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Uncertainty, Pay for Performance, and Asymmetric
Information

Felipe Balmaceda*

Universidad de Chile

This article develops a new rationale for the emergence of pay-for-performance

contracts where the labor market is competitive, workers are risk averse, and

firms are risk neutral and unaware of workers’ productivities. The article shows

that the prevalence of pay for performance rises and the pay-for-performance

sensitivity falls as environmental uncertainty increases. This empirical regularity

is unaccounted for alternative models such as the standard agency model.

(JEL D86, L2, M5, J3)

1. Introduction

The standard rationale for linking pay to performance is that it helps to align

workers’ incentives with those of the firm—the well-known incentive effect.

Pay for performance imposes risk on a risk-averse worker that results in higher

wage costs. The risk increases with the uncertainty of the environment, thereby

giving rise to a negative trade-off between risk and incentives. Although ap-

pealing, this prediction is not borne out by the data. For many occupations, the

evidence suggests that pay for performance is more prevalent the more uncer-

tain the environment.1

The evidence for a positive relationship between uncertainty and incentives,

reviewed in Prendergast (2002b), is based on four different occupations: exec-

utives, agricultural sharecropping, franchise holders, and salespersons. The

most cited examples are for executives, where the evidence about the negative

trade-off is mixed. Some authors like Aggarwal and Samwick (1999) confirm

the relationship, whereas others such as Garen (1994) find none. Agricultural

sharecropping clearly points to a positive relationship (Allen and Lueck 1995,

2000) as fixed rent contracts are more likely to be observed in crops with
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1. As mentioned by Lazear (2000) and Prendergast (2002), casual evidence also seems to sug-

gest that incentive pay is used more frequently in more uncertain industries, such as the use of

bonuses in the financial sector.
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greater yield variance. Among franchise holders strong output-based contracts

are the norm, whereas in company owned stores variable pay is usually absent

or minimal. Given the positive relationship between uncertainty and pay for

performance, franchise holders are much more common in industries charac-

terized by uncertainty (see, Lafontaine and Slade 2001). Finally, the literature

on salesforce compensation finds little evidence of either a negative or positive

relationship.

The purpose of this article is to build a theory that is consistent with the

pattern found in the data and cannot be explained by the standard rationale

in which pay for performance is used to induce agents to exert effort. Thus,

a model is developed in which incentives for effort plays no role, and identical

risk-neutral firms compete for risk-averse workers whose productivity can be

either high or low. Each worker knows his productivity level, but firms only

know the proportion of high productivity workers. Workers’ preferences ex-

hibit nonincreasing absolute risk aversion, and the distribution of output for

a worker depends on his productivity and a parameter that captures environ-

mental uncertainty. An increase in this parameter is associated to a rise in

environmental uncertainty, understood as mean-preserving spread (MPS)

of the initial distribution of output. In addition, firms are allowed to offer

a menu of contracts.

The proposed model is a competitive screening model, similar to the com-

petitive insurance model developed by Rothschild and Stiglitz (1976), but it

does not suffer from the absence of equilibrium when the proportion of high-

ability workers is large because a different timing, suggested by Hellwig

(1987), is adopted. That is, first, firms offer a menu of contracts; second, each

worker bids for a contract; and then firms, observing other firms’ offers, either

accept or reject applicants.

When the proportion of high-productivity workers is smaller than a given

threshold, firms offer a menu with a straight-salary and a pay-for-performance

contract. High-productivity workers self-select into pay-for-performance jobs

and low-productivity workers into straight-salary jobs. As in Rothschild-

Stiglitz’ (1976) competitive insurance model, high-productivity workers

(low-risk consumers) self-select into pay-for-performance jobs (partial insur-

ance contracts) because they generate larger expected output and it is less

costly for them to bear the risks associated with pay for performance. In con-

trast, when the proportion of high-productivity workers is higher than the given

threshold, all firms offer the same pay-for-performance contract. Both high-

and low-productivity workers accept that contract and receive a compensation

equal to the average workers’ expected output. The rationale is as follows. If

straight-salary contracts were offered to all workers, firms could counter offer

with profitable pay-for-performance contracts imposing higher compensation

risk that only high-productivity workers would be willing to accept. Thus,

pooling contracts with straight salaries do not arise in equilibrium because

cream-skimming high-productivity workers is always profitable. It then fol-

lows that any pooling equilibrium must involve some, however small, com-

pensation risk. In short, when the proportion of productive workers is small,
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pay-for-performance and straight-salary contracts coexist and workers self-

select into different jobs, whereas when that is large, only pay-for-performance

contracts are observed since self-selection results in too much compensation

risk.2

This result is used to study the relationship between risk (environmental

uncertainty) and the prevalence as well as the power of pay for performance.

With linear contracts and plausible restrictions on workers’ preferences, the

threshold for the proportion of high-productivity workers above which the

equilibrium is pooling falls as environmental uncertainty rises. In other words,

in stable environments, pay-for-performance and straight-salary contracts are

more likely to coexist and workers more likely to self-select into different jobs,

whereas in unstable environments, only pay-for-performance contracts are

more likely to be observed since self-selection results in too much compen-

sation risk.

The model also yields the following empirical predictions: (1) workers paid

by output earn and produce, on average, more than salaried or hourly workers

in the same job; (2) pay-for-performance sensitivity and environmental uncer-

tainty are negatively related; and (3) pay-for performance sensitivity in jobs

where all workers are paid by output could be quite small.

The outline for the rest of the article is as follows. Section 2 discusses to

some extent the pay-for-performance literature. Section 3 describes the model

and the equilibrium concept and provides the full information benchmark. Sec-

tion 4 derives the equilibrium. Section 5 studies the relationship between

incentives and environmental uncertainty when contracts are assumed to be

linear on output. Section 6 discusses the basic model’s empirical predictions

and compares them with those from the linear agency model and the evidence

supporting them. Concluding remarks are presented in the last section.

2. Literature Review

The vast pay to performance literature can be split into two broad categories:

incentive pay for performance and nonincentive-based theories.3 Incentive-

based theories are best represented by the linear agency model of Holmstrom

and Milgrom(1987). It predicts a negative trade-off between risk and incen-

tives as well as a decreasing pay-for-performance sensitivity and increasing

compensation in uncertain environments. In a multitasking setting, Holmstrom

and Milgrom (1991) demonstrate that general contracts induce a misallocation

of effort across tasks, and when this is sufficiently severe, the theory predicts

that incentive pay should not be used. Prendergast (2002b), in a model with

risk-neutral workers and multitasks, explains why variable pay should be more

prevalent in uncertain environments. He argues that in stable environments,

2. Because in the model here firms, after observing other firms’ offers, may reject some of the

applicants an equilibrium always exists.

3. For excellent surveys concerning incentive-based theories, see Prendergast (1999) and

Gibbons (1998).
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firms are content to assign workers to specific tasks and monitor their effort. In

uncertain environments, firms delegate the choice of tasks to workers and use

variable pay to align their incentives and constrain their discretion. Thus, out-

put-based contracts are more likely to be observed in uncertain environments.

The driving force behind this model is the assumption that there is no corre-

lation between measured output and environmental uncertainty—contrary to

the main assumption in the linear agency model. Prendergast shows that when

such correlation exists, pay by output is not necessarily more likely to take

place in uncertain environments. The present article can be seen as compli-

mentary to Prendergast; whereas his explanation is based on monitoring output

versus input, this is based on sorting and a different set of assumptions.

Nonincentive-based theories are best represented by Lazear (1986). He

shows that the least productive workers self-select into firms offering straight

salaries and the most productive choose firms offering piece rates.4 His model

for self-selection is quite different from the model in this article. In his article,

the more productive workers self-select into pay-for-performance jobs because

for them it is worth indirectly paying the (higher) monitoring costs associated

with piece rates, whereas here self-selection occurs only when the environment

is sufficiently certain that it is worth facing compensation risk instead of being

pooled with low-productivity workers. Lazear’s article cannot explain why

pay for performance is more prevalent in uncertain environments and the pre-

dictions of his model are not easily compared with those from the linear agency

model.

Lazear (2005) focuses on pay for performance as a way to extract worker’s

private information with regard to firm’s prospects and retaining them. Arya

andMittendorf (2005) show that stock options are granted to distinguish work-

ers. Together, these two articles show that a manager confident of his contri-

bution to a firm’s value is willing to accept a contract loaded with stock

options. Cadenillas et al. (2005) consider the problem of a risk-neutral firm

that tries to hire a risk-averse executive of unknown ability. Executives affect

stock price dynamics through the choice of volatility and by applying costly

effort. In this setting, they show that the use of options discourage low-ability

executives from applying to the firm since the implicit risk of an option will

make its value lower than low-ability executive’s reservation wage. Thus,

Cadenillas’ et al. (2005) argument is similar to the one here with the difference

that in their model the variance of the stock price (output) is controlled by the

executive and they do no provide an explanation for the use of heterogeneous

compensation methods within a job.

Oyer (2004) proposes a rationale for pay for performance that has neither

incentive nor selection effects. He shows that the use of such contracts helps to

satisfy workers’ participation constraints. He argues that when a worker’s out-

side option and firm’s performance are positively correlated, by indexing

wages to performance, the firm avoids worker loss. This is relevant when

a worker’s resignation is expensive for the firm and the subsequent ex-post

4. See Matutes et al. (1994) for a similar result.
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adjustment of wages is also costly. Neither article, however, makes predictions

about the relationship between environmental uncertainty, the adoption of pay

for performance and its sensitivity.

Lastly, there are few articles that deal with both incentive and sorting

effects. Moen and Rosen (2005) analyze a multitasking model with risk-

neutral agents, a distorted performance measure, and private information about

the agent’s cost of effort. They show that in equilibrium pay-for-performance

contracts are too high powered as they can result in a misallocation of effort

across tasks. This article makes no prediction about the relationship between

uncertainty and pay for performance, although like this article it also shows

that sorting requires pay for performance. They show that pay for performance

induces too much effort while it imposes compensation risk on risk-averse

workers. Prendergast (2002a), in a model where compensation is based on

supervisors performance appraisal, demonstrates that firms when choosing

incentives weigh the benefits of higher effort against the cost of loosing in-

formation about workers’ skills as consequence of biased appraisal. In uncer-

tain environments, supervisors’ reports are not particularly valuable for sorting

purposes, so the marginal cost of increased incentives is lower.5 In contrast to

the predictions of the linear agency model and the sorting model, it is implied

that pay-for-performance sensitivity increases with the uncertainty.

In short, this article complements the existing literature on sorting effects of

pay-for-performance contracts by deriving a link between environmental un-

certainty and the prevalence and strength of pay-for-performance contracts

that is consistent with the empirical evidence.

3. The Basic Model and The Equilibrium Concept

3.1 The Basic Model

Identical risk-neutral firms compete for a fixed number of workers of unknown

productivity. Workers come in two types, high-productivity workers (H) and

low-productivity workers (L), with each firm having the same production tech-

nology. The output, denoted by y, is assumed to be contractible and its price is

normalized to 1. The technology is such that the i-worker’s output is distrib-

uted with a continuous and differentiable density function f i(y j r), with support
Y[½y;�y�; y � 0, and expected output given by hi ¼

Ð
yf iðyjrÞdy for i 2 fL,Hg.

In this setting, the parameter r 2 [0, N] is a risk measure, which need not

correspond to variance, and that does not affect the mean of the distribution.

In particular, an increase in r results in an MPS of the original distribution and

is associated with a more uncertain environment. This implies, as in the stan-

dard principal agent model, that there is a positive correlation between the

quality of the performance measure and the uncertainty of the environment.

For simplicity, f i(� j r) is assumed twice continuously differentiable for all r.

5. Their definition of sorting differs from this article as neither workers nor firms know, at the

time of contracting, the skills of a worker. The only information they receive comes from the

performance appraisals.
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Let define the likelihood ratio ‘ðyjrÞ[ f LðyjrÞ
f H ðyjrÞ: Then the following is assumed.

(A1) (MLRP) ‘(y j r) is decreasing in y for all y 2 Y and r 2 [0, N].

Observe that thisassumption implies thathH>hL—that is, ahigh-productivity

worker’s average output is greater than a low-productivity worker’s average

output.6 In addition, this assumption implies that high-productivity worker’s

distribution of output first-order stochastic dominates (FSD) a low-productivity

worker’s distribution of output.

Employers know only that a worker’s productivity can be either high or low

and that the proportion of workers who have a high productivity is l. In con-

trast, workers know their own productivity. All the rest is common knowledge.

Workers are assumed to be risk averse and have a utility function U(w(y))

that is twice continuously differentiable with first derivative U#(�) > 0 and

U$(�) < 0, where w(y) is total compensation when output y is realized. In ad-

dition, a worker’s outside opportunity provides him with an expected utility

equal to U(0) which is assumed to be lower than U(hi) for i 2 fL, Hg.
In addition, the following technical restriction on U(�) is imposed.

(A2) limw/NUðwÞ/N and limw/�NUðwÞ/� k � 0:
Each firm is allowed to offer a menu of wage contracts in which a contract

yields a total compensation equal tow(y)whenoutput y is realized.Whenw(y)¼
w for all y 2 Y, C is a fixed wage or straight-salary contract and when w(y)¼ y

for all y, C is a pure piece-rate contract. Any other contract in which w(y) is

nondecreasing in y for all y 2 Y and strictly increasing for a subset of Y of

positive measure is referred to as a pay-for-performance contract. In what

follows, the contract (0, 0) is denoted by C0.

An i-worker’s expected utility when he accepts contractC¼ fw(y)g is given
by:

ViðCÞ[
ð
UðwðyÞÞf iðyjrÞdy; ð1Þ

and a firm’s expected profit from employing an i-worker under the same con-

tract C is given by:

piðCÞ[
ð
ðy� wðyÞÞf iðyjrÞdy: ð2Þ

The timing of decisions used here was suggested by Hellwig (1987) and is as

follows. At Stage 1, firms are symmetrically informed and simultaneously of-

fer a menu of wage contracts that includes either a pay-for-performance or

straight-salary contract or both for the upcoming period. At Stage 2, after

offers have been made, each worker applies to a particular firm for the

6. The expectation of ‘(y j r) with respect to FH(� j ) is 1 and, because ‘(� j r) is decreasing, its
covariance with y must be negative; hence

0 >

ð
yð‘ðyjrÞ � 1Þf H ðyjrÞdy ¼

ð
y f LðyjrÞ � f H ðyjrÞ
� �

dy ¼ hL � hH :
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upcoming period. In the case that more than one firm offers the same contract,

workers choose randomly between firms. At Stage 3, after each worker has

chosen a contract and firms have observed other firms’ offers, firms then have

the opportunity to either accept or reject a worker’s application. Once a worker

has agreed to work for a particular firm and has been accepted, the terms of

the agreement become binding for that period. At the final stage, output is

produced and compensation takes place as specified in the contract.

3.2 The Equilibrium Concept

This section briefly explains the equilibrium concept used and the importance of

the timing adopted. Under the standard equilibrium concept (Perfect Bayesian

Equilibrium) and the standard timing for screening games (Stages 1 and 2), this

type of model suffers from non-existence of equilibrium for some parameter

values. A classic example of this is competitive insurance model by Rothschild

and Stiglitz (1976), where an equilibrium does not exist when the proportion of

low-risk individuals is sufficiently large.7

Hellwig (1987) added the third stage to the two-stage screening game to solve

the problem of the nonexistence of equilibrium.8 However, Hellwig’s last two

stages mimic a signaling game, so the timing effectively trades the problem of

nonexistence for the problem of multiple equilibria. As Cho and Kreps (1987)

show, signaling games have a plethora of Perfect Bayesian Equilibrium (here-

after, PBE) that are supported by unreasonable off-the-equilibriumpath beliefs.

In this article, I adopt a signaling equilibrium refinement proposed by Mailath

et al. (1993) that eliminate equilibria that are based on unreasonable beliefs. In

particular, it will be required that any PBE of the signaling subgame (Stages 2

and 3) must be undefeated among all possible PBEs that arise from any first-

stage contract offers. This equilibrium refinement picks only those PBE that

give the highest payoff to high-productivity workers or only those equilibria

that are constrained Pareto efficient.

I adopt the Undefeated Equilibrium refinement rather than the Intuitive

Criterion or Divinity. For the later, the equilibrium selected remains unchanged

for any positive proportion of high-productivity workers, so it is not sensitive to

the proportion of high-productivity workers unless this is exactly equal to 1.

Yet, it seems unreasonable that the outcome of a game with a one worker with

a one-million-chance of being a low-productivity worker differs significantly

from a game in which there is no chance of being such a worker. In addition, as

the distribution of workers types will not be certain, the model and its equilib-

rium will only be useful if the predicted outcome is not overly sensitive to

the description of the environment, in particular to the proportion of high-

productivity workers.

7. There are several other equilibrium concepts that differ from that used in this article and that

deal with the nonexistence of equilibrium problem. The most common are Riley’s Reactive Equi-

librium and Wilson’s Anticipatory Equilibrium. In addition, Dasgupta and Maskin (1984) derived

conditions that guarantee the existence of a mixed strategy equilibrium.

8. Grossman (1979) was the first to discuss this specification but in a nonsequential setting.
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3.3 The Full-Information Benchmark

Equations (1) and (2) together with risk aversion tell us that under complete

information, all contracts should be efficient straight-salary contracts. Further-

more, competition among employers forces them to pay each type his expected

productivity. That is, the first-best contract for a high-productivity worker is

C*H ¼ fwðyÞ ¼ hH for all y 2 Yg and that for a low-productivity worker is

C*L ¼ wðyÞ ¼ hH for all y 2 Yf g. Because of this, it is efficient for both types

of worker (low and high productivity) to participate; that

is,ViðC*i Þ > ViðC0Þ for i2fH ; Lg.

4. Asymmetric Information

4.1 Preliminaries

Now consider the case in which employers do not know workers’ productivity.

First, note that the first-best contracts ðC*H ;C*LÞ are not incentive compatible

since C*H involves no risk and pays a higher straight-salary than C*L. That is,
VLðC*H Þ ¼ VHðC*HÞ > VLðC*LÞ. Second, for any given contract w(y) that is non-
decreasing in y, a high-productivity worker’s expected utility is greater than or

equal to that for the low-productivity worker; that is,ð
UðwðyÞÞf H ðyjrÞdy �

ð
UðwðyÞÞf LðyjrÞdy:

This is a direct consequence of the monotone likelihood ratio property since

this implies that FH(y j r) FSD FL(y j r), the fact thatU#(�) is increasing andw(y)
rises with y.

The next result shows that whenever a low-productivity worker is indiffer-

ent between two contracts with different risk, a high-productivity worker’s

expected utility is greater under the riskier contract. All proofs are placed

in the Appendix.

Lemma 1. Consider two arbitrary contracts C1 and C2 such that VL(C1) ¼
VL(C2), and assume that C1 single-crosses C2 from below. Then, VH(C1) >
VH(C2).

This lemma shows that the trade-off of the return on risk for a given pay-for-

performance contract is more favorable for the H type than for the L type: the

same risk exposure cost caused by a steeper contract is lower for the H type

than for the L type. This implies that firms could use pay for performance as

a screening device. This intuition is explored in the next section.

4.2 Separating Equilibrium

Suppose that separation of the two types occurs at equilibrium, competition

will require firms to offer a menu of contracts that contains a contract that

maximizes high-productivity workers’ expected utility (cream-skimming)

and another that maximizes low-productivity workers’ expected utility subject
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to (i) no one type of worker has incentive to choose the contract designed for

the other type and (ii) no contract guarantees expected positive profits for the

firm when chosen by the proper type.

Condition (i) implies that the following incentive compatibility constraints

must be satisfied,ð
UðwH ðyÞÞf H ðyjrÞdy �

ð
UðwLðyÞÞf H ðyjrÞdy; ð1Þ

andð
UðwLðyÞÞf LðyjrÞdy �

ð
UðwH ðyÞÞf LðyjrÞdy: ð2Þ

Adding these two incentive constraints and rearranging terms, a necessary con-

dition for separation to be an equilibrium is:

ð
½UðwH ðyÞÞ � UðwLðyÞÞ�½1� ‘ðyjrÞ� f H ðyjrÞdy � 0; ð3Þ

The following lemma which is direct consequence the diffidence theorem of

Gollier and Kimball (1996) provides the necessary and sufficient conditions

for equation (5) to hold when the wage schedule is nondecreasing in y.

Lemma 2. Suppose thatwiðyÞ is nondecreasing in y for i2fL;Hg;wH ðyÞ and
wLðyÞ cross only once at y0, and low-ability workers’ incentive constraint is

binding, then the necessary and sufficient condition for equation (5) to hold is

‘ðyjrÞ � ‘ðy0jrÞ ifwHðyÞ < wLðyÞ;
‘ðyjrÞ � ‘ðy0jrÞ ifwHðyÞ > wLðyÞ:

This lemma shows that if low-ability workers’ incentive constraint is binding,

MLRP is necessary and sufficient to guarantee that there is a pair of incentive

compatible contracts, each of them involving different degrees of pay for per-

formance.

When the two incentive constraints are satisfied, workers self-select and so

competition forces employers to pay each productivity type the corresponding

expected output. Any contract different from C*L that either breaks even or

makes positive profits when chosen by low-productivity workers only yields

them a lower expected utility than C*L.
9 This implies that the contract tailored

to low-productivity workers is the full information contract C*L—that is,

w*LðyÞ ¼ hL for all y 2 Y.

9. Note that a firm offeringC*L will make non-negative profits in this contract regardless of who

applies to this contract.
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Because the optimal contract for a low-productivity worker is C*L, the op-

timal contract for a high-productivity worker, denoted by Cs
H , will be solution

to

max
wðyÞ2R

ð
UðwðyÞÞf H ðyjrÞdy

subject toð
UðwðyÞÞf LðyjrÞdy � UðhLÞ andð
wðyÞf HðyjrÞdy � hH :

ð4Þ

Letting k and q, respectively, be the Lagrange multipliers on the constraints,

the first-order condition is

U#ðwðyÞÞ½f HðyjrÞ � kf LðyjrÞ� � qf HðyjrÞ ¼ 0: ð5Þ
Observe that k > 0 otherwise the contract would be a fixed wage, which to-

gether with the second constraint, will not be consistent with sorting.10 Solving

the first-order condition yields

U#ðwðyÞÞ ¼ q
1� k‘ðyjrÞ: ð6Þ

As the full-information contract C*H cannot sort workers out when offered to-

gether withC*L, it follows from this andMLRP that the contract tailored to high-

productivity workers must be a pay-for-performance contract. Because the

worker is risk averse and thereby exhibits decreasing marginal utility, it fol-

lows from equation (8) that MLRP implies that the unique solution to the prob-

lem in (6) must be increasing in y. This is formally shown in the next lemma.

Let us denote the contract that solves equation (8) by Cs
H and the optimal

contract for low-productivity workers by Cs
L, where s stands for separation.

Then the following result obtains.

Lemma 3. (i) Cs
H is a pay-for-performance contract and Cs

L ¼ C*L; (ii) the
contract Cs

Hexists and is unique; and (iii) k and q are implicitly defined as

continuously differentiable functions of r and hence VHðCs
HÞ is continuously

differentiable in r.

This result establishes that firms use pay-for-performance contracts to skim

the cream (the risk imposed by a pay-for-performance contract is less attractive

for low-productivity workers because they have a lower expected output).

Notice that this equilibrium is equivalent to the separating equilibrium in the

competitive insurance model by Rothschild and Stiglitz (1976). High-risk con-

sumers (low-productivity workers) choose a full insurance contract (straight-

salary contract), whereas low-risk consumers (high-productivity workers)

choose a partial insurance contract (pay-for-performance contract).

10. The first-order condition is necessary and sufficient since the Lagrangian is strictly

concave.
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4.3 Pooling Equilibrium

Nextsuppose that theequilibriumispooling—that is,high-andlow-productivity

workers choose the samecontract. In this case firmsmust believe that aworker is

a high-productivity worker with probability l since contract choice does not re-
veal any information.Weknow fromRothschild andStiglitz that,when the two-

stage timing is used, this cannot be an equilibrium. A firm offering a slightly

steeper contract than the pooling contractwould attract high-productivitywork-

ers only and thus it makes a profit, whereas the nondeviating firms lose money.

This intuitionwill not hold given the timing adopted in this article. The reason is

that no worker would ever apply for the pooling contract offered by the nonde-

viating firms, as they know that they are going to be rejected in the third stage.

Nondeviating firms, after seeing a cream-skimming offer, will know that their

offerscouldonlyattract low-productivityworkersandsotheywouldloosemoney.

Workers, anticipating this rejection, would apply to the deviating firm offering

the cream-skimming contract and which in turn would make this deviation un-

profitable. Thus, no firm has an incentive to deviate from the pooling contract.

Furthermore, among all those pooling contracts that break-even at the

population’s average productivity, ĥ[ lhH þ ð1� lÞhL, the equilibrium re-

finement selects the contract with the largest expected utility for high-

productivity workers. Let us denote this contract by Cp, where p stands for

pooling. There are other pooling contracts that can only be sustained as PBEs

by assuming unreasonable off-the-equilibrium path beliefs. A pooling contract

different from Cp is only possible as a PBE if a deviating firm believes that this

new pooling contract attracts an above average group of workers. This is

unreasonable since by definition Cp offers the largest expected utility to

high-productivity workers.

The equilibrium contractCp in the pooling equilibriumwill be the solution to

max
wðyÞ2R

ð
UðwðyÞÞf H ðyjrÞdy

subject toð
wðyÞðlf HðyjrÞ þ ð1� lÞf LðyjrÞÞdy � lhH þ ð1� lÞhL: ð7Þ

Letting c be the Lagrange multiplier on the constraint, the first-order condition

is

U#ðwðyÞÞ � c½lf H ðyjrÞ þ ð1� lÞf LðyjrÞ� ¼ 0:

Hence,

U#ðwpðyÞÞ ¼ c½lþ ð1� lÞðyjrÞ�; ð8Þ

and thereby wðyÞ rises with y since it is being assumed that ‘(y j r) falls with y.
This shows that the best pooling contract from the high-productivity agent’s

point of view is a pay-for-performance contract.

The next lemma formalizes the discussion above.
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Lemma 4. (i)Cp is a pay-for-performance contract, (ii) the contractCp exists

and it is unique, and (iii) c is implicitly defined as continuously differentiable

function of r and l and hence ViðCpÞ is continuously differentiable in r and l.

It is interesting to remark once again that Cp is a pay-for-performance rather

than a straight-salary contract as the optimal risk allocation might lead us to

conclude. For, if a straight-salary contract is offered, it can be broken by any

firm offering a contract with higher expected compensation and reduced risk

which only high-productivity workers would be willing to bear. So, the pooling

straight-salary contract becomes unprofitable and cannot be sustained as an

equilibrium.

4.4 The Equilibrium

In a pooling equilibrium, high-productivity workers’ expected compensation is

lower than their expected output, whereas in a separating equilibrium, their

expected compensation is equal to their expected output. This suggests that

a high-productivity worker would be better-off when cream skimming is pur-

sued, unless the risk offered by the pooling contract is sufficiently lower.

Inaddition to this, as theproportionofhigh-productivityworkers rises, ahigh-

productivity worker compensation in the pooling equilibrium increases. This

suggests that as l rises, it is more likely that the best equilibrium for both high-

and low-productivity workers is the pooling equilibrium. In fact, the next prop-

osition shows that the equilibrium is pooling when l exceeds a given critical

value and separating otherwise. This implies among other things that contract

choice in each case is such that the equilibrium is constrained Pareto efficient.

Let us define lðrÞ as the minimum proportion of high-productivity workers

on the population that leaves high-productivity workers indifferent between

contract Cp and contract Cs
H and leaves low-productivity workers better-

off than when they choose Cs
L. That is VH ðCs

H Þ ¼ VH ðCpÞ and VLðCs
LÞ <

VLðCpÞ. Then the following is proposed and formally demonstrated in the

Appendix.

Proposition 1. Suppose that ws
H ðyÞ single-crosses wPðyÞ from below.11

Then, there exists a critical value for the proportion of high-ability workers

denoted by lðrÞ such that: (i) if l% lðrÞ, then in equilibrium firms offer a menu

with two contracts: the straight-salary contractCs
L and the pay-for-performance

contract Cs
H . Low-productivity workers self-select into straight-salary

jobs, whereas high-productivity workers self-select into pay-for-performance

jobs; whereas (ii) if l > lðrÞ, then in equilibrium all firms offer the pay-for-

performance contract Cp and both types of workers participate.

Two remarks are in order. First, the equilibrium refinement implies that the

equilibrium is unique and constrained Pareto efficient. Second, if we restrict

ourselves to either pure separating or pure pooling equilibrium, with more than

11. When contracts are linear as in the next section this is trivially satisfied.
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two worker types, the analysis shows that for a separating equilibrium only the

lowest productivity type receives a straight salary, and all other productivity

types are paid by pay-for-performance contracts. Because of MLRP, the steep-

ness of the optimal contract increases with the productivity parameter, that is,

in equilibrium, for any two workers with productivity parameters hi and hi#
with hi > hi#, ws

i ðyÞ is steeper almost everywhere than ws
i#ðyÞ. In the pooling

equilibrium, all firms offer the same pay-for-performance contract, and work-

ers are indifferent between firms. The contract offered is the one that yields the

highest expected utility to the highest productivity workers among the con-

tracts that break even at the average productivity and is accepted by all work-

ers. As in the two type cases, a unique pooling equilibrium exists. This occurs

when each worker’s productivity type prefers the pooling equilibrium rather

than the separating one, with strict preferences given to at least one worker’s

type. Therefore, with more than two productivity types, the results are similar

to the ones in proposition 1.

5. The Risk and Incentives Relationship with Liner Contracts

In this section, I focus on the relationship between risk and the prevalence and

power of pay for performance. More precisely, how the threshold for the pro-

portion of high-productivity workers and the steepness of the optimal contract

vary as environmental uncertainty rises.

As known since the seminal article by Grossman and Hart (1983), the ex-

istence of optimal incentive contracts with economically meaningful proper-

ties requires assumptions such as MLRP and the concavity of the distribution

function property. In addition, there is no unambiguous prediction with regard

to the relationship between risk—environmental uncertainty—and the power

of incentives. This has lead researchers to focus on linear contracts. However,

focusing on linear contracts is not free of problems. Mirrlees (1974) showed

that the best linear contract is worse than various nonlinear contracts. In par-

ticular, a step-function contract, where the worker earns wH if y � ỹ, but wL

otherwise, can perform very well in the sense that it approaches the twin goals

of full incentives and full insurance in the limit (as ỹ and wL fall in appropriate

fashion, so that the worker almost surely gets wH and yet has incentives from

the fear of receiving the very low payment wL). Although linear contracts may

not be optimal, tractability reasons together with the fact that complex con-

tracts may impose significant writing costs, and they can be subject to gaming

in ways nomodeled here, but which are important in the real world, force me to

limit the attention to linear contracts of the following form: wðyÞ ¼ aþ by,
with b 2 (0, 1).

In addition to this, linear contracts permit simpler comparative static anal-

ysis, since the pay-for-performance sensitivity induced by the optimal contract

is specified by a single parameter; allow equilibrium contracts to be charac-

terized in terms of the main parameter of interest, which is the one that captures

environmental uncertainty; and allow comparisons of the shape of the optimal

contracts to those from the standard linear agency model.
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It is also assumed that

Fið�jrÞ ¼ r½G1ð�Þ � G0ð�Þ� þ Hið�Þ for i 2 fL;Hg;

where r� 0,G1ð�Þ is a mean-preserving spread ofG0ð�Þ, and both distributions
have a mean equal to ỹ. Then, the family generated by Fið�jrÞ as r increases is
a linear path or sequence of riskier distribution from Hið�Þ to Fið�jrÞ. Thus, r is
a measure of risk in the sense that a greater r means a more uncertain envi-

ronment. Furthermore, FH ð�jrÞ FSD FLð�jrÞfor all r since HH ð�Þ FSD HLð�Þ.
Let also define the coefficient of absolute risk aversion as AðwÞ ¼ �U$ðwÞ

U#ðwÞ,
the coefficient of relative risk aversion as ARðwÞ ¼ wAðwÞ, the coefficient ab-
solute prudence as PðwÞ ¼ �U$#ðwÞ

U$ðwÞ, and that of relative prudence as

PRðwÞ[wPðwÞ.
(A3) Preferences exhibit nonincreasing absolute risk aversion, that is,

A#ðwÞ � 0 for all w.

This assumption ensures that the wealthier an agent, the smaller the amount

that the agent is willing to pay to escape a given additive risk. Because

A#ðwÞ ¼ AðwÞðAðwÞ � PðwÞÞ, this assumption entails PðwÞ � AðwÞ: In partic-
ular, the agent is prudent (i.e., U$#ð�Þ > 0).

Prudence is the sensitivity of the optimal choice of a decision variable to

risk. This term is meant to suggest the propensity to prepare and forearm one-

self in the face of uncertainty, in contrast to risk aversion, which is how much

one dislikes uncertainty and would turn away from uncertainty if possible.

First, suppose the equilibrium is separating. Then the firm is faced with the

following problem:

max
bsH2½0;1�

ð
UðhH þ bsH ðy� hH ÞÞf HðyjrÞdy

subject toð
UðhH þ bsH ðy� hH ÞÞf LðyjrÞdy ¼ UðhLÞ: ð1Þ

The first-order condition for this problem isð
U#ðhH þ bsH ðrÞðy� hHÞÞðy� hHÞð1� k‘ðyjrÞÞf H ðyjrÞdy ¼ 0; ð2Þ

and the optimal slope bsH ðrÞ is fully determined by the incentive compatibility

constraint.

When the equilibrium is pooling, the firm is faced with the following

problem:

max
bp2½0;1�

ð
Uðĥþ bpðy� ĥÞÞf HðyjrÞdy: ð3Þ

The first-order condition for this problem is
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ð
U#ðĥþ bpðrÞðy� ĥÞÞðy� ĥÞf HðyjrÞdy ¼ 0; ð4Þ

where bpðrÞ is the optimal pay-for-performance sensitivity.

This problem is similar to the standard portfolio problem in which an in-

vestor decides how to divide his wealth between a risky and arisk-free asset.

The comparative statics literature on the properties of the solution to this prob-

lem is vast and summarized in great detail in Gollier (2001). Basically, the

main conclusion is that one must restrict either the preference set or the set

of mean-preserving increases in risk to sign the comparative statics results

in accordance with economic intuition, that is, the share invested in the risky

asset falls with r. When mean-preserving spreads are considered, several

restrictions on the preference set are needed, while when no restriction other

than concavity is imposed, Gollier (1995) showed that the necessary and suf-

ficient condition to get the expected signs on the comparative statics exercises

requires to focus on a particular kind of increases in risk known as Central

Dominance.12 Moreover, as pointed out by Gollier (1995), second-order sto-

chastic dominance (SSD) is neither necessary nor sufficient for central dom-

inance (CD). In fact, SSD and CD cannot be compared to each other. Thus, in

what follows I will focus on the more standard approach of restricting the pref-

erence set to obtain economically meaningful comparative statics.

Thenextpropositionprovidesconditionsfor theoptimalpay-for-performance

sensitivity to fall as environmental uncertainty rises.

Proposition 2. (i) bsH ðrÞ falls as r rises; (ii) b
pðrÞ falls as r rises if either (a)

U$#(�) � 0 and PRðwÞ � 2þ ĥPðwÞ; or (b) ARðwÞ � 1þ ĥAðwÞ, A#RðwÞ � 0

and A#(w) � 0.

The intuition when the equilibrium is separating is as follows. Because an

increase in environmental uncertainty has not effect on low-productivity work-

ers’ optimal contract (since they are paid a fixed wage), greater risk makes the

pay-for-performance contract more amenable to high-productivity workers

and less attractive to low-productivity workers and; thus, a lower pay-for-

performance sensitivity is needed to induce sorting.

In the pooling equilibrium, however, this holds only when the agent is pru-

dent and U#(w)w is concave. These conditions guarantee that the slope of the

indifference curve in the ða; bÞ—space rises with r and thereby for a given

drop in b, the worker is now willing to give up a lower amount of the fixed

12. Gollier (1995) derives a necessary and sufficient condition, called CD, for this to hold for

any concave utility function. This requires the existence of an scalar m such that

ðk
ydFðyjr1Þdy � m

ðk
ydFðyjr0Þdy for all k 2 Y :

Observe that when m > 1, the mean under Fðyjr1Þ must be greater than the mean under Fðyjr0Þ.
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wage relative to the initial situation. In this case, a high-productivity worker

needs less compensation risk as the reduction in the cross-subsidy obtained by

using pay for performance cannot compensate for the extra compensation risk.

It is worthwhile to remark that the concavity ofU#(w)w is guaranteed by the

following restriction on the coefficient of relative prudence: PRðwÞ � 2 for all

w� 0. This implies that for large values of w the worker must behave as if he is

nearly risk neutral.

It is also clarifying to know that in the case of mean-variance preferences,

the condition under which bpðrÞ falls with r is the same as the one that guar-

antees that the slope of the indifference curve rises (i.e., the indifference curve

becomes flatter) as the variance of the performance measure rises.

In the next proposition I state conditions under which bpðrÞ falls with the

population share of high-productivity workers, l.

Proposition 3. bpðrÞ falls with l if ARðwÞ � 1þ yAðwÞ for all y 2 Y.

An increase in l rises total expected output and the slope of the average iso-

profit curve. This creates a sort of income and substitution effect. Because of

nonincreasing absolute risk aversion, the former results in a greater fixed wage,

which decreases the worker’s distaste for risk. The substitution effect results in

a lower pay-for-performance sensitivity. The change in bpðrÞ depends onwhich
effect dominates. The substitution effects dominates when the indifference

curve becomes sufficiently flat. This occurs when relative risk aversion is small.

Again by mean of an analogy with the mean-variance framework,

ARðwÞ � 1 ensures that the slope of the indifference curve rises as average

output rises.

Now I turn to the main question of this section which is how lðrÞ changes
with r. In particular, the next proposition states conditions under which an in-

crease in environmental uncertainty results in a lower lðrÞ. In terms of the

equilibrium of the model this means that in stable environments, pay-for-

performance and straight-salary contracts are more likely to coexist and

workers more likely to self-select into different jobs, whereas in unstable envi-

ronments, only pay-for-performance contracts are more likely to be observed

since self-selection results in too much compensation risk. In short, it provides

a condition for an increase in risk (understood as a MPS) to result in pay-for-

performance contracts being more prevalent.

A useful preliminary result, which shows that MLRP implies the single-

crossing property, is stated in the next lemma.

Lemma 5. A high-ability worker’s indifference curve in the (a, b) single-
crosses a low-ability worker’s indifference curve only once and it does it from

above.

This proves that the MLRP property implies that the single-crossing prop-

erty holds in the ða; bÞ space for all strictly concave utility functions.
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Before stating the main result of this section, the following assumption is

needed.

(A4) (i) ARðws
H ðyÞÞ < CðyÞ for all y> hH and ARðws

H ðyÞÞ � CðyÞ otherwise;
and (ii) A#RðhH Þ � C#ðhH Þ

bsH ðrÞ
, where

CðyÞ[AðhH ÞðhH � y*H ÞbsH ðrÞ þ Aðws
H ðyÞÞðð1� bsH ðrÞÞhH þ bsHðrÞy*H Þ

� ð1� kÞ½‘ðyjrÞ � ‘ðhH jrÞ�
ð1� k‘ðhH jrÞÞð1� k‘ðyjrÞÞKðrÞb

s
HðrÞ;

KðrÞ is a positive constant, and y*i satisfy y*i
Ð
U#ðwÞdFi ¼

Ð
U#ðwÞydFi.13

First, observe that CðhH Þ ¼ ARðws
H ðhHÞÞ, since ws

H ðhHÞ ¼ hH . Thus,

ARðws
HðyÞÞ and CðyÞ cross each other at y ¼ hH. Second, because of MLRP,

the third term in CðyÞ is negative for all y > hH and positive otherwise, and

rises with y. Together with the fact that preferences exhibit nonincreasing ab-

solute risk aversion, this implies that CðyÞ may either rise or fall with y.

Because assumption A4 requires that relative risk aversion single-crosses

the function CðyÞ once from above, if CðyÞ does not fall with y, nonincreasing
relative risk aversion is a sufficient condition for assumption A4 to hold. In this

case also admits increasing relative risk aversion as long as this increases with

y less than CðyÞ does it. On the contrary, if C#ðyÞ < 0, then relative risk aver-

sion must be decreasing and it must fall at a higher rate than CðyÞ does it. Thus,
the more the likelihood ratio falls with y, the less stringent is assumption A4.

Now, I am ready to state the result.

Proposition 4. Suppose that U#ðws
H ðyÞÞðy� y*H Þ is increasing and concave

in y, and assumption A4 holds. Then, the threshold for the share of high-ability

workers lðrÞ above which the equilibrium is pooling falls as the environmental

uncertainty rises, that is,
@l rð Þ
@r < 0.

The intuition for this result can be better understoodwith the help of Figure 1.

The figure depicts the separating equilibrium for a given level of environ-

mental uncertainty (represented by the continuous lines) and the separating

equilibrium after environmental uncertainty rises (represented by dotted lines).

That is, as r goes from r0 to r1, with r1 > r0. Dot A in the figure corresponds to

the pay-for-performance contract with slope bsH ðr0Þ and fixed wage equal to

asH ðr0Þ. This contract provides a low-productivity worker with the same utility

as the contract that pays a fixed wage equal to hL when environmental uncer-

tainty is given by r0, whereas dot C represents the equivalent contract when

environmental uncertainty is r1. Dot B corresponds to the tangency between

the slope of the average iso-profit curve and the indifference curve for a high-

productivity worker in the initial separating equilibrium, ICHðr0Þ, whereas dot
D is the analog when environmental uncertainty is r1. Because the slope of the

13. Observe that
Ð
U#ðwÞðy� y*i ÞdFi ¼ 0 and the integrand changes sign once from negative

to positive.
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average iso-profit curve falls with l, the slope at the tangency provides the

smaller share of high-productivity workers above which a high-productivity

worker’s utility under the optimal pooling contract is at least as large as

the one he obtains in the separating equilibrium. Because the slope in dot

D is greater than that in dot B, the figure depicts a case in which an increase

in environmental uncertainty results in a decrease in lðrÞ.
A change in environmental risk changes the slope of the indifference curves

in the ða; bÞ space and the shape of the optimal contracts. These two effects

goes in the opposite direction. On the one hand, if U#ðwðyÞÞðy� y*i Þ is con-
cave in y as assumed, an increase in r makes both low- and high-productivity

workers’ indifference curve flatter in the ða; bÞ space. This implies that low-

productivity workers dislike risks more after an increase in r. As a result of this,

sorting can be achieved by paying high-productivity workers a higher fixed

wage and by lowering the pay-for-performance sensitivity of the optimal

contract—that is, bsH ðr0Þ > bsH ðr1Þ and asH ðr0Þ < asH ðr1Þ—up to the point

where the expected wage equals the expected output. This results in a lower

compensation risk, which in turn makes, from the high-productivity worker’s

viewpoint, sorting more attractive than pooling.

The increase in environmental risk also decreases the pay-for-performance

sensitivity of the optimal pooling contract. This makes the pooling contract

more attractive for both low- and high-productivity workers. Whether or

not pooling is more likely to arise as environmental uncertainty rises depends

on which effects dominate. In order for the threshold for the share of high-

ability workers lðrÞ above which the equilibrium is pooling to fall, the increase

in environmental risk must make pooling more attractive than sorting for

Figure 1. Separating equilibrium before and after environmental uncertainty rises.
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high-productivity workers. This is more likely to be accomplished when the

drop in the absolute value of the slope of the indifference curve in the ða; bÞ
space for a high-productivity worker is relatively greater than that for a low-

productivity worker.

This depends on two different effects. First, the switch in the indifference

curve from ICHðr0Þ to ICH ðr1Þ, which entails moving across a ray from origin

that goes through A and E. The slope of the indifference curve as this switches

from A to E remains constant when relative risk aversion is constant and rises

(falls) when that is decreasing (increasing). Second, the movement along the

indifference curve ICH ðr1Þ from point E to point C. The slope of indifference

curve as one moves up through the indifference curve remains constant when

absolute risk aversion is constant and rises (falls) when that is increasing (de-

creasing). For a given r, the slope of the indifference curve as the optimal con-

tract moves from A to C depends on the sign of the following term:ð
U#ðwÞðy� y*i ÞðARðwÞ � hHAðwÞÞdFi:

Because
Ð
U#ðwÞðy� y*i Þ ¼ 0, this term is zero if ARðwÞ � hHAðwÞ is constant

and positive (negative) if ARðwÞ � hHAðwÞ is increasing (decreasing) in y.

Observe that this is increasing if and only if

A#RðwÞ � hHA#ðwÞ > 0:

Because A#ðwÞ is nonpositive, if relative risk aversion is increasing, the whole
term is positive, whereas if relative risk aversion is negative, this could be

negative when y is sufficiently large, but this is never the case for y � hH,
since wH

s � hH for all y � hH. In fact, if A#ðwÞ is not too negative,

ARðwÞ � hHAðwÞ rises with y.

If ARðwÞ � hHAðwÞ is increasing, the slope rises when an increase in

environmental uncertainty takes place. This implies that the fall in the optimal

pay-for-performance after an increase in r is large, which makes sorting more

attractive from a high-productivity worker’s viewpoint. On the other hand, this

makes high-productivity workers’ indifference curve ICH ðr1Þ flatter, which

makes the indifference curve ICH ðr1Þ more likely to cross the initial average

iso-profit curve from below.

By how much relative risk aversion is allowed to rise depends on how much

bsH ðrÞ changes with r. When the change in bsH ðrÞ is small, increasing relative

risk aversion may be allowed, while when the change is high, relative risk

aversion must be decreasing. In fact, if either ‘ yjrð Þ falls sufficiently fast with

y or A#ðwÞ does not fall drastically with y, then C# yð Þ � 0 for all y 2 Y, which

in turn implies that increasing relative risk aversion is allowed. On the con-

trary, if C# yð Þ � 0, relative risk aversion must be decreasing.

Before ending this section, it is worthwhile to notice that the result in prop-

osition (4) also holds when output is distributed normal with mean hi and var-
iance r2, preferences exhibit constant absolute risk aversion equal to A, and the

following parametric restriction is satisfied: Ar2 > Dh [ hH – hL.
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This case is interesting in its own right since contrary to the assumption

made on the article, the support of the distribution is unbounded. In addition

to this closed form solutions can be obtained. In fact, one can easily show that

bsH ðrÞ ¼
�Dhþ ðDh2 þ 2Ar2DhÞ

1
2

Ar2
;

and

bpðrÞ ¼ ð1� lÞDh
Ar2

:

Observe that both bsH ðrÞ and bpðrÞ fall with r (i.e., the variance of output) and

A. In addition, bpðrÞ falls with l and liml/1b
pðrÞ/0. Furthermore, one can

show that

lðrÞ ¼ 1� Ar2

Dh
� 1

Dh
A2r4 � ðDh2 þ 2DhAr2Þ

1
2 � Dh

h i2� �1
2

:

Differentiation of lðrÞ with respect to r leads to

@lðrÞ
@r

¼ �2Ar

Dh
1þ

1� DhðDh2 þ 2DhAr2Þ�
1
2bsHðrÞ

� �
ð1� bsH ðrÞ

2Þ
1
2

2
4

3
5 < 0;

because the parameters are such that bsH ðrÞ2ð0; 1Þ.

6. Empirical Predictions and Evidence

This section compares the model’s empirical predictions with the linear

agency model’s predictions and examine them in light of the empirical

evidence.

6.1 Empirical Predictions

I begin by focusing on the well-known predictions from the static linear agency

model. This model, like that presented in Section (5), has the advantage that the

pay-for-performance sensitivity depends on a unique measure of risk, which is

the variance of output. The optimal contract within the class of linear contracts

has a pay-for-performance sensitivity equal to bMi ¼ 1
1þAcr2

e
, when output is

assumed to be y ¼ e þ e, where e is distributed normal with zero mean

and variance r2
e , the cost of effort is

ce2

2
, the market is competitive, and pref-

erences exhibit constant absolute risk aversion.14

14. In this case, the optimal effort is e ¼ b
c

and the principal’s problem is

maxða;bÞ2R2 aþ be� ce2

2
� A

2
b2r2

e subject to e ¼ b
c
and eð1� bÞ � a � 0. Because competition

implies that firms obtain zero expected profits, a ¼ b
c
ð1� bÞ. Then, the principal problem

becomes: maxb2R2
1
c
b 1
2c
b2 � A

2
b2r2

e . The solution to this problem is the one stated in the text.
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The relationship between risk and pay-for-performance sensitivity in both

the pure incentive and pure sorting models is stated in the next result.

Proposition 5. (Pure Incentive Model) The optimal pay-for-performance

bMi falls with environmental uncertainty for i 2 fH ; Lg;

(Pure Sorting Model) (i) Separating equilibrium. The optimal pay-for-

performance for a high-productivity worker (i.e., bsH ðrÞ) falls with environ-

mental uncertainty and is independent of l, whereas the optimal contract for

a low-productivity worker entails no pay for performance (i.e., bsLðrÞ ¼ 0);

(ii) Pooling equilibrium. The optimal pay-for-performance bPðrÞ falls with en-
vironmental uncertainty if and only if U$#(�) � 0 and PRðwÞ � 2þ ĥPðwÞ and
falls with l if ARðwÞ � 1þ yAðwÞ for all y 2 Y; and (iii) bpðrÞ < bsH ðrÞ.
The main conclusion of this proposition is that environmental uncertainty

affects the pay-for-performance sensitivity in the same way in both the pure

sorting and pure incentive models. That is, there is a negative trade-off be-

tween risk (understood as the uncertainty of the environment) and incentives

as (measured by the pay-for-performance sensitivity).15 Both models predict

that on average pay-for-performance workers earn and produce more than

straight-salary workers. However, the pure sorting model predicts that in un-

certain environments, pay-for-performance contracts are more prevalent. The

pure incentive model does not make such prediction.

The model also predicts that ceteris-paribus in occupations where the pro-

portion of high-productivity workers is greater, the likelihood of observing

only pay-for-performance workers is higher.

Only Prendergast (2002a,b) is concerned with the link between pay for per-

formance and uncertainty and he (2002a) predicts that pay-for-performance

sensitivity is increasing with the variance of output, but he makes no prediction

concerning the prevalence of pay for performance. Prendergast (2002b) shows

that input monitoring coupled with fixed wages is more prevalent than output

monitoring coupled with pay for performance in stable environments. Given

his assumptions, pay-for-performance sensitivity should be unresponsive to

the output variance. In contrast, the pure sorting story model proposed here

makes predictions concerning both the prevalence of pay-for-performance

contracts and the pay-for-performance sensitivity. Although the prediction

concerning the prevalence is consistent with Prendergast (2002b) that concern-

ing the pay-for-performance sensitivity is different from that in Prendergast

(2002a) and consistent with that from the linear agency model.

6.2 Empirical Evidence

In discussing the empirical evidence it is useful to bear in mind that the mod-

els’ predictions are less applicable to ongoing renegotiable relationships such

as sharecropping and situations in which uncertainty affects a company-wide

15. The same holds when risk is understood as a worker’s degree of risk aversion.
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performance measure such as stock options for employees whose performance

does not move the stock price—which is, for instance, so prevalent in high-

tech firms and startup companies.16 This, however, is less the case for top exec-

utives since their performance has a direct impact on firm value (stock price)

and long-term relationships such as some franchise deals and other forms of

royalty systems.17

The evidence from executive data shows that the negative relationship be-

tween pay-for-performance sensitivity and the variance of the performance

measure is at best mixed (see, Prendergast 2002, table 1). Prendergast reports

that three articles find a statistically significant negative effect, two a significant

positive relationship and five find no relationship between risk and incentives.

This evidence presents something of a puzzle for the pure sorting and the pure

incentive theories, as it does for Prendergasts, since it is unlikely that moni-

toring costs and supervisors’-biased performance appraisals are important

components when determining top executives’ compensation.

The prediction that pay for performance is more likely to be found in un-

certain environments is sustained in research about franchising. Lafontaine

and Slade (2001), who summarize and carefully discuss the evidence, find that

there is positive relation between the decision to franchise and risk; they con-

clude that ‘‘these results suggest a robust pattern that is unsupportive of the

standard agency model’’ (p. 10). Lafontaine (1992) studies how uncertainty

affects both (i) the decision to franchise (high pay for performance) versus

store retention by companies (with little or no pay for performance) and

(ii) the royalty rate offered to franchisees. She examines 548 franchisors in

14 different sectors of which 117 franchise all their retail outlets. She reports

that the decision to franchise is positively related and significant to uncertainty,

measured as the likelihood of bankruptcy (table 5), whereas the royalty rate is

negatively related and statistically insignificant. This suggests that risk plays

a different role between the decision to use pay for performance and its in-

tensity. In fact, the role is consistent with the pure sorting model proposed

here, but not with the pure incentive model, just as explained by Prendergast’s

(2002b) monitoring input versus output story. The evidence available, how-

ever, does not allow definitive judgment between either.

Another prediction of the model is that occupations in which only pay-for-

performance workers are observed, pay-for-performance sensitivity tend to be

small. This result can also be explained by the linear agency model when the

variance of output is sufficiently large, but it says little about when that may

occur. In contrast, the pure sorting model not only predicts that pay-for-

performance sensitivity decreases with the uncertainty but also that only

pay-for-performance workers will be observed in high uncertain environments.

16. In ongoing renegotiable relationships past output provides information on workers’ pro-

ductivity and thus firms improve their information about a worker’s productivity over time. In

particular, this implies that once a worker’s type is revealed, the model predicts that there is

no need to use pay-for-performance contracts unless there is also a moral hazard problem.

17. I thank one of the referees for pointing this out to me.
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Some support for these prediction is to be found in Murphy’s (1999) review

of the CEO literature, concluding the estimated pay-for-performance sensitiv-

ity for CEO’s is rather small, between 0.001 and 0.007.18 Evidence for occu-

pations like salespersons and auto-workers, where both method of pay coexist,

show a much greater pay-for-performance sensitivity. In addition, Lafontaine

and Slade (2001) report evidence from several studies in favor of this predic-

tion and the executive compensation studies, when controlling for firm size,

also find a negative relationship.

The prediction that workers under a straight salary have both a lower

average productivity and compensation compared to pay-for-performance

workers is fully borne-out in the data. For example, on average, pay-for-

performance workers earn more and have a higher average productivity than

straight-salary workers. The compensation and productivity differences

ranged roughly between 5% and 37%.19

Finally, there is evidence that directly highlights the importance of sorting.

In particular, Foster and Rosenzweig (1996), using agricultural labor market

data find that when workers can work in either a piece-rate or a straight-salary

work, the more productive workers work in the piece-rate sector while the less

productive in the straight-salary sector.

7. Conclusions

Pay-for-performance contracts make up a significant portion of all compensa-

tion contracts. The standard rationale is incentives. Although incentives for ef-

fort are important, incentive theory does not mesh well with a number of

empirical facts. In this article, an alternative rationale for linking pay to perfor-

mance has been advanced that is broadly consistentwith the empirical evidence.

In particular, this theory help explains why variable pay is more prevalent in

more uncertain environments. This has strong implications for empirical work.

If one could credible isolate workers by productivity class and adequately mea-

sure thepowerof incentives built in their contracts, thenonewould expect tofind

the traditional trade-off between uncertainty and incentives. If, on the other

hand, the strength of incentives is measured as the prevalence of incentive con-

tracts, then one could expect the relationship to change sign.

In short, the pure sorting model appears more consistent with the data than

the pure incentive model and therefore more attention should be paid to the

effects of asymmetric information on pay-for-performance contracts. Yet, it

would be a mistake to discard the incentive model. Lazear (2000), using de-

tailed data from an autoworkers company, found that the switch from a fixed-

wage system to a piece-rate one resulted in an increase in productivity of about

44%, half being attributed to incentives and the other half to sorting.20 This

18. Similar evidence is found in Kaplan (1994), Gibbons and Murphy (1990), and Murphy

(1985, 1986).

19. See, for example, Brown 1992, Lazear 2000, Petersen 1991 and 1992, Seiler 1984.

20. See, also Shearer (2004) and Paarsh and Shearer (2000) for similar evidence.
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suggests that the evidence could be more satisfactorily explained by develop-

ing a model that deals with key features of sorting, incentives, and monitoring.

Appendix

The Equilibrium Concept: Notation and Definitions

Before defining an undefeated equilibria, several definitions are in order.

1. l̂ðijCkÞ denotes a firms’ belief about the probability that a worker apply-

ing to contract Ck is of type i 2 I [ fH, Lg.
2. Vi(!) denotes, with some abuse of notation, the expected payoff that an

i-worker gets in the pure strategies PBE !.21

3. ri(Ck) ¼ 1 when the i-worker applies to the Ck contract and 0 otherwise,

and qjðCkÞ ¼ 1 when firm j accepts applications to the Ck contract and

0 otherwise.

4. G denotes the signaling subgame starting in the second stage and PSEðGÞ
the set of pure strategies PBEs for the signaling subgame G.

Definition 1. The pure strategies PBE for the signaling subgame ^ defeats

the pure strategies PBE for the signaling subgame ^# if there is a contract Ck

such that:

C1: "i 2 I: r#i(Ck) ¼ 0 and K [ fi 2 I:ri(Ck) ¼ 1g 6¼ /,
C2: "2 i 2 K: Vi(K) � Vi(K#) and di 2 K:Vi(K) > Vi(K#), and
C3:di 2 K : l̂#ðijCkÞ 6¼ lðiÞbðiÞP

h2I
lðhÞbðhÞ[lði; bðiÞÞ for any b : I/½0; 1� satisfy-

ing,

(i) h 2 K and Vh(K) > Vh(K#), b(h) ¼ 1 and

(ii) h ; K, b(h) ¼ 0.

Definition 2. APBEK is undefeated if there is noother PBEK# that defeatsK.

Definition 3. The three-stage screening game has an equilibrium if the set of

contracts offer give rises to an undefeated PBE of the signaling subgame; that

is, stages 2 and 3, with respect to all possible PBEs that may arise from any

feasible set of contracts that firms may offer in Stage 1.

Proof of lemma 1.

Proof. Let ỹ the output level at which w1ðyÞ single-crosses w2ðyÞ from

below.

21. The same result holds when mix strategies are allowed. For the sake of simplicity, we focus

on pure strategies. For a more formal justification of why focus only in pure strategies, see Mailath

(1992).
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The hypothesis VLðC1Þ ¼ VLðC2Þ implies

0 ¼
ð
Uðw1ðyÞÞ � Uðw2ðyÞÞ½ � f LðyjrÞdy

¼
ð
Uðw1ðyÞÞ � Uðw2ðyÞÞ½ � ‘ðyjrÞf HðyjrÞdy

¼
ð ỹ
y

Uðw1ðyÞÞ � Uðw2ðyÞÞ½ � ‘ðyjrÞf HðyjrÞdy

þ
ð�y
ỹ

Uðw1ðyÞÞ � Uðw2ðyÞÞ½ � ‘ðyjrÞf H ðyjrÞdy

< ‘ðỹjrÞ
ð ỹ
�y

Uðw1ðyÞÞ � Uðw2ðyÞÞ½ � f H ðyjrÞdy
�

þ
ð�y
ỹ

Uðw1ðyÞÞ � Uðw2ðyÞÞ½ � f H ðyjrÞdy
�

¼ ‘ðỹjrÞ
ð
Uðw1ðyÞÞ � Uðw2ðyÞÞ½ � f H ðyjrÞdy;

where the inequality follows from the fact that ‘(y j r) decreases monoton-

ically with y and w1ðyÞ single-crosses w2ðyÞ from below.

It readily follows from this that

ð
Y

Uðw1ðyÞÞf H ðyjrÞdy >
ð
Y

Uðw2ðyÞÞf H ðyjrÞdy:

Proof of lemma 2.

Proof. First note that a sufficient condition for equation (5) to hold when the

low-ability worker’s incentive constraint is binding is

ð
UðwLðyÞÞ � UðwH ðyÞÞ
	 


f H ðyjrÞdy � 0:

To show that this holds, I will make use of The Diffidence theorem due to

Gollier and Kimball (1996). Since, I will make use of this theorem several

times in the rest of the article, I will state it formally here.

The diffidence theorem states that the necessary and sufficient conditions for

Eg1ðyÞ � g1ðỹÞ0Eg2ðyÞ � g2ðỹÞ; ð1Þ

where ỹ is a y 2 Y such that Eg1ðỹÞ ¼ g1ðỹÞ and Eg2ðỹÞ ¼ g2ðỹÞ, to hold are the
following:
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NSC : g2ðyÞ �
g#2ðỹÞ
g#1ðỹÞ

g1ðyÞ for all y 2 Y :

NC1 :
g#2ðỹÞ
g#1ðỹÞ

> 0:

NC2 : g#2ðỹÞ �
g$2ðỹÞ
g$1ðỹÞ

g#1ðỹÞ:

The NC1 condition is required only when the condition in (A1) is with an in-

equality.

Let define g1ðyÞ ¼ UðwLðyÞÞ � UðwH ðyÞÞ½ �‘ðyjrÞ and g2ðyÞ ¼ UðwLðyÞÞ
�UðwHðyÞÞ. Let y0 a point at which wLðy0Þ ¼ wH ðy0Þ.22

Substituting in the corresponding values in the NSC condition, the following

is obtained

UðwLðyÞÞ � UðwHðyÞÞ � ‘ðyjrÞ
‘ðy0jrÞ

UðwLðyÞÞ � UðwH ðyÞÞ
	 


for all y 2 Y :

Because (y j r) > 0 for all y 2 Y, the NC1 condition is satisfied. The NSC

condition can be written as follows:

‘ðyjrÞ � ‘ðy0jrÞ if wH ðyÞ � wLðyÞ;

‘ðyjrÞ � ‘ðy0jrÞ if wH ðyÞ > wLðyÞ:

Observe that if wH ðyÞ crosses wLðyÞ only once from below at y0, then this

condition holds if the likelihood ratio is monotonically decreasing in y for

all y 2 Y.

The NC2 is given by

‘#ðy0jrÞ
‘ðy0jrÞ

@UðwLðy0ÞÞ
@y

� @UðwH ðy0ÞÞ
@y

� �
� 0:

Observe that ifwHðyÞ crosses wLðyÞ from below at y0, then this condition holds

if the likelihood ratio is monotonically decreasing in y at y0, which is the case

because of MLRP.

Proof of lemma 3.

Proof. Let us first to prove uniqueness. Assume that there exists k and q
satisfying the first-order condition. Assume that there is another contract

C# ¼ fw#ðyÞg that satisfies both constraints, differs from Cs
Hon a set of pos-

itive measure, and yields a greater expected utility to the high-productive

worker. That is, VH ðCs
HÞ > VH ðC#Þ.

22. It is trivial to show that such a point exists.
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Let weðyÞ be implicitly defined by

UðweðyÞÞ ¼ ð1� eÞUðws
H ðyÞÞ þ eUðw#ðyÞÞ:

So, weðyÞ is the certainty equivalent of a ð1� e; eÞ lottery between ws
H ðyÞ and

w#ðyÞ. Note that

@weðyÞ
@e

¼ 1

U#ðweðyÞÞ Uðw#ðyÞÞ � Uðws
HðyÞÞ

	 

:

Since the agent is risk averse, it follows that weðyÞ is convex in e and strictly so
if C# differs from Cs

H on a set of positive measure. This implies that

CH ðweðyÞÞ[
Ð
Y
weðyÞf HðyjrÞdy is strictly convex in e. Thus, since

CH ðw#ðyÞÞ ¼ CHðws
HðyÞÞ ¼ hH ,

@CHðweðyÞÞ
@e

je¼0 ¼ 0;

Observe that

@CHðweðyÞÞ
@e

je¼0 ¼
ð
@weðyÞ
@e

je¼0 f
H ðyjrÞdy

¼
ð

1

U#ðws
HðyÞÞ

Uðw#ðyÞÞ � Uðws
HðyÞÞ

	 

f H ðyjrÞdy

¼
ð
1� k‘ðyjrÞ

q
Uðw#ðyÞÞ � Uðws

H ðyÞÞ
	 


f HðyjrÞdy

¼ 1

q

ð
Uðw#ðyÞÞ � Uðws

H ðyÞÞ
	 


f HðyjrÞdy

� k
q

ð
Uðw#ðyÞÞ � Uðws

H ðyÞÞ
	 


f LðyjrÞdy> 0: ð2Þ

Note that the second term in the last line of (2) is zero since both contracts C#
and Cs

H satisfy low-productivity worker’s incentive compatibility constraint,

whereas the first term in the last line is positive by hypothesis. This implies that

any other contract that provide more expected utility than Cs
H cost more than

hH which contradicts CH ðw#ðyÞÞ ¼ CH ðws
H ðyÞÞ ¼ hH .

The existence of k and q is guaranteed by continuity assumptions, the in-

termediate value theorem and the fact that limw/NUðwÞ/N and

limw/�NUðwÞ/K � 0. In fact, one can easily show that

k¼ CovHðU#;UÞ
CovLðU#;UÞ � ðEHU � UðhLÞÞELU#

< 1 and q ¼ EHU#� kELU# > 0

Furthermore, by the implicit function theorem, k and q are continuously dif-

ferentiable in r, and hence VH ðCs
H Þ is as well.

From (7) we have that
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g1ðq; k; rÞ ¼
ð
U ðU#Þ�1 q

1� k‘ðyjrÞ

� �� �
f LðyjrÞdy� UðhLÞ ¼ 0 and

g2ðq; k; rÞ ¼
ð
ðU#Þ�1 q

1� k‘ðyjrÞ

� �
f HðyjrÞdy� hH ¼ 0:

Differentiation yields

@g1
@k

¼ �
ð ðU#ðws

HðyÞÞÞ
3

U$ðws
H ðyÞÞ

‘2ðyjrÞ
q

f H ðyjrÞdy

@g2
@k

¼ �
ð ðU#ðws

HðyÞÞÞ
2

U$ðws
H ðyÞÞ

‘ðyjrÞ
q

f HðyjrÞdy

@g1
@q

¼
ð ðU#ðws

HðyÞÞÞ
2

U$ðws
H ðyÞÞ

‘ðyjrÞ
q

f HðyjrÞdy

@g2
@q

¼
ð
U#ðws

H ðyÞÞ
U$ðws

H ðyÞÞ
1

q
f H ðyjrÞdy:

Consider the determinant

D[







@g1
@k

@g1
@q

@g2
@k

@g2
@q








Let K1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�

U#ðws
H ðyÞÞ

� �3
U$ ws

H ðyÞð Þ
1

q

s
‘ðyjrÞ and K2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�
U# ws

H ðyÞ
� �

U$ ws
HðyÞð Þ

1

q

s
.

Then

D ¼ EK2
1EK

2
2 � ðEK1K2Þ2 > 0

by the Cauchy-Schwarz inequality. By MLRP K1 and K2 are not linearly re-

lated and thereby the implicit function theorem can be used. Since this holds

for all r, the conclusion above holds.

Differentiating the first-order condition one gets the following

@ws
H

@y
¼ kU#‘#

U$ð1� k‘Þ > 0;

since U$ < 0 and ‘# < 0.

In addition, differentiating again with respect to y one gets

@2ws
H

@y2
¼ @ws

H

@y

@ws
H

@y
2
U$

U#
� U$#

U$

� �
þ ‘$

‘#

� �
:

Finally, it is easy to check that the high-productivity worker’s incentive com-

patibility constraint is satisfied. This follows from noticing that

VH ðC*LÞ ¼ VLðC*LÞ ¼
ð
Uðws

H ðyÞÞf LðyjrÞdy <
ð
Uðws

H ðyÞÞf H ðyjrÞdy;

where the inequality is due to FSD and the fact thatUðws
H yð ÞÞ increases with y.
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Proof of lemma 4.

Proof. The existence of c is guaranteed by continuity assumptions, the in-

termediate value theorem and the assumptions onU, and the uniqueness can be

proven in the same way as before.23 In fact, one can easily show that

c ¼ EHU#;

since
Ð
‘ðyjrÞf HðyjrÞdy ¼ 1.

Furthermore, by the implicit function theorem, c is continuously differen-

tiable in r and l, and hence ViðCPÞ as well.
Let us define the function /ð�Þ ¼ ðU#Þ�1ðc½lþ ð1� lÞ‘ðyjrÞ�Þ and note

that /#ð�Þ ¼ 1
U$ð�Þ.

From Equation (8) we have that

gðc; l; rÞ[
ð
/ðyÞðlf HðyjrÞ þ ð1� lÞf LðyjrÞÞdy� ĥ ¼ 0:

Differentiation yields

@g

@c
¼

ð
Y

/#ðyÞðlf H ðyjrÞ þ ð1� lÞf LðyjrÞÞdy < 0:

Thus, cðlÞ is implicitly defined by gðcðlÞ; lÞ ¼ 0.

Applying the implicit function theorem one gets that

@cðlÞ
@l

¼ �@g

@l
@g

@c
< 0

since

@g

@l
¼

ð
Y

ð/#ð�ÞU#ð/#ð�ÞÞ þ /#ð�Þ � yÞðf H ðyjrÞ � f LðyjrÞÞdy < 0:

The term in parenthesis is decreasing in y because U$#ðwpðyÞÞ � 0, and there-

fore the inequality follows from the fact that FH ðyjrÞ FSD FLðyjrÞ.
Differentiating the first-order condition one gets the following

@wp

@y
¼ cð1� lÞ‘#

U$
> 0;

since U$ < 0 and ‘# < 0.

Proof of proposition 1.

Proof.

Lemma 6. Contracts C*L and Cs
H are a PBE of the signaling subgame.

23. For the sake of brevity, the details are omitted but they can be filled in by following the

proof lemma (3).
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Proof. Consider the following strategies and beliefs.

Stage 1: Each firm offers the following menu (C*L, C
s
H , C#).

Stage 2: rH(C
s
H ) ¼ 1 and rL(C*L ) ¼ 1, that is, low-productivity workers

apply to C*L, whereas high-productivity workers apply to Cs
H .

Stage 3: All the applicants to contract Cs
H and C*L are accepted.

On-the-equilibrium-path beliefs: l̂ðH jCs
H Þ ¼ 1 and l̂ðLjCs

LÞ ¼ 1:
Off-the-equilibrium-path beliefs: l̂ðH jC#Þ ¼ 0, "C# 6¼ Cs

H .

It is easy to check that these strategies satisfy the PBE requirements.

Claim 1. In any PBE, denoted by !, low-productivity workers’ equilibrium
payoff is at least as large as the payoff that they would obtain under perfect

information, that is, VL(!) � VL(C*L ).

Proof. We will prove this by contradiction. Suppose not, then there exists

a PBE, !#, such that VL!#) < VL(C*L ). Then by continuity of preferences

and risk aversion, there is a straight-salary contract, C#, that provides low-

productivity workers with at least the same expected payoff than !# does,

VL(C#) � VL!#), and yields positive expected profits when is chosen by either
low- or high-productivity workers or both. This implies that C# yields positive
expected profits for any beliefs that firms could hold, and therefore, all firms

offering C# accept all the applicants to C#. Then a firm offering a menu that

contains C#, make positive profits for any l̂ 2 ½0; 1�, and attract all low-

productivity workers and may be some high-productivity workers. Therefore,

nomatterwhich beliefs the deviating firmholds it has a profitable deviation con-

tradicting that !# is PBE. h

Claim 2. In any fully separating PBE, denoted by !, low-productivity
workers’ equilibrium payoff, is VL(C*L ), the payoff that they would obtain

in the perfect information case.

Proof. Let the contract chosen only by low-productivity workers be Cs
L. By

claim 7, the equilibrium payoff of this contract must be so that VL(C
s
L) �

VL(C*L ). Observe that any contract CL 6¼ Cs
L that satisfies VL(CL) � VL(C

s
L)

yields negative expected profits when chosen by low-productivity workers

only since either pays a straight salary greater than hL or offers risk and thus

in order to yield at least VL(C
s
L) must promise an expected salary greater than

hL. Thus, in any separating equilibrium, applicants to contract CL are rejected

and thus it must be the case that VL(C
s
L) � VL(C*L ), contradicting claim 7.

Therefore, the only possible contract that is chosen only by low-productivity

workers and applications are accepted in equilibrium is C*L. This proves that
VðCs

LÞ ¼ VLðC*L Þ.
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Claim 3. In any fully separating UPBE, denoted by K, high-productivity
workers’ equilibrium payoff is at least as large as VH(C

s
H ).

Proof. Let fC#1, C*L, C1g be the set of contract offered in the fully separating
equilibriumK# andK. Furthermore, suppose that VH(C1)� VH(C

s
H )> VH(C#1),

where C#1 is the contract chosen by high-productivity workers in K# and C1 is

the contract chosen by high-productivity workers in K.

Because K# is a separating equilibrium, it must be the case that

VH ðC#1Þ > max VHðC*LÞ;VHðC1Þ
� �

, VLðC*LÞ � max VLðC#1Þ;VLðC1Þf g. Thus,
r#H(C#1) ¼ 1, r#L(C#1) ¼ 1, and firms’ beliefs in this equilibrium must be:

l̂#ðLjC*LÞ ¼ 1 and l̂#ðH jC#1Þ ¼ 1. Because, VH(C1) > VH(C
s
H ), K# is an equi-

librium only when applications to C1 are not accepted and VL(C*L) � VL(C1).

The former requires that pðl̂#ðH jC1Þ;C1Þ < 0, which implies that firms’

beliefs must satisfy the following: l̂#ðH jC1Þ2ð0; l̂#*ðH jC1ÞÞ, where

l̂#*ðH jC1Þ solves pðl̂#ðH jC1Þ;C1Þ ¼ 0. Notice that l̂#*ðH jC1Þ < l; other-
wise the firms offering C1 will accept all the applicants to C1 and at least break

even since all high-productivity workers and may be some low-productivity

workers will apply to C1. Note also that VH(C1) � VH(C
s
H ) > VH(C#1) implies

that VL(C1) � VL(C#1).
Because the equilibrium K is a separating equilibrium, it must be the

case that VH(C1) > VH(C*L ) and VL(C*L ) � VL(C1). Hence, rH(C1) ¼ 1 and

rL(C*L ) ¼ 1, and firms’ beliefs in this equilibrium must be: l̂ðLjC*L Þ ¼ 1

and l̂ðH jC1Þ ¼ 1.

Since in K#, r#iðC1Þ ¼ 0, "i 2 I, and in K, rH(C1) ¼ 1, K ¼ fHg, which
satisfies condition C1 of the refinement. Condition C2 is satisfied because

VL(K) ¼ VL(K#) and VH(K) > VH(K#). Because, K ¼ fHg condition C3 impo-

ses that b(H) ¼ 1, b(L) ¼ 0, therefore l(H, b(H)) ¼ 1 which is different from

l̂#ðH jC1Þ: Therefore, K defeats any separating PBE, K#, in which VH(K#) <
VH(CH

s) and thus in any fully separating UPBE high-productivity workers get

at least a payoff equal to V(Cs
H ).

Claim 4. In any fully separating UPBE, denoted by K, high-productivity
workers’ equilibrium payoff is equal to the expected payoff from contract

Cs
H , VH(C

s
H ).

Proof. Suppose there exist a fully separating PBE, denoted by K#, so that

VH(K#) > VH(C
s
H ). By claims 3 and 2, in any fully separating equilibrium,

"Ck such that rL(Ck) > 0, VL(Ck) ¼ VL(C*L ) and "Ck such that rH(Ck) > 0,

VH(Ck)�VH(C
s
H ) and pH(Ck)� 0. If a contractCk such thatrH(Ck)> 0,VH(Ck)

>VH(C
s
H ) and pH(Ck)� 0 exists, thenCs

H cannot be the contract thatmaximizes

high-productivity workers’ expected utility when only high-productivity work-

ers apply to this contract. This plus the fact that in any UPBE VH(K)� VH(C
s
H )

implies that there is no fully separating UPBE where VH(K#) 6¼ VH(C
s
H ).

These four claims prove the lemma.
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Claim 5. The contract Cp is a PBE of the signaling subgame.

Proof. Let us define Cp as the solution to problem 7. To prove that there is

a PBE of the SSG that sustain Cp as a PBE, notice first that by definition, Cp

maximizes high-productivity workers’ expected utility and breaks even only at

the population average probability of success, therefore pL(C
p) < 0. To prove

that Cp can be supported as PBE consider the following strategies:

Stage 1: Each firm offers the menu fCp;C#g.

Stage 2: rH(C
p) ¼ 1 and rL(C

p) ¼ 1, that is, high- and low-productivity

workers apply to contract Cp.

Stage 3: Firms accept all applicants to Cp and firms accept all applicants

to C#, "C# such that pL(C#) � 0.

On-the-equilibrium-path beliefs: l̂ðH jCpÞ ¼ l.

Off-the-equilibrium-path beliefs: l̂ðH jC#Þ ¼ 0; "C# 6¼ Cp and pL(C#) � 0.

It is easy to check that these strategies satisfy the PBE requirements.

Claim 6. In an undefeated pooling equilibrium, high-productivity workers

payoff is VH(C
P) and low-productivity workers payoff is VL(C

p).

Proof. Suppose there exists a pooling PBE denoted by Kp# that defeats Kp.

Recall that by definition, Cp is, among all possible pooling contracts, the one

that yields the highest payoff to high-productivity workers.

Let fCp,Cp#g be the contracts offered in the PBEKp# andr#i(C
p#)¼ 1"i2 I,

and letfCp,Cp#gbe the contracts offered in thePBEKp,whereri(C
p)¼1"i2 I.

In this case,K¼ I, andC2 fails since any pooling PBEKp#different fromKp, it is

true that VH(K
p#) < VH(K

p).

So far it has been shown that there is no pooling equilibrium that defeats the

one in which all types choose Cp and that there is no fully separating equilib-

rium that defeats the one in which low-productivity workers choose Cs
L and

high-productivity workers choose Cs
H . It rests to show that when l � lðrÞ,

the fully separating equilibrium in which low-productivity workers choose

Cs
L and high-productivity workers choose Cs

H is undefeated by the pooling

equilibrium in which all types choose Cp and the opposite occurs when

l > lðrÞ.
LetKs to denote the fully separating PBE ofG that sustains the contracts Cs

H

and Cs
L as an UPBE and Kp to denote the pooling PBE of G that sustain the

contract Cp as an UPBE.

Suppose that in both equilibria, Ks and Kp, the following contracts are of-

fered fCs
H , C

*
L, C

pg.
BydefinitionoflðrÞ,whenl � lðrÞ; thehighestpayoff thathigh-productivity

workers get in Kp is such that VH(C
p) < VH(C

s
H ).
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Suppose that Kp defeats Ks and l � lðrÞ. Notice that VL(C
p)> VL(C*L ), and

thus rs
LðCpÞ ¼ rs

HðCpÞ ¼ 0 and rp
i ðCpÞ ¼ 1, "i 2 I. Thus, K ¼ I. Because

VL(C
p) > VL(C*L ) and VH(C

p) < VH(C
s
H ), condition C2 of undefeated equilib-

rium is immediately violated. Therefore, when l � lðrÞ; there is no PBE that

defeats Ks.

Suppose next that l > lðrÞ:Because K ¼ I and now VL(C
p) > VL(C*L ) and

VH(C
p) > VH(C

s
H ), condition C2 is satisfied. Now let us check if condition C3

holds or not. BecauseK¼ I andVL(C
p)> VL(C*L ) andVH(C

p)> VH(C
s
H ),b(H)¼

b(L) ¼ 1. Recall that l̂sðH jCpÞ ¼ 0 and l̂sðLjCpÞ ¼ 1 and thus

l̂sðH jCpÞ 6¼ lðHÞbðHÞ
lðHÞbðHÞþlðLÞbðLÞ ¼ l. This implies that condition C3 is satisfied

and thus Kp defeats Ks.

Lastly, I need to show that lðrÞ exists.
Observe first that VH ðCs

H Þ is independent of l and that

@VHðCpðlÞÞ
@l

¼ c

�ð
Y

ðwPðyÞ � yÞ½f H ðyjrÞ � f LðyjrÞ�dy
�

¼ c
ð
Y

wPðyÞf LðyjrÞdy� hL

� �
> 0

where the first equality follows from the envelope theorem and the second

from the fact that the optimal contract CpðlÞ satisfies the wage constraint with
equality. The inequality follows from the fact that in a pooling equilibrium

a low-ability worker must be paid more than his expected output, otherwise

he prefers contract C*L since this pays hL for sure. Thus, the high-ability work-
er’s expected utility rises as l increases.

Let us define lðrÞ as the minimum l such that VH ðCpðlÞÞ ¼ VH ðCs
H Þ: The

existence of this threshold is guaranteed by the fact that VHðCpðlÞÞ is contin-
uously increasing in l and that at l ¼ 1, VHðCpðlÞÞ ¼ VH ðC*HÞ > VHðCs

HÞ .
However, we need to check that for any l greater than lðrÞ low-ability

workers prefer contract CpðlÞ than C*L.
The hypothesis VHðCs

HÞ � VHðCpðlÞÞ implies

0 �
ð
UðwPÞ � Uðws

H Þ
	 


f H ðyjrÞdy

¼
ð
UðwPÞ � Uðws

H Þ
	 


1=‘ðyjrÞ½ �f LðyjrÞdy

¼
ð ỹ
y

UðwPÞ�Uðws
H Þ

	 
 1

‘ðỹjrÞf
LðyjrÞdyþ

ð�y
ỹ

UðwPÞ�Uðws
H Þ

	 
 1

‘ðỹjrÞf
LðyjrÞdy

<
1

‘ðỹjrÞ

ð ỹ
�y

UðwPÞ � Uðws
HÞ

	 

f LðyjrÞdyþ

ð�y
ỹ

UðwPÞ � Uðws
H Þ

	 

f LðyjrÞdy

� �

¼ 1

‘ðỹjrÞ

ð
UðwPÞ � Uðws

H Þ
	 


f LðyjrÞdy;

where the inequality follows from the fact that 1/‘(y j r) increases monotoni-

cally with y and ws
HðyÞ single-crosses wPðyÞ from below.
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It readily follows from this that
Ð
UðwPðyÞÞf LðyjrÞdy >

Ð
Uðws

H ðyÞÞf LðyjrÞ
dy ¼ VLðC*LÞ and thereby whenever contract CpðlÞ is preferred to contract Cs

H

by the high-ability type, CpðlÞ is also preferred to contract C*L by the low-

ability type.

Finally, continuity and the implicit function theorem implies that lðrÞ is

continuously differentiable in r.

Proof of proposition 2.

Proof. First observe that the incentive compatibility constraint is not sat-

isfied at bs ¼ 0 since the left-hand side becomes equal to U(hH) – U(hL) >
0, whereas at bs ¼ 1, that becomesð
UðyÞf LðyjrÞdy < UðhLÞ;

where the inequality follows from the strict concavity of U(y). Thus,

bsH ðrÞ2ð0; 1Þ.

Using the implicit function theorem one can show that

@bsH ðrÞ
@r

¼ �
Ð
UðhH þ bsH ðrÞðy� hH ÞÞ4gdyÐ

U#ðhH þ bsH ðrÞðy� hHÞÞðy� hHÞf LðyjrÞdy
:

BecauseU(�) is strictly concave andG1(�) is a mean-preserving spread ofG0(�),
the numerator is negative.

Next, it is necessary to show that the denominator is also negative.ð
U#ð�Þðy� hH Þf LðyjrÞdy

¼
ðhH

U#ð�Þðy� hH Þf LðyjrÞdyþ
ð
hH

U#ð�Þðy� hH Þf LðyjrÞdy

�
ðhH

U#ðhHÞðy� hH Þf LðyjrÞdyþ
ð
hH

U#ðhH Þðy� hH Þf LðyjrÞdy

¼ U#ðhHÞ
ð
ðy� hH Þf LðyjrÞdy < 0:

The first inequality follows from the concavity U(�) and the last from the fact

that hH > hL.
Showing that bpðrÞ falls with r is more cumbersome.

Observe first that the left-hand side of first-order condition (2) when eval-

uated at b ¼ 0 is given by

U#ðĥÞ
ð
ðy� ĥÞf H ðyjrÞdy > 0;

while when evaluated at b ¼ 1 is given by
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ð
U#ðyÞðy� ĥ Þf H ðyjrÞdy

< U#ðĥÞ
ð
Y

ðy� ĥÞf H ðyjrÞdy

¼ hH � ĥ:

Thus, we need to impose that the utility function is such thatð
U#ðyÞðy� ĥÞf HðyjrÞdy � 0:

Using the implicit function theorem one can show that bpðrÞ falls with r if and
only if

@Vp rð Þ
@bp rð Þ@r < 0:

It follows from the first-order condition that

@VpðrÞ
@bpðrÞ@r ¼

ð
U#ðĥþ bpðrÞðy� ĥÞÞðy� ĥÞ4gdy:

Integrating by parts twice, one gets that

@VpðrÞ
@bpðrÞ@r ¼ bpðrÞ

ð
U$#ð�ÞbpðrÞðy� ĥÞ þ 2U$ð�Þ
h i

CðyÞdy

Noticing that the term in square brackets can be written as:

�U$ðwÞ PðwÞbpðrÞðy� ĥÞ � 2
h i

Thus, the concavity of U#ðwÞðy� ĥÞ guarantees the negativity of
@Vp rð Þ
@bp rð Þ@r < 0.

The proof that this is also a necessary condition is omitted since it is presented

in Hadar and Seo (1990).

To end observe that the concavity of U#ðwÞðy� ĥÞ is guaranteed if U#(w)w
is concave and U#(�) � 0. The concavity of U#(x)x implies that U$#(x)x þ
2U$(x) < 0, whereas the concavity of U#ðwÞðy� ĥÞ implies that

U$#ð�ÞbpðrÞðy� ĥÞ þ 2U$ð�Þ < 0: Thus,

U$#ð�ÞbpðrÞðy� ĥÞ þ 2U$ð�Þ
h i

¼ bpðrÞ U$#ðwÞwþ 2U$ðwÞ½ �

� U$#ð�ÞbpðrÞĥ
:

Thus, if PRðwÞ � 2; then U#(w)w is strictly concave. Furthermore, a sufficient

condition for
@Vp rð Þ
@bp rð Þ@r < 0 is that PRðwÞ � 2þ ĥPðwÞ

This completes the proof.

Proof of proposition 3.

Proof. Again, using the implicit function theorem showing that bpðrÞ falls
with l entails to show that

@Vp rð Þ
@bp rð Þ@l < 0.
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It follows from the first-order condition that

@VpðrÞ
@bpðrÞ@l ¼ ðhH � hLÞ

ð
Y

U$ð�Þð1� bpðrÞÞðy� ĥÞ � U#ð�Þ
h i

f H ðyjrÞdy:

Notice that the term in square brackets can be written as:

U#ðwÞ ARðwÞ � 1� yAðwÞ½ �;

Thus, a sufficient condition for
@Vp rð Þ
@bp rð Þ@l < 0 to hold is that ARðwÞ � 1þ yAðwÞ

for all y 2 Y.

Proof of lemma 5.

Proof. Totally differentiation of the i-ability worker’s expected utility leads

to

da
db

� �
i

¼ �
Ð
Y
U#ðwHÞydFiðyjrÞÐ

Y
U#ðwH ÞdFiðyjrÞ : ðA3Þ

It remains then to show that
da
db

� �
H

<
da
db

� �
L

for all r.

First observe that FH FSD FL plus the concavity of Uð�Þ imply thatð
Y

U#ðwH ÞdFH <

ð
Y

U#ðwHÞdFL:

It remains to show then thatð
Y

U#ðwH ÞydFL <

ð
Y

U#ðwHÞydFH :

Using the diffidence theorem, this leads to find conditions under which the

following holds:ð
Y

U#ðwH Þð1� ‘ðyjrÞÞdFH � 00

ð
Y

U#ðwH Þyð1� ‘ðyjrÞÞdFH � 0:

Let y0 be the point at which (y0 j r) ¼ 1. Then the NSC condition is given by

ðy� y0Þð1� ‘ðyjrÞÞ � 0;

which holds true always since for all y� y0, ‘(y j r)� 1 and for all y< y0, (y j r)
> 1.

The NC1 condition is satisfied and the NC2 condition entails the following,

�2‘#ðy0jrÞU#ðwH ðy0ÞÞ � 0;
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which holds true since ‘#(y0 j r) < 0.

Proof of proposition 4.

Proof. The first step is to derive the threshold lðrÞ. The following condi-

tions must hold at l ¼ lðrÞ,

ðiÞaL ¼ hL and bL ¼ 0;

ðiiÞ
ð
UðaH þ bHyÞf LðyjrÞdy ¼ UðhLÞ;

ðiiiÞ
ð
UðaH þ bHyÞf HðyjrÞdy ¼ VpðrÞ; ð4Þ

where condition (i) is the full insurance condition for low-ability types, the

second is the incentive compatibility constraint for the low-ability type,

and the third ensures that the high-ability type is indifferent between pooling

and sorting.

The average expected profit is given by

lðhH �
ð
ðaH þ bHyÞf H ðyjrÞÞ þ ð1� lÞðhL �

ð
ðaL þ bLyÞf LðyjrÞÞ:

I need to find the effect on the profit function of changing the contract offers

subject to constrains (i), (ii), and (iii), since this provides the lowest average

iso-profit that leaves a high-ability worker indifferent between separation and

pooling. The procedure is the same as the one adopted by Stiglitz (1977).

Let us define wH [ aH þ bHy.
Observe first that, by totally differentiation of (iii)

daH
dbH

� �
H

¼ �
Ð
U#ðwHÞydFH ðyjrÞÐ
U#ðwH ÞdFH ðyjrÞ : ð5Þ

Note also that

dbL
daL

¼ 0: ð6Þ

Next, by totally differentiation of (ii), using (A5) to substitute for daH
dbH

� �
i
and

(A6) to substitute for
dbL
daL

one gets that

dbH
daL

¼ U#ðhLÞ
Ð
U#ðwH ÞdFHÐ

U#ðwH ÞdFH
Ð
U#ðwH ÞydFL �

Ð
U#ðwH ÞydFH

Ð
U#ðwHÞdFL

:

ðA7Þ

Totally differentiation of the average expected profit function gives, using (6),

(5), and then (7)
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�l
daH
dbH

� �
H

þhH

� �
dbH
daL

� ð1� lÞ ¼ 0:

Solving for l one obtains

lðrÞ ¼ 1

1þ UðrÞ

where

UðrÞ[ U#ðhLÞ
Ð
U#ðwH Þðy� hHÞdFHÐ

U#ðwH ÞdFH
Ð
U#ðwH ÞydFL �

Ð
U#ðwHÞydFH

Ð
U#ðwHÞdFL

:

Notice that lðrÞ < 1 requires UðrÞ > 0. Because
Ð
U#ðwH Þðy� hH ÞdFH � 0,

this implies that the term in the denominator must be negative, which is a direct

consequence of lemma (5).

Because lðrÞ falls as UðrÞ rises, it is necessary to find conditions under

which UðrÞ increases as r rises when evaluated at the optimal contracts that

achieve separation. That is,

dUðrÞ
dr

¼ @UðrÞ
@r

þ @UðrÞ
@b

@bH
@r

� 0:

Evaluation of UðrÞ in the optimal contracts and then differentiation of UðrÞ
with respect to r leads to:

dUðrÞ
dr

¼
ð
U#ðwÞðy� hHÞd4G þ @bsH ðrÞ

@r

ð
U$ðwÞðy� hHÞ2dFH

� �
*

�
ð
U#ðwÞdFH

ð
U#ðwÞydFL �

ð
U#ðwÞydFH

ð
U#ðwÞdFL

� �

�
ð
U#ðwÞðy� hH ÞdFH

ð
U#ðwÞyd4G

ð
U#ðwÞdFH

��

þ
ð
U#ðwÞd4G

ð
U#ðwÞydFLÞ �

ð
U#ðwÞyd4G

ð
U#ðwÞdFL

�

þ
ð
U#ðwÞd4G

ð
U#ðwÞydFH

�

þ @bsHðrÞ
@r

ð
U$ðwÞyðy� hH ÞdFL

ð
U#ðwÞdFH þ

ð
U#ðwÞydFL

��

�
ð
U$ðwÞðy� hH ÞdFH Þ �

ð
U$ðwÞyðy� hH ÞdFH

ð
U#ðwÞdFL

�

þ
ð
U#ðwÞydFH

ð
U$ðwÞðy� hH ÞdFL

���
:

Let us define DF as FH – FL. Then, after a few steps of simple algebra
dU rð Þ
dr

can

be written as follows:
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�
ð
U#ðwÞðy� hH Þd4F

ð
U#ðwÞdFH

ð
U#ðwÞyd4G

�

�
ð
U#ðwÞydFH

ð
U#ðwÞd4G

�

þ @bsH ðrÞ
@r

ð
U#ðwÞðy� hHÞdFL

ð
U$ðwÞyðy� hH ÞdFH

ð
U#ðwÞdFH

��

�
ð
U$ðwÞðy� hH ÞdFH

ð
U#ðwÞydFH

�

�
ð
U#ðwÞðy� hH ÞdFH

ð
U$ðwÞyðy� hH ÞdFL

ð
U#ðwÞdFH

�

�
ð
U$ðwÞðy� hH ÞdFL

ð
U#ðwÞydFH

��
:

One can show then that
dU rð Þ
dr

� 0 if and only if the following holds

�
ð
U#ðwÞðy� hH Þd4F

ð
U#ðwÞðy� y*H Þd4G

� @bsH ðrÞ
@r

ð
U#ðwÞðy� hHÞdFL

ð
AðwÞU#ðwÞðy� y*H Þðy� hH ÞdFH

�

�
ð
U#ðwÞðy� hH ÞdFH

ð
AðwÞU#ðwÞðy� y*H Þðy� hH ÞdFL

�
� 0:

Using the first-order condition for bs, the value of @bsH rð Þ
@r , and combining terms,

one can show that
dU rð Þ
dr

� 0 if the following holdsð
U#ðwÞðy� y*H Þd4G

ð
U#ðwÞðy� hH Þð1� kÞðyjrÞdFH

� �
ð
UðwÞd4G

ð
AðwÞU#ðwÞðy� y*H Þðy� hH Þð1� kðyjrÞÞdFH :

Let us defineKðrÞ[
Ð
U#ðwÞðy�y*H Þd4GÐ

UðwÞd4G
. Observe that this term is positive since the

concavity of U# wð Þ y� y*H
� �

implies that
Ð
U# wð Þ y� y*H

� �
d4G < 0, and the

concavity of U �ð Þ results in that
Ð
U wð Þd4G < 0. Then, this can be written as

followsð
U#ðwÞðy� hH ÞmðyÞð1� kðyjrÞÞdFH � 0: ð8Þ

where

mðyÞ[
ð
UðwÞd4G

ð1� kÞðyjrÞ
ð1� kðyjrÞÞKðrÞ þ AðwÞðy� y*H Þ

� �
:

First observe that the optimal k is given by
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k ¼
Ð
U#ðws

H ðyÞÞðy� hHÞf H ðyjrÞdyÐ
U#ðws

HðyÞÞðy� hH Þf LðyjrÞdy
> 0:

Notice that k < 1 if U#ðws
HðyÞÞðy� hH Þ is increasing. This follows from the

fact that FH yjrð Þ FSD FL yjrð Þ. That is, U$ðws
HðyÞÞbsH ðy� hH Þþ

U#ðws
H ðyÞÞ > 0, which results in that Rðws

H Þ ¼ 1 � 1þ hHAðws
H Þ.

Second, observe that y*H < hH for all bsH rð Þ > 0.

Third, making use of the diffidence theorem to show that condition (8) holds

entails showing the following:

ð
U#ðwÞðy� hH Þð1� k‘ðyjrÞÞdFH ¼ 00ð
U#ðwÞðy� hH ÞmðyÞð1� k‘ðyjrÞÞdFH � 0:

The NSC condition is given by

U#ðwÞðy� hH ÞmðyÞð1� k‘ðyjrÞÞ �
U#ðhH Þð1� kðhH jrÞÞmðhH Þ

U#ðhH Þð1� kðhH jrÞÞ
U#ðwÞðy� hHÞð1� k‘ðyjrÞÞ:

BecauseU# wð Þ > 0 and 1� k yjrð Þ > 0 for all y 2 Y, it is easy to show that the

NSC condition holds if and only if the following is satisfied:

ðy� hHÞðmðyÞ � mðhH ÞÞ � 0 for all y 2 Y :

Then, after a few steps of simple algebra this condition can be written as fol-

lows

ðy� hH Þ
ð1� kÞ ‘ðyjrÞ � ‘ðhH jrÞ½ �

ð1� k‘ðhH jrÞÞð1� k‘ðyjrÞÞKðrÞþ

AðwÞy� AðhH ÞhH þ y*H ðAðhH Þ � AðwÞÞ
	 


8><
>:

9>=
>; � 0 for all y 2 Y :

ð9Þ

Observe that ‘ yjrð ÞX‘ hH jrð Þ for y¡hH since ‘ yjrð Þ decreases with y, and

A w yð Þð ÞXA hHð Þ for yXhH since preferences satisfy DARA. This implies that

the first term in curly brackets is negative for all y> hH and positive otherwise,

while the second term could be either negative or positive otherwise.

It can then be shown after a few steps of simple algebra that condition (A9)

is equivalent to the following

ARðwÞ < CðyÞ for all y > hH ;

ARðwÞ � CðyÞ for all y � hH ;

where
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CðyÞ[AðhH ÞðhH � y*H ÞbsH ðrÞ þ AðwÞðð1� bsH ðrÞÞhH þ bsH ðrÞy*H Þ

� ð1� kÞ ‘ðyjrÞ � ‘ðhH jrÞ½ �
ð1� k‘ðhH jrÞÞð1� k‘ðyjrÞÞKðrÞb

s
H ðrÞ:

Observe that C hHð Þ ¼ R hHð Þ and

C#ðyÞ ¼ A#ðwÞbsH ðrÞðð1� bsH ðrÞÞhH þ bsH ðrÞy*HÞþ

� ð1� kÞ‘#ðyjrÞ
ð1� k‘ðyjrÞÞ2

KðrÞbsHðrÞ:

The NC1 condition is irrelevant since the restriction is with equality and the

NC2 condition imposes that m# hHð Þ � 0: That is,

ð1� kÞ‘#ðhH jrÞ
ð1� k‘ðhH jrÞÞ2

KðrÞ þ A#ðhH ÞbsH ðrÞðhH � y*H Þ þ AðhH Þ � 0:

Using the fact that A#R hHð Þ ¼ A# hHð ÞhH þ A hHð Þ, one can easily see that this

condition is satisfied if

A#RðhHÞ �
C#ðhH Þ
bsH ðrÞ

:

.
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