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This note presents a Laplace transform approach in the determination of the
Lagrange multiplier when the variational iteration method is applied to time fractional heat diffusion equation. The presented approach is more straightforward
and allows some simplification in application of the variational iteration method to
fractional differential equations, thus improving the convergence of the successive
iterations.
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Introduction

The application of the fractional calculus is a hot topic in heat transfer allowing solving many no-linear problems such as Stefan problem [1], the thermal sub-diffusion model [2],
and the transition flows of complex fluids [3, 4]. Even though the fractional models are correctly
describing non-linear real world phenomena, the solutions are quite complex and the real call
among the scientists to find efficient analytical techniques for solutions of such problems in explicit forms.
The variational iteration method (VIM) [5, 6] is an analytical technique which has
been widely used in the past ten year in non-linear problems. The key problem of the VIM is the
correct determination of the Lagrange multiplier when the method is applied to fractional equations describing diffusion of heat or mass. This crucial point of the method is solved efficiently
in the present work.
Problem formulation

The following integer-order parabolic equation describes transient heat conduction:
ut = cuxx, u(0, x) = f(x)
Author's e-mail: wuguocheng2002@yahoo.com.cn

(1)
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The solution in accordance to the VIM rules needs to construct the correction functional:

t

un+1 = un + ò l( t, t)( un,t - cun, xx )dt, u0 = f ( x )

(2)

0

The weighted function l(t, t) is called the Lagrange multiplier which can be determined by the variational theory looking for stationary conditions of the functional (2) [5, 6].
This procedure involves integration by parts of the integral in (2) that leads to a serious problem
when the VIM is applied to differential equations of fractional order, namely:
C Da u
0 t

Here

= cuxx , u(0, x ) = f ( x ), 0 < a £ 1

(3)

C Da
0 t

is the Caputo derivative [7]. Equation (3) reduces to the classical one (1) for a = 1.
Constructing the correction functional to eq. (3) we get:
t

un+1 = un + ò l( t, t)(C0 Dat un - cun, xx )dt, 0 < a

(4)

0

The Lagrange multiplier in eq. (3) cannot be determined in a straightforward way like
that in the integer-order model (1). The principle problem is the existence of the fractional derivative under the integral sign which does not allow the integration by parts to be performed. The
section shows by applying the Laplace transform to eq. (3) the problem can be avoided.
Laplace transform approach in the
Langrage multiplier's determination

Assuming for simplicity of the explanation c = 1 in eq.(3) and applying the Laplace
transform L to both sides we get:
saU ( s) - u(0 + )sa-1 = L[uxx ], 0 < a £ 1
where Laplace transform of the therm

C Dau
0 t

(5)

holds [7]:

m-1

L[C0 Dat u] = saU ( s) - å u (k ) (0 + ) sa-1- k , m = [a] + 1, U ( s) = L[ u( t )]
k =0

(6)

Then, constructing the correction functional to (5) we have:
U n+1 ( s) = Un ( s) + l( saU n ( s) - u(0, x ) sa-1 - L[un, xx ])

(7a)

The stationary condition of the functional (7a) require the following condition to be
satisfied:

comes:

dU n+1 ( s)
(7b)
=0
dU n ( s)
This condition simply defines a Lagrange multiplier as:
1
(7c)
l=sa
As a result, the inverse Laplace transform of the variational iteration formula (7a) be-

ì
é1
ù
ï un+1 = un + L-1 [ l( saU n ( s) - u(0, x )sa-1 - L[un, xx ])] = u0 + L-1 ê a ( L[ un, xx ]) ú
í
ës
û
ïî u0 = u(0, x ) = f (x )

(8)
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On the other hand, we recently give another way to identify the Lagrange multiplier in
[8-10]:

ì u = u + t l( t, t)(C Da u - u )dt, 0 < a
ò
n
n , xx
0 t n
ï n+1
0
(9a, b)
í
( -1)a ( t - t )a-1
ï l(t, t) =
G(a)
î
Both (9a, 9b) and (8) can lead to the same result.
The Lagrange multiplier (9b) transforms the Riemann integral (9a) of the iteration
functional into the Riemann-Liouville (R-L) integral. This is a correct approach because if we
apply to the R-L integral 0 I ta both sides of eq. (3), than the correct iteration formula should be:
un+1 = un + 0 I ta [ l( t, t)(C0 Dat un - un, xx )], 0 < a

(10)

However, albeit the correctness of (10) the impossibility to apply the integration by
parts in the fractional integral led to a simplification by replacing it by the Riemann integral as it
defined by (9a). The simplification ever continued with the Lagrange multiplier as l = –1
[11-14]. This chain of simplifications leads to a poor convergence of the iteration formula. The
Laplace transform approach in the determination of l(t, t) corrects the second step of the simplification chain and results in what the iteration formula should be. The final result is, in fact, the
Lagrange multiplier defined by (9b) is the kernel of the R-L integral. This point was analyzed recently by Hristov [15] with two options in the integration: (1) iteration formula as it is defined by
(9a, b) and (2) iteration formula with l = –1 and the R-L integral defined by (10).
Example: Fractional heat diffusion equation of the R-L type

In this section, we apply our method to the fractional heat-diffusion equation of the
R-L type, namely:
1 -a u(0 + ) = sin( x ), 0 < a £ 1
RL Da u = u ,
(11)
0I t
xx
0 t
which can also describes a transient flow in a porous medium.
Our approach leads to the following iteration formula:
ì
ù
-1 é 1
ïï un+1 = u0 + L ê sa ( L[ un, xx ]) ú
ë
û
í
sin( x ) t a-1
ï u0 =
ïî
G(a)
The successive iterations are obtained as:
u1 =
M

sin(x )t a-1 sin(x )t 2 a-1
G(a)
G(a+a)

( -t ) ka
un = sin(x )t a-1 å
k = 0 G(a+ka)

(12)

n

For n ® 4, un rapidly tends to sin(x)ta–1Ea,a(–ta) which is an exact solution of (11). The
diffusion behaviors are shown in fig. 1 at different fractional orders.
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Figure 1. VIM solutions to the sub-diffusion equation at various a(0 < a £ 1)

Conclusions

This scientific note presents the application of Laplace transform in correct determination of Lagrange multiplier when the VIM is applied to fractional heat-diffusion equations.
The approach is exemplified by solutions of fractional heat diffusion equations with the Caputo
derivative and the R-L derivative, respectively. The results show that the new approach is more
efficient and straightforward to identify the Lagrange multiplier here and yet give approximate
solutions of high accuracies. The VIM now can be a reliable tool to analytically investigate heat
models with fractional derivatives.
Nomenclature
c
C D au
0 t
RL D au
0 t

Ea,b
a
0It

L
m
n
s
t

–
–
–
–
–
–
–
–
–
–
–
–

specific heat capacity, [Jkg–1]
time-fractional Caputo derivative
time-fractional Riemann-Liouville
derivative
Mittag-Leffler function with parameters
a and b
Riemann-Liouville integral of a order
Laplace transform
integer between a and a + 1
order of the approximate solutions
complex argument of Laplace transform
time, [s]

Us
u
un
x

–
–
–
–

Laplace transform of u(t)
temperature, [K]
n-th order approximate solution
space co-ordinate, [m]

Greek symbols
a
d
G
l(t, t)
t

–
–
–
–
–

fractional order [–]
variation operator
gamma function
Lagrange multiplier
time, [s]

References
[1]
[2]
[3]

Meilanov, R., Shabanova, M., Akhmedov, E., A Research Note on a Solution of Stefan Problem with Fractional Time and Space Derivatives, Int. Rev. Chem. Eng., 3 (2011), 6, pp. 810-813
Hristov, J., Heat Balance Integral to Fractional (Half-Time) Heat Diffusion Sub-Model, Thermal Science,
14 (2010), 2, pp. 291-316
Siddique, I., Vieru, D., Stokes Flows of a Newtonian Fluid with Fractional Derivatives and Slip at the
Wall, Int. Rev. Chem. Eng., 3 (2011), 6, pp. 822- 826

Wu, G.-C.: Laplace Transform Overcoming Principle Drawbacks in Application ...
THERMAL SCIENCE: Year 2012, Vol. 16, No. 4, pp. 1257-1261

[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]

1261

Qi , H., Xu, M., Some Unsteady Unidirectional Flows of a Generalized Oldroyd-B Fluid with Fractional
Derivative, Appl. Math. Model., 33 (2009), 11, pp. 4184-4191
He, J.-H., Approximate Analytical Solution for Seepage Flow with Fractional Derivatives in Porous Media, Comput. Method. Appl. M., 167 (1998), 1-2, pp. 57-68
He, J.-H., Variational Iteration Method – a Kind of Non-Linear Analytical Technique: Some Examples,
Int. J. Nonlinear Mech., 34 (1999), 4, pp. 699-708
Podlubny, I., Fractional Differential Equations, Academic Press, New York, USA, 1999
Wu, G.-C., Variational Iteration Method for Solving the Time-Fractional Diffusion Equations in Porous
Medium, Chin. Phys. B., 21 (2012), 12, 120504
Wei, M. B., Wu, G.-C., Variational Iteration Method for Sub-Diffusion Equations with the
Riemann-Liouville Derivatives, Heat. Trans. Res. accepted, 2012
Wu, G.-C., Applications of the Variational Iteration Method to Fractional Diffusion Equations: Local Versus Nonlocal Ones, Int. Rev. Chem. Eng., 4 (2012), 5, pp. 505-510
Momani, S., Odibat, Z., Analytical Approach to Linear Fractional Partial Differential Equations Arising
in Fluid Mechanics, Phys. Lett., A 355 (2006), 4-5, pp. 271-279
Inc, M., The Approximate and Exact Solutions of the Space- and Time-Fractional Burgers Equations with
Initial Conditions by Variational Iteration Method, J. Math. Anal. Appl., 345 (2008), 1, pp. 476-484
Molliq, R. Y., Noorani, M. S. M., Hashim, I., Variational Iteration Method for Fractional Heat- and
Wave-Like Equations, Nonlinear Analysis: Real World Applications, 10 (2009), 3, pp. 1854-1869
Sakar, M. G., Erdogan, F., Yildirim, A., Variational Iteration Method for the Time-Fractional
Fornberg-Whitham Equation, Comput. Math. Appl., 63 (2012), 9, pp. 1382-1388
Hristov, J., An Exercise with the He’s Variation Iteration Method to a Fractional Bernoulli Equation Arising in Transient Conduction with Non-Linear Heat Flux at the Boundary, Int. Rev. Chem. Eng., 4 (2012),
5, pp. 489-497

Paper submitted:October 19, 2012
Paper accepted: October 23, 2012

