formula)

4 2V3
_a(15+3V5-6+2V5) a(9+5V5)
B 43 43
Hy = (O+5V8)a 2.912781167a 11
r=— s~ % NN (/1))

It’s clear that all 20 congruent equilateral triangular faces are at an equal normal distance H; from the

centre of any truncated dodecahedron.
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Solid angle (w;) subtended by each of the equilateral triangular faces at the centre of truncated
dodecahedron: we know that the solid angle (w) subtended by any regular polygon with each side of length
a at any point lying at a distance H on the vertical axis passing through the centre of plane is given by “HCR’s
Theory of Polygon” as follows

2Hsin &
n

’4H2 + azcotzg

Hence, by substituting the corresponding values in the above expression, we get the solid angle subtended by

-1

w = 2w — 2nsin

each equilateral triangular face at the centre of truncated dodecahedron as follows

[ (s

a)T=27r—2><3sin‘1| I

R
.

(9+5V5) V3 \ /
T odz 2 9 4+ 5V5
=21 — 6sin7! | 23 | = 27 — 6sin?
\/81+125+90\/§+1 \ /206+90v’+4/
12 3 12
_ 9+5V5 , 9+5V5
=2r—6sin"!| —————— | =27 — 6sin”!} | ———
A 70 4+ 30v/5 270 + 30v5
)
. 9 +5V5
wr =2m—6sin"!( —————) = 0.05029947sr SURUNRRRN ¢ 474
2170 + 30V5

Normal distance (H),) of regular decagonal faces from the centre of truncated dodecahedron: The
normal distance (H},) of each of the regular decagonal faces from the centre C of truncated dodecahedron is
given as

Hp, =0'C (fromthe figure 2 above)

= Hp = (inner (inscribed) radius of parent regular dodecahedron)

(3++V5)(av5)  (5+3V5)a

Hp = = (inner radius is given from HCR's Formula)

10—-2v5  2y10-2v5

_(5+3V5)a (5+3V5)a
b= 24/10 — 2\/§ B 8sin36°

~ 2.489898285a FE—— |
It’s clear that all 12 congruent regular decagonal faces are at an equal normal distance H, from the centre
of any truncated dodecahedron.

It’s also clear from eq(lll) & (V) Hy > Hp, i.e. the normal distance (Hy) of equilateral triangular faces is greater
than the normal distance (Hp) of regular decagonal faces from the centre of truncated dodecahedron i.e.
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regular decagonal faces are much closer to the centre as compared to the equilateral triangular faces in any
truncated dodecahedron.

Solid angle (wj) subtended by each of the regular decagonal faces at the centre of truncated
dodecahedron: we know that the solid angle (w) subtended by any regular polygon is given by “HCR’s
Theory of Polygon” as follows

2Hsin &
n

’4H2 + azcotzg

Hence, by substituting the corresponding value of normal distance H = Hj, in the above expression, we get
the solid angle subtended by each regular decagonal face at the centre of truncated dodecahedron as follows

/ 2 (—(5 +3V5)a ) sin{g \

wD=27T—2><105in‘1| 2y10 -~ 2V5 |

\\/4 (7(54-3\/?)(1) +a?cot?
2710 - 245 10

1

w = 2w — 2nsin~

(for decagon, n =10)

(5+3V5) , (V5 -1) \|

=21 — 20sin™? I 10— 2\/§ I
| (25 +45 +30V5) | 1o+2 Ji0+2v5) |

\ 10 — 2v5 V5 — /

|/ <5\/§4+ 15-5— 3\/§) \|

10 — 2V5
(70 + 30V5)(6 — 2V5) + (10 + 2v5)(10 — 2V5)
(10 - 2v5)(v5 - 1)°

=27 — 20sin~t

(5+\/_) \/107(\/—_1) \

=27 —20sin™t 10 - 25
\/420 + 180v5 — 1405 — 300 + 100 — 20

o 5V5+5-5—-+5 o 2V/5
=27 — 20sin™? =27 —20sin™! [ ———
2\/420 + 1805 — 140+/5 — 300 + 100 — 20 200 + 405
2 20sin~?t 2V5 2 20 si ‘1< 2V5 ) 2 20 si ‘1< ! >
= 2w — 20sin — | =27 - 20sin"'| ——— | =27 — 20sin”' | ——
wp = 2m —20sin~! <—> ~ 0.963365099sr RN (/4 )
10 + 2V/5
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It’s clear that the solid angle subtended by each of the regular decagonal faces is greater than the solid angle
subtended by each of the equilateral triangular faces at the centre of any truncated dodecahedron.

Important parameters of a truncated dodecahedron:

1. Inner (inscribed) radius(R;): It is the radius of the largest sphere inscribed (trapped inside) by a
truncated dodecahedron. The largest inscribed sphere always touches all 12 congruent regular
decagonal faces but does not touch any of 20 equilateral triangular faces at all since all 12 decagonal
faces are closer to the centre as compared to all 20 triangular faces. Thus, inner radius is always equal
to the normal distance (Hp) of decagonal faces from the centre & is given from the eq(V) as follows

(5+3V5)a
R, = Hy, = ~———~— ~ 2.489898285a

2410 — 2V5

Hence, the volume of inscribed sphere is given as

4 4 <(5+3\/§)a
3

3
Vinscribed = g”(Ri)s =57 /10 Z\/§> ~ 64.65966161a®

2. Outer (circumscribed) radius(R,): It is the radius of the smallest sphere circumscribing a given
truncated dodecahedron or it’s the radius of a spherical surface passing through all 60 vertices of a
given truncated dodecahedron. It is calculated as follows (See figure 2 above).

R, = distance of any of the vertices from the centre C = CA = CB = CD

In right AOMA

maom =M im0 = \2 0A = -4 ( 4A03—2”—1200)
sin = OA Sin = OA or = —\/§ since, = 3 =

In right AAOC

= (A =,/(04)? + (0C)? = \/(%)2 + (%) (since, OC = Hy)

o |1, 8L+125+90V5 164206+ 90v5 _ 222+ 90V5 _ |74+ 30V5
— 43 48 - 48 “YT e TN 16

a /
=7 74 + 30V5 = outer (circumscribed) radius

Hence, the outer radius of truncated dodecahedron is given as

a
R, = 1 /74- +30V5 ~ 2.969449016a

Hence, the volume of circumscribed sphere is given as

3

4 4 a 3
Vcircumscribed = gn(RoP =g 74+ 30V5) ~ 109.6771681a
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3. Surface area(As): We know that a truncated dodecahedron has 20 congruent equilateral triangular
& 12 regular decagonal faces each of edge length a. Hence, its surface area is given as follows

Ag = 20 X (area of equilateral triangle) + 12 x (area of regular decagon)

We know that area of any regular n-polygon with each side of length a is given as
1, /4
A =-—na“cot—
4 n
Hence, by substituting all the corresponding values in the above expression, we get

A —ZOX(1X32 tn)+12><<1><102 tn>—152><1+302 t18°
s = 7 X 3atcoty 2 a*cot 75| = 15a NG a?co

= (5V3 + 30c0t18°)a? = 5(V3 + 6cot18°)a?
A, = 5(V3 + 6c0t18°)a? ~ 100.9907602a?

4. Volume(V): We know that a truncated dodecahedron with edge length a is obtained by truncating a

regular tetrahedron with edge length a+/5 at all its 20 vertices. Thus, 20 congruent right pyramids
with equilateral triangular base are truncated off from the parent regular dodecahedron. Hence, the
volume (V) of the truncated dodecahedron is given as follows

V = (volume of parent regular dodecahedron) — 20(volume of truncated of f right pyramid)

—20x (V") (volume of dodecahedron is given from HCR's formula)

(15 + 7V5)(av5)’
- 4

15 + 7v/5)5vV5a® 3 —+5)a®
= ( 2 ) ®_ 20 x % (substituting the value of V'from eq (II))
_ (450v5+ 1050 — 60 + 20V5)a® (990 +470v5)a® (495 + 235V5)a®
- 24 - 24 h 12 h

5
599+ 47V5)a?

5
V=13 (99 + 47V5)a® ~ 85.03966456a°

5. Mean radius(R,,): It is the radius of the sphere having a volume equal to that of a given truncated
dodecahedron. It is calculated as follows

volume of sphere with mean radius R,, = volume of given truncated dodecahedron

4 (495 + 235V5)a’

—1(R..)3 =
3 T(Rm) B

1
, (495 +235V5)a’ 495 + 2355\
= (R,)’ = orR,=a| ———

16m 16m

. 495 + 2355
m=a 167

1
3
) ~ 2.727999647a
It's clear from above results that R; < R,, < R,
Construction of a solid truncated dodecahedron: In order to construct a solid truncated dodecahedron

with edge length a there are two methods
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1. Construction from elementary right pyramids: In this method, first we construct all elementary right
pyramids as follows

Construct 20 congruent right pyramids with equilateral triangular base of side length a & normal height (H;)

_ (9 + 5\/§)a

~ 2.912781167a
r 43

Construct 12 congruent right pyramids with regular decagonal base of side length a & normal height (Hp)

_(5+3V5)a

D =~ gsin36° ~ 2.489898285a

Now, paste/bond by joining all these right pyramids by overlapping their lateral surfaces & keeping their apex
points coincident with each other such that all the edges of each equilateral triangular base (face) coincide
with the edges of three decagonal bases (faces). Thus, a solid truncated dodecahedron, with 20 congruent
equilateral triangular & 12 congruent regular decagonal faces each of edge length a, is obtained.

2. Facing a solid sphere: It is a method of facing, first we select a blank as a solid sphere of certain material
(i.e. metal, alloy, composite material etc.) & with suitable diameter in order to obtain the maximum desired
edge length of truncated dodecahedron. Then, we perform facing operations on the solid sphere to generate
20 congruent equilateral triangular & 12 congruent regular decagonal faces each of equal edge length.

Let there be a blank as a solid sphere with a diameter D. Then the edge length a, of a truncated dodecahedron
of maximum volume to be produced, can be co-related with the diameter D by relation of outer radius (R,)
with edge length (a)of a truncated dodecahedron as follows

a
Ro=7 /74+30\/§

Now, substituting R, = D/2 in the above expression, we have

D a, a’

2D
a=—~0.168381405D

74 + 30+/5

Above relation is very useful for determining the edge length a of a truncated dodecahedron to be produced
from a solid sphere with known diameter D for manufacturing purpose.

Hence, the maximum volume of truncated dodecahedron produced from the solid sphere is given as follows

5 495 + 235V5 2D
Vinax = 5 (99 + 47V5)a® = ( vS) <

3
12 74 + 30\/§>

8(495+235V5)D® (495 +235V5)D?

) 12(74 + 30V5)vV 74 + 305 B 3(37 + 15v5)V74 + 30V5

(495 +1235V5)(37-15V5)D® (18315 + 8695V5 — 7425V5 — 17625)D?
3(37 + 15V5)(37 — 15V5)V 74 + 30v5 73274 + 30V5

Applications of “HCR’s Theory of Polygon” proposed by Mr H.C. Rajpoot (year-2014)
©All rights reserved



(690 +1270V5)D® (345 +635V5)D®  5(69 +127V5)D® 5

Mathematical analysis of truncated dodecahedron
Application of HCR’s formula for regular polyhedrons (all five platonic solids)

732y 74 + 30V/5

366y 74 + 30V/5

;o _.5 (69+127\/§
max —
366\,/74 + 305

Minimum volume of material removed is given as

366474 + 30v5 366

(69 + 127x/§)
— | D3
74 4+ 30V/5

) D3 ~ 0.405979339D3

(Vremoved )min = (volume of parent sphere with diameter D) — (volume of truncated dodecahedron)

T 5 (69 + 127\/5) <n
=—D3——[———— D3 =
6 366 \/74 + 30V5
m 345+ 6355
(Vremoved)min =\z

6 366v74+ 305

Percentage (%) of minimum volume of material removed

345 + 635v5 ) s
6 366v74 + 30v5

) D3 ~ 0.117619436D3

minimum volume removed

% of Vremovea =

total volume of sphere

345 + 6355

(E_ 345+635\/§) 3
6
366v74+30v5/ o0 (4 _

611/ 74 + 30V5

) X 100 ~ 22.46%

It’s obvious that when a truncated dodecahedron of maximum volume is produced from a solid sphere then
about 22.46% of material is removed as scraps. Thus, we can select optimum diameter of blank as a solid
sphere to produce a solid truncated dodecahedron of the maximum volume (or with maximum desired edge

length)

Conclusions: let there be any truncated dodecahedron having 20 congruent equilateral triangular & 12

congruent regular decagonal faces each with edge length a then all its important parameters are

calculated/determined as tabulated below

Congruent No. of | Normal distance of each face from the | Solid angle subtended by each face at the
polygonal faces | faces centre of the given truncated dodecahedron | centre of the given truncated dodecahedron
Equilateral 20 (9 + 5\/§)a L, 9+ 5v5
triangle —— =~ 2.912781167a 2T — 6sin”?! | ————
43 2470 + 305
~ 0.05029947sr
Regular 12 5+ 3v5)a o 1
decagon u ~ 2.489898285a 2m — 20sin™! [ ———
2710 — 2v5 10 + 2v5
~ 0.963365099sr
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Inner (inscribed) radius (R;) (5 + 3\/§)a
R, = ——————~ 2.489898285a
2v/10 — 2v/5
Outer (circumscribed) radius (R,) a
R, = 7 74 + 30V5 ~ 2.969449016a
1
. 3
Mean radius (R,,,) R =a 7495 + 235V5 ~ 2.727999647a
m 16m
Surface area (4y) A = 5(\/§ + 6c0t18°)a? ~ 100.9907602a?
5
Volume (V) V =1 (99 +47V5)a* ~ 85.039664564°

Note: Above articles had been developed & illustrated by Mr H.C. Rajpoot (B Tech, Mechanical Engineering)
M.M.M. University of Technology, Gorakhpur-273010 (UP) India Dec, 2014
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