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a b s t r a c t
The ﬂow through porous media can be better described by fractional models than the classical ones since they include inherently memory effects caused by obstacles in the structures. The variational iteration method was extended to ﬁnd approximate solutions of
fractional differential equations with the Caputo derivatives, but the Lagrange multipliers
of the method were not identiﬁed explicitly. In this paper, the Lagrange multiplier is determined in a more accurate way and some new variational iteration formulae are presented.
Ó 2013 Elsevier Inc. All rights reserved.

1. Introduction
The diffusion process has been observed in many real physical systems such as highly ramiﬁed media in porous systems,
anomalous diffusion in fractals and heat transfer close to equilibrium. Fractional calculus is a power tool for ﬁnding solution
of non-linear problems. Some numerical methods [1–6] and analytical methods [7–12] have been developed for fractional
differential equations (FDEs).
The variational iteration method (VIM) [13,14] was extended to FDEs and has been one of the methods used most often.
Generally speaking, the use of the variational iteration method (VIM) follows the three steps: (a) to establish the correction
functional; (b) identiﬁcation of the Lagrange multipliers; (c) determination of the initial iteration. Obviously, the step (b) is
crucial to derive a variational iteration formula.
Noting the applications of the VIM [13,15] only handled the term of fractional derivatives as restricted variations, we consider a more general FDE
C a
0 Dt u

þ R½u þ N½u ¼ f ðtÞ;

ð1Þ

where 0DC at is the Caputo derivative, R[u] is a linear term and N[u] is a nonlinear one. Momani and Inc et al. [16–20] applied
the VIM to the above equation and suggested a variational iteration formula

(

unþ1 ¼ un þ

Rt
0

kðt; sÞð0C Das un þ R½un  þ N½un   f ðsÞÞds;

kðt; sÞ ¼ 1;

0 < t; 0 < a 6 1;

ð2Þ
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where the function kðt; sÞ is called the Lagrange multiplier.
This paper gives a new way to identify the Lagrange multiplier and improves the variational iteration formula (2) as

8
R
< unþ1 ¼ un þ t kðt; sÞð0C Das un þ R½un  þ N½un   f ðsÞÞds;
0
: kðt; sÞ ¼

ð1Þa ðstÞa1
CðaÞ

0 < t; 0 < a;

ð3Þ

:

The above iteration formula is also valid for differential equations when a is an arbitrary positive integer.
2. Preliminaries

Deﬁnition 2.1. The Caputo derivative is given as
C a
0 Dt u

¼

Z

1
Cðm  aÞ

t

1
ðt  sÞamþ1

0

uðmÞ ðsÞds;

0 < t;

m ¼ ½a þ 1:

ð4Þ

Deﬁnition 2.2. The Riemann–Liouville (R–L) integration of u is deﬁned as
a

0 It

uðtÞ ¼

1
CðaÞ

Z

t

ðt  sÞa1 uðsÞds;

0 < t;

0 < a:

ð5Þ

0

Deﬁnition 2.3. Laplace transform of the term C0 Dat u is given as

 ðsÞ 
L½C0 Dat u ¼ sa u

m1
X

uðkÞ ð0þ Þsa1k ;

m  1 < a 6 m;

ð6Þ

k¼0

 ðsÞ ¼ L½uðtÞ.
where L is Laplace transform and u

Assuming hðsÞ
¼ L½hðtÞ and gðsÞ ¼ L½gðtÞ, the convolution theorem is

hðtÞ gðtÞ ¼

Z

t

hðt  sÞgðsÞds;

ð7Þ

0

and

 gðsÞ ¼ L½hðtÞ gðtÞ:
hðsÞ

ð8Þ

The detail properties of fractional calculus and Laplace transform can be found in [21–23], respectively.
3. Some new Lagrange multipliers

Theorem 3.1. If the correction functional for Eq. (1) is established via the R–L integration



unþ1 ¼ un þ 0 Iat kðt; sÞ C0 Das un þ R½un  þ N½un   f ðsÞ ;

ð9Þ

the terms R[un] and N[un] are restricted variations, the Lagrange multiplier can be identiﬁed as

kðt; sÞ ¼ 1:

ð10Þ

Proof. Take Laplace transform (6) on the both sides of Eq. (9)




 n ðsÞ þ L 0 Iat kðt; sÞ C0 Das un þ R½un  þ N½un   f ðsÞ :
 nþ1 ðsÞ ¼ u
u

ð11Þ

Consider the term
a C a
0 I t k0 Ds un ¼

1
CðaÞ

Z
0

t

ðt  sÞa1 kðt; sÞC0 Das un ðsÞds:

ð12Þ
a1

Setting the Lagrange multiplier kðt; sÞ ¼ kðXÞ=X¼ts , Eq. (12) is the convolution of the function aðtÞ ¼ kðtÞt
CðaÞ and the term
C a
0 Dt un ðtÞ: The terms R[un] and N[un] are considered as restricted variations which implies dR[un] = 0 and dN[un] = 0, respec n ðsÞ and take the classical variation derivative d on the
tively. Make the correction functional (11) stationary with respect to u
both sides of Eq. (11). Then Eq. (11) can be calculated as
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"
ðsÞsa u
nþ1 ðsÞ ¼ du
 n ðsÞ þ d a
 n ðsÞ 
du
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#

m1
X

ðsÞsa Þdu
 n ðsÞ:
uðkÞ ð0þ Þsa1k ¼ ð1 þ a

ð13Þ

k¼0

From Eq. (13), we can obtain the equation

ðsÞsa ¼ 0;
1þa

ð14Þ

which results in

ðsÞ ¼ 
a

1
t a1
and
aðtÞ
¼

:
sa
CðaÞ

ð15Þ

h
As a result, the Lagrange multiplier can be identiﬁed as

kðt; sÞ ¼ aðt  sÞCðaÞðt  sÞ1a ¼ 1:

ð16Þ

The iteration formula (9) reads



unþ1 ¼ un  0 Iat C0 Das un þ R½un  þ N½un   f ðsÞ :

ð17Þ

We can check our iteration formula’s validness through the relaxation oscillator equation [24]
C
0

Dat u þ xa u ¼ 0;

uð0Þ ¼ 1;

u0 ð0Þ ¼ 0;

0 < t;

1 < a 6 2; x > 0:

ð18Þ

The iteration formula of Eq. (18) can be given as

(

unþ1 ¼ un  0 Iat ðC0 Das un þ xa un Þ;
u0 ¼ 1:

ð19Þ

As a result, we can obtain the series solution

u0 ðtÞ ¼ 1;
a a
u1 ðtÞ ¼ 1  Cxð1þt aÞ ;
a a

2a 2a

t
u2 ðtÞ ¼ 1  Cxð1þt aÞ þ Cxð1þ2
aÞ :
...

For n ? 1, un ðtÞ ¼

Pn

ðxtÞka
k¼0 Cð1þkaÞ

rapidly tends to the exact solution Ea((xt)a) which is the Mittag-Lefﬂer function.

Theorem 3.2. If the correction functional for Eq. (1) is established via the Riemann integration

unþ1 ¼ un þ

Z

t

0



kðt; sÞ C0 Das un þ R½un  þ N½un   f ðsÞ ds;

ð20Þ

and the terms R[un] and N[un] are restricted variations, the Lagrange multiplier can be identiﬁed as

kðt; sÞÞ ¼

ð1Þa ðs  tÞa1
:
CðaÞ

ð21Þ

From Eq. (17), we can derive



unþ1 ¼ un  0 Iat C0 Das un þ R½un  þ N½un   f ðsÞ ¼ un 
¼ un þ

Z
0

t

a

a1 

ð1Þ ðs  tÞ
CðaÞ

C a
0 Ds un

Z

t
0


ðt  sÞa1 C a
0 Ds un þ R½un  þ N½un   f ðsÞ ds
CðaÞ


þ R½un  þ N½un   f ðsÞ ds:

As a result, for Eq. (20), the Lagrange multiplier is derived

kðt; sÞ ¼

ð1Þa ðs  tÞa1
;
CðaÞ

which completes the proof of (21).
One can check that the following iteration formula (See Eq. (25a) in [25]) for the ordinary differential equation (ODE)
dm u
m þ R½u þ N½u ¼ f ðtÞ,
dt
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m

8
R
< unþ1 ¼ un þ 0t kðt; sÞ ddsmu þ R½un  þ N½un   f ðsÞ ds;
:

m

ðstÞ
kððt; sÞ ¼ ð1Þðm1Þ!

m1

0 < a;
ð22Þ

;

is a special case of Eq. (3). We can conclude that our iteration formula is a ‘‘uniform’’ one for both ODEs and FDEs.
Remarks:
a
(I) The iteration formula is also valid for approximately solving FDEs of arbitrary order in sense of the R–L derivative RL
0 Dt
and the sequential derivatives. The differences are the initial iterations.
(II) The Lagrange multiplier presented in (3) is a simplest one. If we consider more terms in R[u] in Eq. (1), more explicit
Lagrange multipliers can be identiﬁed. For example, consider the FDE
C a
0 Dt u

þ xa u þ N½u ¼ f ðtÞ; 0 < a and

RL a
0 Dt u

þ xa u þ N½u ¼ f ðtÞ; 0 < a:

ð23Þ

Similarly, the following variational iteration formulae can be given as

(

unþ1 ¼ un þ

Rt

k ¼ ðt  sÞ

kðt; sÞð0 C Das un þ xa un þ N½un   f ðsÞÞds;

0
a1

ð24Þ

Ea;a ðxa ðt  sÞa Þ;

and

(

unþ1 ¼ un þ

Rt
0

k ¼ ðt  sÞ

kðt; sÞð0 RL Das un þ xa un þ N½un   f ðsÞÞds;

a1

ð25Þ

Ea;a ðxa ðt  sÞa Þ:

For a = 1 and a = 2, Eqs. (24) and (25) reduce to the results in (see the iteration formula in [25])

(

 n

kðt; sÞ du
þ xun þ N½un   f ðsÞ ds;
ds


k ¼ ðt  sÞ Ea;a xa ðt  sÞa a¼1 ¼ exðstÞ ;

unþ1 ¼ un þ

Rt

0
a1

and

8


R
< unþ1 ¼ un þ t kðt; sÞ d2 u2n þ x2 un þ N½un   f ðsÞ ds;
0
ds
: k ¼ ðt  sÞa1 E xa ðt  sÞa 
¼ sinðxxðstÞÞ ;
a;a
a¼2
where Ea;b ðtÞ is the Mittag-Lefﬂer function with two parameters.
The Lagrange multipliers (24) and (25) lead to approximate solutions of higher accuracies than the results from the variational iteration formula (3). For example, only with one step, one can derive the exact solution of (18).

Fig. 1. g = sin(2px), a = 0.9,

v = 0.1.
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(III) The simplest variational iteration formula (17) can reduce to the Volterra integral equation and the analysis of the convergence and the existence of the solutions can be found in [26].
4. Approximate solutions of the Burgers’ ﬂow with fractional derivatives
The classical Burgers equation often appears in trafﬁc ﬂow and gas dynamics. Recently, some researchers considered various fractional Burgers equation to model the diffusion behaviors of the ﬂow through porous medium [27–31]. In this section, the VIM is applied to the time-fractional Burgers equation [10]
C a
0 Dt u

þu

@u
@2u
¼v 2;
@x
@x

0 < t; 0 6 x 6 1; 0 < a 6 1;

ð26Þ

where u is the ﬂow’s velocity and v is the viscosity coefﬁcient. It is revealed that the effect of the fractional derivative accumulates slowly to give rise to a signiﬁcant dissipation.

Fig. 2. g = sin(2px), a = 0.9,

v = 0.5.

Fig. 3. g = sin(2px), a = 0.9,

v = 0.9.
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We consider the Burgers equations with the initial condition uðx; 0Þ ¼ gðxÞ. From Eq. (17), we can have

(

unþ1 ¼ un 

Rt
0

ðtsÞa1
CðaÞ

u0 ¼ uðx; 0Þ ¼ gðxÞ;



C a
0 Ds un


2
n
þ un @u
 v @@xu2n ds;
@x

0 < a 6 1;

ð27Þ

uð0; tÞ ¼ uð1; tÞ ¼ 0:

More generally, for the time-fractional couple Burgers equations of fractional order in [32]

8
< C Da u þ 2u @u  @ 2 ðu2v Þ ¼ 0; 0 < a;
0

t

@x

@x

ð28Þ

: C Db v þ 2v @v  @ 2 ðuv Þ ¼ 0; 0 < b;
0 t
@x
@x2
the variational iteration formula can be given as

8


R
a
a1
2
un v n
>
n
< unþ1 ¼ un þ 0t k1 ðt; sÞ C0 Das un þ 2un @u
 @ @x
; 0 < a;
ds; k1 ðt; sÞ ¼ ð1Þ CððsatÞ
2
@x
Þ


R
b
b1
2
t
b
ð1Þ
ð
s
tÞ
>v
@v n
@ un v n
C
:
; 0 < b;
ds; k2 ðt; sÞ ¼
nþ1 ¼ v n þ 0 k2 ðt; sÞ 0 Ds v n þ 2v n @x  @x2
CðbÞ

Fig. 4. g = sin(2px), a = 0.5,

v = 0.5.

Fig. 5. g = sin(2px), a = 0.9,

v = 0.5.

ð29Þ
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Fig. 6. g = sin(2px), a = 0.99,
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v = 0.5.

For Eq. (26), the successive approximate solutions can be obtained

u0 ¼ gðxÞ ¼ g;

 a
u1 ¼ g  gg 0  v g ð2Þ Cðat þ1Þ ;



 ta
t 2a
02
2 ð2Þ
u2 ¼ g  gg 0  v g ð2Þ Cð1þ
 2v gg ð3Þ  4v g 0 g ð2Þ þ v 2 g ð4Þ Cð1þ2
aÞ þ 2gg þ g g
aÞ

 0
 0 2
ð2Þ
ð2Þ
ð3Þ Cð1þ2aÞ
t 3a
 gg  v g
;
g þ gg  v g
C2 ð1þaÞ Cð1þ3aÞ
..
.
m

where g0 denotes dg
and g ðmÞ ¼ ddxmg.
dx
We get the approximate solution u2 as the second term approximation. For g(x) = sin(2px) and the fractional order a = 0.9,
Figs 1–3 show the velocity of the ﬂow with various viscosity coefﬁcients v. For g(x) = sin(2px) and the viscosity coefﬁcient
v = 0.5, Figs 4–6 illustrate the velocity at different fractional orders.
5. Conclusions
FDEs have been proven to be a useful tool to describe the nonlocal diffusion of the ﬂow in porous media. As one of the
analytical methods in FDEs, the existing applications of the VIM in FDEs handled the terms of fractional derivatives as restricted variations or directly employed the one for ODEs. So the Lagrange multipliers determined in that way are not good
enough to obtain the approximate solutions of high accuracies. The main reason is that it is difﬁcult for one to use the integration by parts to derive the Lagrange multipliers explicitly.
In this study, the Lagrange multiplier is identiﬁed by Laplace transform and such a drawback is overcomed. The VIM for
FDEs is completed now.
Furthermore, with the result in this study, the following aspects can be considered in future work:
 New analytical methods employing other linearized techniques, for example, the Adomian decomposition series, which
can handle the nonlinear terms of FDEs and improve the accuracies of approximate solutions;
 To develop numerical algorithms of fractional partial differential equations based on the VIM which can fully use the merits of the method;
 To consider other applications of the VIM in new non-classical models such as fractional fuzzy equations, fractional timedelay models, the fractional q-difference equations and other dynamical equations on time scales.
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