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Uncertainty, Pay for Performance, and Asymmetric
Information

Felipe Balmaceda”
Universidad de Chile

This article develops a new rationale for the emergence of pay-for-performance
contracts where the labor market is competitive, workers are risk averse, and
firms are risk neutral and unaware of workers’ productivities. The article shows
that the prevalence of pay for performance rises and the pay-for-performance
sensitivity falls as environmental uncertainty increases. This empirical regularity
is unaccounted for alternative models such as the standard agency model.
(JEL D86, L2, M5, J3)

1. Introduction

The standard rationale for linking pay to performance is that it helps to align
workers’ incentives with those of the firm—the well-known incentive effect.
Pay for performance imposes risk on a risk-averse worker that results in higher
wage costs. The risk increases with the uncertainty of the environment, thereby
giving rise to a negative trade-off between risk and incentives. Although ap-
pealing, this prediction is not borne out by the data. For many occupations, the
evidence suggests that pay for performance is more prevalent the more uncer-
tain the environment.'

The evidence for a positive relationship between uncertainty and incentives,
reviewed in Prendergast (2002b), is based on four different occupations: exec-
utives, agricultural sharecropping, franchise holders, and salespersons. The
most cited examples are for executives, where the evidence about the negative
trade-off is mixed. Some authors like Aggarwal and Samwick (1999) confirm
the relationship, whereas others such as Garen (1994) find none. Agricultural
sharecropping clearly points to a positive relationship (Allen and Lueck 1995,
2000) as fixed rent contracts are more likely to be observed in crops with
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1. As mentioned by Lazear (2000) and Prendergast (2002), casual evidence also seems to sug-
gest that incentive pay is used more frequently in more uncertain industries, such as the use of
bonuses in the financial sector.
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greater yield variance. Among franchise holders strong output-based contracts
are the norm, whereas in company owned stores variable pay is usually absent
or minimal. Given the positive relationship between uncertainty and pay for
performance, franchise holders are much more common in industries charac-
terized by uncertainty (see, Lafontaine and Slade 2001). Finally, the literature
on salesforce compensation finds little evidence of either a negative or positive
relationship.

The purpose of this article is to build a theory that is consistent with the
pattern found in the data and cannot be explained by the standard rationale
in which pay for performance is used to induce agents to exert effort. Thus,
a model is developed in which incentives for effort plays no role, and identical
risk-neutral firms compete for risk-averse workers whose productivity can be
either high or low. Each worker knows his productivity level, but firms only
know the proportion of high productivity workers. Workers’ preferences ex-
hibit nonincreasing absolute risk aversion, and the distribution of output for
a worker depends on his productivity and a parameter that captures environ-
mental uncertainty. An increase in this parameter is associated to a rise in
environmental uncertainty, understood as mean-preserving spread (MPS)
of the initial distribution of output. In addition, firms are allowed to offer
a menu of contracts.

The proposed model is a competitive screening model, similar to the com-
petitive insurance model developed by Rothschild and Stiglitz (1976), but it
does not suffer from the absence of equilibrium when the proportion of high-
ability workers is large because a different timing, suggested by Hellwig
(1987), is adopted. That is, first, firms offer a menu of contracts; second, each
worker bids for a contract; and then firms, observing other firms’ offers, either
accept or reject applicants.

When the proportion of high-productivity workers is smaller than a given
threshold, firms offer a menu with a straight-salary and a pay-for-performance
contract. High-productivity workers self-select into pay-for-performance jobs
and low-productivity workers into straight-salary jobs. As in Rothschild-
Stiglitz’ (1976) competitive insurance model, high-productivity workers
(low-risk consumers) self-select into pay-for-performance jobs (partial insur-
ance contracts) because they generate larger expected output and it is less
costly for them to bear the risks associated with pay for performance. In con-
trast, when the proportion of high-productivity workers is higher than the given
threshold, all firms offer the same pay-for-performance contract. Both high-
and low-productivity workers accept that contract and receive a compensation
equal to the average workers’ expected output. The rationale is as follows. If
straight-salary contracts were offered to all workers, firms could counter offer
with profitable pay-for-performance contracts imposing higher compensation
risk that only high-productivity workers would be willing to accept. Thus,
pooling contracts with straight salaries do not arise in equilibrium because
cream-skimming high-productivity workers is always profitable. It then fol-
lows that any pooling equilibrium must involve some, however small, com-
pensation risk. In short, when the proportion of productive workers is small,
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pay-for-performance and straight-salary contracts coexist and workers self-
select into different jobs, whereas when that is large, only pay-for-performance
contracts are observed since self-selection results in too much compensation
risk.?

This result is used to study the relationship between risk (environmental
uncertainty) and the prevalence as well as the power of pay for performance.
With linear contracts and plausible restrictions on workers’ preferences, the
threshold for the proportion of high-productivity workers above which the
equilibrium is pooling falls as environmental uncertainty rises. In other words,
in stable environments, pay-for-performance and straight-salary contracts are
more likely to coexist and workers more likely to self-select into different jobs,
whereas in unstable environments, only pay-for-performance contracts are
more likely to be observed since self-selection results in too much compen-
sation risk.

The model also yields the following empirical predictions: (1) workers paid
by output earn and produce, on average, more than salaried or hourly workers
in the same job; (2) pay-for-performance sensitivity and environmental uncer-
tainty are negatively related; and (3) pay-for performance sensitivity in jobs
where all workers are paid by output could be quite small.

The outline for the rest of the article is as follows. Section 2 discusses to
some extent the pay-for-performance literature. Section 3 describes the model
and the equilibrium concept and provides the full information benchmark. Sec-
tion 4 derives the equilibrium. Section 5 studies the relationship between
incentives and environmental uncertainty when contracts are assumed to be
linear on output. Section 6 discusses the basic model’s empirical predictions
and compares them with those from the linear agency model and the evidence
supporting them. Concluding remarks are presented in the last section.

2. Literature Review

The vast pay to performance literature can be split into two broad categories:
incentive pay for performance and nonincentive-based theories.®> Incentive-
based theories are best represented by the linear agency model of Holmstrom
and Milgrom(1987). It predicts a negative trade-off between risk and incen-
tives as well as a decreasing pay-for-performance sensitivity and increasing
compensation in uncertain environments. In a multitasking setting, Holmstrom
and Milgrom (1991) demonstrate that general contracts induce a misallocation
of effort across tasks, and when this is sufficiently severe, the theory predicts
that incentive pay should not be used. Prendergast (2002b), in a model with
risk-neutral workers and multitasks, explains why variable pay should be more
prevalent in uncertain environments. He argues that in stable environments,

2. Because in the model here firms, after observing other firms’ offers, may reject some of the
applicants an equilibrium always exists.

3. For excellent surveys concerning incentive-based theories, see Prendergast (1999) and
Gibbons (1998).
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firms are content to assign workers to specific tasks and monitor their effort. In
uncertain environments, firms delegate the choice of tasks to workers and use
variable pay to align their incentives and constrain their discretion. Thus, out-
put-based contracts are more likely to be observed in uncertain environments.
The driving force behind this model is the assumption that there is no corre-
lation between measured output and environmental uncertainty—contrary to
the main assumption in the linear agency model. Prendergast shows that when
such correlation exists, pay by output is not necessarily more likely to take
place in uncertain environments. The present article can be seen as compli-
mentary to Prendergast; whereas his explanation is based on monitoring output
versus input, this is based on sorting and a different set of assumptions.

Nonincentive-based theories are best represented by Lazear (1986). He
shows that the least productive workers self-select into firms offering straight
salaries and the most productive choose firms offering piece rates.* His model
for self-selection is quite different from the model in this article. In his article,
the more productive workers self-select into pay-for-performance jobs because
for them it is worth indirectly paying the (higher) monitoring costs associated
with piece rates, whereas here self-selection occurs only when the environment
is sufficiently certain that it is worth facing compensation risk instead of being
pooled with low-productivity workers. Lazear’s article cannot explain why
pay for performance is more prevalent in uncertain environments and the pre-
dictions of his model are not easily compared with those from the linear agency
model.

Lazear (2005) focuses on pay for performance as a way to extract worker’s
private information with regard to firm’s prospects and retaining them. Arya
and Mittendorf (2005) show that stock options are granted to distinguish work-
ers. Together, these two articles show that a manager confident of his contri-
bution to a firm’s value is willing to accept a contract loaded with stock
options. Cadenillas et al. (2005) consider the problem of a risk-neutral firm
that tries to hire a risk-averse executive of unknown ability. Executives affect
stock price dynamics through the choice of volatility and by applying costly
effort. In this setting, they show that the use of options discourage low-ability
executives from applying to the firm since the implicit risk of an option will
make its value lower than low-ability executive’s reservation wage. Thus,
Cadenillas’ et al. (2005) argument is similar to the one here with the difference
that in their model the variance of the stock price (output) is controlled by the
executive and they do no provide an explanation for the use of heterogeneous
compensation methods within a job.

Oyer (2004) proposes a rationale for pay for performance that has neither
incentive nor selection effects. He shows that the use of such contracts helps to
satisfy workers’ participation constraints. He argues that when a worker’s out-
side option and firm’s performance are positively correlated, by indexing
wages to performance, the firm avoids worker loss. This is relevant when
a worker’s resignation is expensive for the firm and the subsequent ex-post

4. See Matutes et al. (1994) for a similar result.
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adjustment of wages is also costly. Neither article, however, makes predictions
about the relationship between environmental uncertainty, the adoption of pay
for performance and its sensitivity.

Lastly, there are few articles that deal with both incentive and sorting
effects. Moen and Rosen (2005) analyze a multitasking model with risk-
neutral agents, a distorted performance measure, and private information about
the agent’s cost of effort. They show that in equilibrium pay-for-performance
contracts are too high powered as they can result in a misallocation of effort
across tasks. This article makes no prediction about the relationship between
uncertainty and pay for performance, although like this article it also shows
that sorting requires pay for performance. They show that pay for performance
induces too much effort while it imposes compensation risk on risk-averse
workers. Prendergast (2002a), in a model where compensation is based on
supervisors performance appraisal, demonstrates that firms when choosing
incentives weigh the benefits of higher effort against the cost of loosing in-
formation about workers’ skills as consequence of biased appraisal. In uncer-
tain environments, supervisors’ reports are not particularly valuable for sorting
purposes, so the marginal cost of increased incentives is lower.” In contrast to
the predictions of the linear agency model and the sorting model, it is implied
that pay-for-performance sensitivity increases with the uncertainty.

In short, this article complements the existing literature on sorting effects of
pay-for-performance contracts by deriving a link between environmental un-
certainty and the prevalence and strength of pay-for-performance contracts
that is consistent with the empirical evidence.

3. The Basic Model and The Equilibrium Concept

3.1 The Basic Model
Identical risk-neutral firms compete for a fixed number of workers of unknown
productivity. Workers come in two types, high-productivity workers (H) and
low-productivity workers (L), with each firm having the same production tech-
nology. The output, denoted by y, is assumed to be contractible and its price is
normalized to 1. The technology is such that the i-worker’s output is distrib-
uted with a continuous and differentiable density function f*(y | ), with support
Y=[y,y],y > 0, and expected output given by 6; = [ yf*(y|r)dy fori € {L, H}.
In this setting, the parameter » € [0, ] is a risk measure, which need not
correspond to variance, and that does not affect the mean of the distribution.
In particular, an increase in 7 results in an MPS of the original distribution and
is associated with a more uncertain environment. This implies, as in the stan-
dard principal agent model, that there is a positive correlation between the
quality of the performance measure and the uncertainty of the environment.
For simplicity, f'(- | r) is assumed twice continuously differentiable for all r.

5. Their definition of sorting differs from this article as neither workers nor firms know, at the
time of contracting, the skills of a worker. The only information they receive comes from the
performance appraisals.
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Let define the likelihood ratio £(y|r) —f ,,M Then the following is assumed.

(A1) (MLRP) 4y |r) is decreasing i 1n y tlor ally € Yand r € [0, ].

Observe that this assumption implies that 0, > 0,—that s, a high-productivity
worker’s average output is greater than a low-productivity worker’s average
output.® In addition, this assumption implies that high-productivity worker’s
distribution of output first-order stochastic dominates (FSD) a low-productivity
worker’s distribution of output.

Employers know only that a worker’s productivity can be either high or low
and that the proportion of workers who have a high productivity is p. In con-
trast, workers know their own productivity. All the rest is common knowledge.

Workers are assumed to be risk averse and have a utility function U(w(y))
that is twice continuously differentiable with first derivative U'(-) > 0 and
U"(-) < 0, where w(y) is total compensation when output y is realized. In ad-
dition, a worker’s outside opportunity provides him with an expected utility
equal to U(0) which is assumed to be lower than U(6,) for i € {L, H}.

In addition, the following technical restriction on U(-) is imposed.

(A2) lim,,—, o U(w) — o and lim,_o U(w)— —k < 0.

Each firm is allowed to offer a menu of wage contracts in which a contract
yields a total compensation equal to w(y) when output y isrealized. When w(y) =
wforall y € Y, Cis a fixed wage or straight-salary contract and when w(y) =y
for all y, C is a pure piece-rate contract. Any other contract in which w(y) is
nondecreasing in y for all y € Y and strictly increasing for a subset of Y of
positive measure is referred to as a pay-for-performance contract. In what
follows, the contract (0, 0) is denoted by C,.

An i-worker’s expected utility when he accepts contract C = {w(y)} is given

Vi(C) = JU(W(y))fi(ylr)dy7 (1)

and a firm’s expected profit from employing an i-worker under the same con-
tract C is given by:

m(C)= [ = WO iy, @

The timing of decisions used here was suggested by Hellwig (1987) and is as
follows. At Stage 1, firms are symmetrically informed and simultaneously of-
fer a menu of wage contracts that includes either a pay-for-performance or
straight-salary contract or both for the upcoming period. At Stage 2, after
offers have been made, each worker applies to a particular firm for the

6. The expectation of £(y | 7) with respect to F7(- | ) is 1 and, because /(- | ) is decreasing, its
covariance with y must be negative; hence

> [y(ﬂ@\r) — 1)l dy = Jy(fL(yIr) 17 (1) dy = 6, — 0.
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upcoming period. In the case that more than one firm offers the same contract,
workers choose randomly between firms. At Stage 3, after each worker has
chosen a contract and firms have observed other firms’ offers, firms then have
the opportunity to either accept or reject a worker’s application. Once a worker
has agreed to work for a particular firm and has been accepted, the terms of
the agreement become binding for that period. At the final stage, output is
produced and compensation takes place as specified in the contract.

3.2 The Equilibrium Concept

This section briefly explains the equilibrium concept used and the importance of
the timing adopted. Under the standard equilibrium concept (Perfect Bayesian
Equilibrium) and the standard timing for screening games (Stages 1 and 2), this
type of model suffers from non-existence of equilibrium for some parameter
values. A classic example of this is competitive insurance model by Rothschild
and Stiglitz (1976), where an equilibrium does not exist when the proportion of
low-risk individuals is sufficiently large.”

Hellwig (1987) added the third stage to the two-stage screening game to solve
the problem of the nonexistence of equilibrium.® However, Hellwig’s last two
stages mimic a signaling game, so the timing effectively trades the problem of
nonexistence for the problem of multiple equilibria. As Cho and Kreps (1987)
show, signaling games have a plethora of Perfect Bayesian Equilibrium (here-
after, PBE) that are supported by unreasonable off-the-equilibrium path beliefs.
In this article, I adopt a signaling equilibrium refinement proposed by Mailath
et al. (1993) that eliminate equilibria that are based on unreasonable beliefs. In
particular, it will be required that any PBE of the signaling subgame (Stages 2
and 3) must be undefeated among all possible PBEs that arise from any first-
stage contract offers. This equilibrium refinement picks only those PBE that
give the highest payoff to high-productivity workers or only those equilibria
that are constrained Pareto efficient.

I adopt the Undefeated Equilibrium refinement rather than the Intuitive
Criterion or Divinity. For the later, the equilibrium selected remains unchanged
for any positive proportion of high-productivity workers, so it is not sensitive to
the proportion of high-productivity workers unless this is exactly equal to 1.
Yet, it seems unreasonable that the outcome of a game with a one worker with
a one-million-chance of being a low-productivity worker differs significantly
from a game in which there is no chance of being such a worker. In addition, as
the distribution of workers types will not be certain, the model and its equilib-
rium will only be useful if the predicted outcome is not overly sensitive to
the description of the environment, in particular to the proportion of high-
productivity workers.

7. There are several other equilibrium concepts that differ from that used in this article and that
deal with the nonexistence of equilibrium problem. The most common are Riley’s Reactive Equi-
librium and Wilson’s Anticipatory Equilibrium. In addition, Dasgupta and Maskin (1984) derived
conditions that guarantee the existence of a mixed strategy equilibrium.

8. Grossman (1979) was the first to discuss this specification but in a nonsequential setting.
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3.3 The Full-Information Benchmark

Equations (1) and (2) together with risk aversion tell us that under complete
information, all contracts should be efficient straight-salary contracts. Further-
more, competition among employers forces them to pay each type his expected
productivity. That is, the first-best contract for a high-productivity worker is
Cj; = {w(y) = 0y for all y € Y} and that for a low-productivity worker is
Ci = {w(y) = 0y forally € Y}. Because of this, it is efficient for both types
of worker (low and high productivity) to participate; that
is,Vi(Cl) > Vi(Co) fori € {H,L}.

4. Asymmetric Information

4.1 Preliminaries
Now consider the case in which employers do not know workers’ productivity.
First, note that the first-best contracts (C}f}, Cf) are not incentive compatible
since Cjy involves no risk and pays a higher straight-salary than C;. That is,
VL(C}’.}) = VH(CZ) > VL(CZK). Second, for any given contract w(y) that is non-
decreasing in y, a high-productivity worker’s expected utility is greater than or
equal to that for the low-productivity worker; that is,

J UwO))™ (r)dy > j U)ol dy.

This is a direct consequence of the monotone likelihood ratio property since
this implies that 7y | ) FSD F*(y | ), the fact that U’ (-) is increasing and w(y)
rises with y.

The next result shows that whenever a low-productivity worker is indiffer-
ent between two contracts with different risk, a high-productivity worker’s
expected utility is greater under the riskier contract. All proofs are placed
in the Appendix.

Lemma 1. Consider two arbitrary contracts C; and C, such that V;(C,) =
Vi(C,), and assume that C; single-crosses C, from below. Then, Vi (Cy) >

Vi(C).

This lemma shows that the trade-off of the return on risk for a given pay-for-
performance contract is more favorable for the H type than for the L type: the
same risk exposure cost caused by a steeper contract is lower for the H type
than for the L type. This implies that firms could use pay for performance as
a screening device. This intuition is explored in the next section.

4.2 Separating Equilibrium
Suppose that separation of the two types occurs at equilibrium, competition
will require firms to offer a menu of contracts that contains a contract that
maximizes high-productivity workers’ expected utility (cream-skimming)
and another that maximizes low-productivity workers’ expected utility subject
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to (i) no one type of worker has incentive to choose the contract designed for
the other type and (ii) no contract guarantees expected positive profits for the
firm when chosen by the proper type.

Condition (i) implies that the following incentive compatibility constraints
must be satisfied,

JU(WH(y))fH(ylr)dy > JU(WL(y))fH(ylr)dy, (1)
and
JU(WL(V))fL(ylr)dy > jU<wH OOl @)

Adding these two incentive constraints and rearranging terms, a necessary con-
dition for separation to be an equilibrium is:

J[U(WH(V)) = UMW) = €o1n]f " (lrdy > 0, (3)

The following lemma which is direct consequence the diffidence theorem of
Gollier and Kimball (1996) provides the necessary and sufficient conditions
for equation (5) to hold when the wage schedule is nondecreasing in y.

Lemma 2. Suppose thatw!(y) isnondecreasing iny fori € {L, H },w (y) and
wh(y) cross only once at y, and low-ability workers’ incentive constraint is
binding, then the necessary and sufficient condition for equation (5) to hold is

(ylr) = €(olr) ifw (y) < wh(y),
(ylr) < Lp0lr)  ifw (y) > wh(y).

This lemma shows that if low-ability workers’ incentive constraint is binding,
MLRP is necessary and sufficient to guarantee that there is a pair of incentive
compatible contracts, each of them involving different degrees of pay for per-
formance.

When the two incentive constraints are satisfied, workers self-select and so
competition forces employers to pay each productivity type the corresponding
expected output. Any contract different from Cj that either breaks even or
makes positive profits when chosen by low-productivity workers only yields
them a lower expected utility than C;.’° This implies that the contract tailored
to low-productivity workers is the full information contract C;—that is,
wi(y) =0, forall y € Y.

9. Note that a firm offering C} will make non-negative profits in this contract regardless of who
applies to this contract.
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Because the optimal contract for a low-productivity worker is C}, the op-
timal contract for a high-productivity worker, denoted by Cj};, will be solution
to

max [U00)" )y

subject to

[vmmrora < ve)and
[ o ey < o

Letting A and p, respectively, be the Lagrange multipliers on the constraints,
the first-order condition is

U ) 01r) = 2 010) — o 01 = 0, (5)
Observe that A > 0 otherwise the contract would be a fixed wage, which to-

gether with the second constraint, will not be consistent with sorting.'® Solving
the first-order condition yields

U (w(y)) = ﬁz(ﬂr) (6)

(4)

As the full-information contract C}'} cannot sort workers out when offered to-
gether with C}, it follows from this and MLRP that the contract tailored to hi gh-
productivity workers must be a pay-for-performance contract. Because the
worker is risk averse and thereby exhibits decreasing marginal utility, it fol-
lows from equation (8) that MLRP implies that the unique solution to the prob-
lem in (6) must be increasing in y. This is formally shown in the next lemma.

Let us denote the contract that solves equation (8) by Cj;; and the optimal
contract for low-productivity workers by Cj, where s stands for separation.
Then the following result obtains.

Lemma 3. (i) C}; is a pay-for-performance contract and C] = Cr; (ii) the
contract Cj,exists and is unique; and (iii) A and p are implicitly defined as
continuously differentiable functions of » and hence V(Cj,) is continuously
differentiable in 7.

This result establishes that firms use pay-for-performance contracts to skim
the cream (the risk imposed by a pay-for-performance contract is less attractive
for low-productivity workers because they have a lower expected output).

Notice that this equilibrium is equivalent to the separating equilibrium in the
competitive insurance model by Rothschild and Stiglitz (1976). High-risk con-
sumers (low-productivity workers) choose a full insurance contract (straight-
salary contract), whereas low-risk consumers (high-productivity workers)
choose a partial insurance contract (pay-for-performance contract).

10. The first-order condition is necessary and sufficient since the Lagrangian is strictly
concave.
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4.3 Pooling Equilibrium

Nextsuppose that the equilibrium is pooling—that is, high- and low-productivity
workers choose the same contract. In this case firms must believe that a worker is
a high-productivity worker with probability p since contract choice does not re-
veal any information. We know from Rothschild and Stiglitz that, when the two-
stage timing is used, this cannot be an equilibrium. A firm offering a slightly
steeper contract than the pooling contract would attract high-productivity work-
ers only and thus it makes a profit, whereas the nondeviating firms lose money.
This intuition will not hold given the timing adopted in this article. The reason is
that no worker would ever apply for the pooling contract offered by the nonde-
viating firms, as they know that they are going to be rejected in the third stage.
Nondeviating firms, after seeing a cream-skimming offer, will know that their
offerscould only attractlow-productivity workers and so they would loose money.
Workers, anticipating this rejection, would apply to the deviating firm offering
the cream-skimming contract and which in turn would make this deviation un-
profitable. Thus, no firm has an incentive to deviate from the pooling contract.

Furthermore, among all those pooling contracts that break-even at the
population’s average productivity, 6= w0y + (1 — )0, the equilibrium re-
finement selects the contract with the largest expected utility for high-
productivity workers. Let us denote this contract by C”, where p stands for
pooling. There are other pooling contracts that can only be sustained as PBEs
by assuming unreasonable off-the-equilibrium path beliefs. A pooling contract
different from C” is only possible as a PBE if a deviating firm believes that this
new pooling contract attracts an above average group of workers. This is
unreasonable since by definition 7 offers the largest expected utility to
high-productivity workers.

The equilibrium contract C” in the pooling equilibrium will be the solution to

max JU(W(y))f”(yIF)dy

w(y)eR
subject to

JW(V)(ufH(ylr) (1 ) ) dy < by + (1 — ey (7)

Letting y be the Lagrange multiplier on the constraint, the first-order condition
is

U (w(y)) =yl Olr) + (1 = W/ (lr)] = 0.

Hence,

U' W) =vin+ 1 -l (8)

and thereby w(y) rises with y since it is being assumed that ¢(y | r) falls with y.
This shows that the best pooling contract from the high-productivity agent’s
point of view is a pay-for-performance contract.
The next lemma formalizes the discussion above.
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Lemma 4. (i) C? is a pay-for-performance contract, (ii) the contract C* exists
and it is unique, and (iii) vy is implicitly defined as continuously differentiable
function of 7 and p and hence V;(C?) is continuously differentiable in 7 and p.

It is interesting to remark once again that C” is a pay-for-performance rather
than a straight-salary contract as the optimal risk allocation might lead us to
conclude. For, if a straight-salary contract is offered, it can be broken by any
firm offering a contract with higher expected compensation and reduced risk
which only high-productivity workers would be willing to bear. So, the pooling
straight-salary contract becomes unprofitable and cannot be sustained as an
equilibrium.

4.4 The Equilibrium

In a pooling equilibrium, high-productivity workers’ expected compensation is
lower than their expected output, whereas in a separating equilibrium, their
expected compensation is equal to their expected output. This suggests that
a high-productivity worker would be better-off when cream skimming is pur-
sued, unless the risk offered by the pooling contract is sufficiently lower.

Inaddition to this, as the proportion of high-productivity workers rises, a high-
productivity worker compensation in the pooling equilibrium increases. This
suggests that as p rises, it is more likely that the best equilibrium for both high-
and low-productivity workers is the pooling equilibrium. In fact, the next prop-
osition shows that the equilibrium is pooling when p exceeds a given critical
value and separating otherwise. This implies among other things that contract
choice in each case is such that the equilibrium is constrained Pareto efficient.

Let us define p(r) as the minimum proportion of high-productivity workers
on the population that leaves high-productivity workers indifferent between
contract ¥ and contract C}, and leaves low-productivity workers better-
off than when they choose C§. That is Vy(C§;) = Vu(CP) and V. (C5) <
Vr(CP). Then the following is proposed and formally demonstrated in the
Appendix.

Proposition 1. Suppose that w3, (y) single-crosses w’(y) from below.''
Then, there exists a critical value for the proportion of high-ability workers
denoted by p(7) such that: (i) if @ = p(7), then in equilibrium firms offer a menu
with two contracts: the straight-salary contract Cj and the pay-for-performance
contract Cj},. Low-productivity workers self-select into straight-salary
jobs, whereas high-productivity workers self-select into pay-for-performance
jobs; whereas (ii) if & > p(r), then in equilibrium all firms offer the pay-for-
performance contract C* and both types of workers participate.

Two remarks are in order. First, the equilibrium refinement implies that the
equilibrium is unique and constrained Pareto efficient. Second, if we restrict
ourselves to either pure separating or pure pooling equilibrium, with more than

11. When contracts are linear as in the next section this is trivially satisfied.
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two worker types, the analysis shows that for a separating equilibrium only the
lowest productivity type receives a straight salary, and all other productivity
types are paid by pay-for-performance contracts. Because of MLRP, the steep-
ness of the optimal contract increases with the productivity parameter, that is,
in equilibrium, for any two workers with productivity parameters 0; and 6,
with 6, > 0, wi(y) is steeper almost everywhere than w (y). In the pooling
equilibrium, all firms offer the same pay-for-performance contract, and work-
ers are indifferent between firms. The contract offered is the one that yields the
highest expected utility to the highest productivity workers among the con-
tracts that break even at the average productivity and is accepted by all work-
ers. As in the two type cases, a unique pooling equilibrium exists. This occurs
when each worker’s productivity type prefers the pooling equilibrium rather
than the separating one, with strict preferences given to at least one worker’s
type. Therefore, with more than two productivity types, the results are similar
to the ones in proposition 1.

5. The Risk and Incentives Relationship with Liner Contracts

In this section, I focus on the relationship between risk and the prevalence and
power of pay for performance. More precisely, how the threshold for the pro-
portion of high-productivity workers and the steepness of the optimal contract
vary as environmental uncertainty rises.

As known since the seminal article by Grossman and Hart (1983), the ex-
istence of optimal incentive contracts with economically meaningful proper-
ties requires assumptions such as MLRP and the concavity of the distribution
function property. In addition, there is no unambiguous prediction with regard
to the relationship between risk—environmental uncertainty—and the power
of incentives. This has lead researchers to focus on linear contracts. However,
focusing on linear contracts is not free of problems. Mirrlees (1974) showed
that the best linear contract is worse than various nonlinear contracts. In par-
ticular, a step-function contract, where the worker earns wy if y > 7, but w;,
otherwise, can perform very well in the sense that it approaches the twin goals
of full incentives and full insurance in the limit (as y and w; fall in appropriate
fashion, so that the worker almost surely gets wy and yet has incentives from
the fear of receiving the very low payment w; ). Although linear contracts may
not be optimal, tractability reasons together with the fact that complex con-
tracts may impose significant writing costs, and they can be subject to gaming
in ways no modeled here, but which are important in the real world, force me to
limit the attention to linear contracts of the following form: w(y) = o + By,
with B € (0, 1).

In addition to this, linear contracts permit simpler comparative static anal-
ysis, since the pay-for-performance sensitivity induced by the optimal contract
is specified by a single parameter; allow equilibrium contracts to be charac-
terized in terms of the main parameter of interest, which is the one that captures
environmental uncertainty; and allow comparisons of the shape of the optimal
contracts to those from the standard linear agency model.
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It is also assumed that
F'(:|r) = ¥[Gi(") — Go(-)] + H'(:) fori € {L,H},

where 7 > 0, Gy (+) is a mean-preserving spread of Gy(-), and both distributions
have a mean equal to 7. Then, the family generated by F’(-|r) as r increases is
a linear path or sequence of riskier distribution from H'(-) to F(-|r). Thus, r is
a measure of risk in the sense that a greater » means a more uncertain envi-
ronment. Furthermore, F(-|r) FSD F%(-|r)for all r since H” (-) FSD HL$~).

Let also define the coefficient of absolute risk aversion as A(w) = —%,
the coefficient of relative risk aversion as Ag(w) = wA(w), the coefficient ab-
solute prudence as P(w) = f(é—((w“)), and that of relative prudence as
Pr(w)=wP(w).

(A3) Preferences exhibit nonincreasing absolute risk aversion, that is,
A’ (w) <0 for all w.

This assumption ensures that the wealthier an agent, the smaller the amount
that the agent is willing to pay to escape a given additive risk. Because
A’ (w) = A(w)(A(w) — P(w)), this assumption entails P(w) > A(w). In partic-
ular, the agent is prudent (i.e., U" (-) > 0).

Prudence is the sensitivity of the optimal choice of a decision variable to
risk. This term is meant to suggest the propensity to prepare and forearm one-
self in the face of uncertainty, in contrast to risk aversion, which is how much
one dislikes uncertainty and would turn away from uncertainty if possible.

First, suppose the equilibrium is separating. Then the firm is faced with the
following problem:

max JU(GH + By (v — 0m) ) (v[r)dy

B <l0.1]
subject to

[0+ B30 — B 11y = Uow). "
The first-order condition for this problem is
J U (01 + By (r) (v — 0)) (v — 1) (1 = M(y[r))f ™ (vlr)dy = 0, (2)

and the optimal slope By, (r) is fully determined by the incentive compatibility
constraint.

When the equilibrium is pooling, the firm is faced with the following
problem:

max [V B 0= 00y ®)

The first-order condition for this problem is

€T0Z ‘TT |1dYy uo saelod obaiq pepsieaiun e /Bio'sfeuinolpioxo-os|ly:dny woly pepeojumoq


http://jleo.oxfordjournals.org/

414 The Journal of Law, Economics, & Organization, V25 N2

JU’(éJrB”(r)(y—é))(y—é)fH(ylr)dyZO, 4)

where [¥’(r) is the optimal pay-for-performance sensitivity.

This problem is similar to the standard portfolio problem in which an in-
vestor decides how to divide his wealth between a risky and arisk-free asset.
The comparative statics literature on the properties of the solution to this prob-
lem is vast and summarized in great detail in Gollier (2001). Basically, the
main conclusion is that one must restrict either the preference set or the set
of mean-preserving increases in risk to sign the comparative statics results
in accordance with economic intuition, that is, the share invested in the risky
asset falls with ». When mean-preserving spreads are considered, several
restrictions on the preference set are needed, while when no restriction other
than concavity is imposed, Gollier (1995) showed that the necessary and suf-
ficient condition to get the expected signs on the comparative statics exercises
requires to focus on a particular kind of increases in risk known as Central
Dominance.'? Moreover, as pointed out by Gollier (1995), second-order sto-
chastic dominance (SSD) is neither necessary nor sufficient for central dom-
inance (CD). In fact, SSD and CD cannot be compared to each other. Thus, in
what follows I will focus on the more standard approach of restricting the pref-
erence set to obtain economically meaningful comparative statics.

Thenext proposition provides conditions for the optimal pay-for-performance
sensitivity to fall as environmental uncertainty rises.

Proposition 2. (i) By (r) falls as rrises; (ii) f’(r) falls as r rises if either (a)
U () > 0 and Pr(w) < 2 + 0P(w); or (b) Ar(w) < 1+ 04(w), Ax(w) >0
and A’ (w) < 0.

The intuition when the equilibrium is separating is as follows. Because an
increase in environmental uncertainty has not effect on low-productivity work-
ers’ optimal contract (since they are paid a fixed wage), greater risk makes the
pay-for-performance contract more amenable to high-productivity workers
and less attractive to low-productivity workers and; thus, a lower pay-for-
performance sensitivity is needed to induce sorting.

In the pooling equilibrium, however, this holds only when the agent is pru-
dent and U’ (w)w is concave. These conditions guarantee that the slope of the
indifference curve in the (o, B)—space rises with » and thereby for a given
drop in B, the worker is now willing to give up a lower amount of the fixed

12. Gollier (1995) derives a necessary and sufficient condition, called CD, for this to hold for
any concave utility function. This requires the existence of an scalar m such that

ok k
J yd F(y|r)dy > mJ yd F(y|ry)dyforallk € Y.

Observe that when m > 1, the mean under F(y|r) must be greater than the mean under F(y|rg).
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wage relative to the initial situation. In this case, a high-productivity worker
needs less compensation risk as the reduction in the cross-subsidy obtained by
using pay for performance cannot compensate for the extra compensation risk.

It is worthwhile to remark that the concavity of U’ (w)w is guaranteed by the
following restriction on the coefficient of relative prudence: Pr(w) < 2 for all
w > 0. This implies that for large values of w the worker must behave as if he is
nearly risk neutral.

It is also clarifying to know that in the case of mean-variance preferences,
the condition under which () falls with r is the same as the one that guar-
antees that the slope of the indifference curve rises (i.e., the indifference curve
becomes flatter) as the variance of the performance measure rises.

In the next proposition I state conditions under which B”(r) falls with the
population share of high-productivity workers, L.

Proposition 3. ' (r) falls with p if Ag(w) < 1+ yA(w) forall y € Y.

An increase in L rises total expected output and the slope of the average iso-
profit curve. This creates a sort of income and substitution effect. Because of
nonincreasing absolute risk aversion, the former results in a greater fixed wage,
which decreases the worker’s distaste for risk. The substitution effect results in
alower pay-for-performance sensitivity. The change in f” (r) depends on which
effect dominates. The substitution effects dominates when the indifference
curve becomes sufficiently flat. This occurs when relative risk aversion is small.

Again by mean of an analogy with the mean-variance framework,
Ar(w) <1 ensures that the slope of the indifference curve rises as average
output rises.

Now I turn to the main question of this section which is how p(r) changes
with 7. In particular, the next proposition states conditions under which an in-
crease in environmental uncertainty results in a lower p(r). In terms of the
equilibrium of the model this means that in stable environments, pay-for-
performance and straight-salary contracts are more likely to coexist and
workers more likely to self-select into different jobs, whereas in unstable envi-
ronments, only pay-for-performance contracts are more likely to be observed
since self-selection results in too much compensation risk. In short, it provides
a condition for an increase in risk (understood as a MPS) to result in pay-for-
performance contracts being more prevalent.

A useful preliminary result, which shows that MLRP implies the single-
crossing property, is stated in the next lemma.

Lemma 5. A high-ability worker’s indifference curve in the (o, B) single-
crosses a low-ability worker’s indifference curve only once and it does it from
above.

This proves that the MLRP property implies that the single-crossing prop-
erty holds in the (o, ) space for all strictly concave utility functions.
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Before stating the main result of this section, the following assumption is
needed.

(A4) (i) Ag(w} (yg < C(y) forally > 6 and Ag(w}; (v)) > C(») otherwise;
and (ii) Az(0y) < ( ) where

C(y) = A(0r) (B — i) By (r) + AWy () (1 = By ()81 + By (r)yiy)

_ (= MOlr) = eOul] o o
(1 = 2(0y|r))(1 — Kf(y|r))K( )B (r),

K(r) is a positive constant, and y; satisfy y [ U’ (w)dF' = [ U’ (w)ydF"."?
First, observe that C(6y) = Ar(w};(0x)), s1nce wi (8y) = 6y. Thus,
Ar(w};(v)) and C(y) cross each other at y = 6. Second, because of MLRP,
the third term in C(y) is negative for all y > 0, and positive otherwise, and
rises with y. Together with the fact that preferences exhibit nonincreasing ab-
solute risk aversion, this implies that C(y) may either rise or fall with y.
Because assumption A4 requires that relative risk aversion single-crosses
the function C(y) once from above, if C(y) does not fall with y, nonincreasing
relative risk aversion is a sufficient condition for assumption A4 to hold. In this
case also admits increasing relative risk aversion as long as this increases with
v less than C(y) does it. On the contrary, if C'(y) < 0, then relative risk aver-
sion must be decreasing and it must fall at a higher rate than C(y) does it. Thus,
the more the likelihood ratio falls with y, the less stringent is assumption A4.
Now, I am ready to state the result.

Proposition 4. Suppose that U’ (wi,(y))(y — y#) is increasing and concave
in y, and assumption A4 holds. Then, the threshold for the share of high-ability
workers w(r) above which the equ111brium is pooling falls as the environmental

The intuition for this result can be better understood with the help of Figure 1.
The figure depicts the separating equilibrium for a given level of environ-
mental uncertainty (represented by the continuous lines) and the separating
equilibrium after environmental uncertainty rises (represented by dotted lines).
That is, as r goes from ry to ry, with r; > ry. Dot 4 in the figure corresponds to
the pay-for-performance contract with slope B, (7o) and fixed wage equal to
o, (r0). This contract provides a low-productivity worker with the same utility
as the contract that pays a fixed wage equal to 6; when environmental uncer-
tainty is given by ry, whereas dot C represents the equivalent contract when
environmental uncertainty is r;. Dot B corresponds to the tangency between
the slope of the average iso-profit curve and the indifference curve for a high-
productivity worker in the initial separating equilibrium, ICy; (7)), whereas dot
D is the analog when environmental uncertainty is . Because the slope of the

13. Observe that [ U’ (w)(y — y; )dF " = 0 and the integrand changes sign once from negative
to positive.

€T0Z ‘TT |1dYy uo saelod obaiq pepsieaiun e /Bio'sfeuinolpioxo-os|ly:dny woly pepeojumoq


http://jleo.oxfordjournals.org/

Uncertainty, Pay for Performance, and Asymmetric Information 417

[24
&
alr)
6ls) | "
P 3
3 C
ayr) AN S - 1C,(r))
E. ) IC y(r))
A
a”(,ﬂ) I(j[_(rﬂ]
IC,(ry)
ﬂ;:('i) /gi‘f{"l.l) A

Figure 1. Separating equilibrium before and after environmental uncertainty rises.

average iso-profit curve falls with p, the slope at the tangency provides the
smaller share of high-productivity workers above which a high-productivity
worker’s utility under the optimal pooling contract is at least as large as
the one he obtains in the separating equilibrium. Because the slope in dot
D is greater than that in dot B, the figure depicts a case in which an increase
in environmental uncertainty results in a decrease in p(r).

A change in environmental risk changes the slope of the indifference curves
in the (o, B) space and the shape of the optimal contracts. These two effects
goes in the opposite direction. On the one hand, if U’ (w(y))(y — yi) is con-
cave in y as assumed, an increase in » makes both low- and high-productivity
workers’ indifference curve flatter in the (o, B) space. This implies that low-
productivity workers dislike risks more after an increase in ». As a result of this,
sorting can be achieved by paying high-productivity workers a higher fixed
wage and by lowering the pay-for-performance sensitivity of the optimal
contract—that is, By (ro) > By (1) and o3, (ro) < af;(r1)—up to the point
where the expected wage equals the expected output. This results in a lower
compensation risk, which in turn makes, from the high-productivity worker’s
viewpoint, sorting more attractive than pooling.

The increase in environmental risk also decreases the pay-for-performance
sensitivity of the optimal pooling contract. This makes the pooling contract
more attractive for both low- and high-productivity workers. Whether or
not pooling is more likely to arise as environmental uncertainty rises depends
on which effects dominate. In order for the threshold for the share of high-
ability workers 1(r) above which the equilibrium is pooling to fall, the increase
in environmental risk must make pooling more attractive than sorting for
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high-productivity workers. This is more likely to be accomplished when the
drop in the absolute value of the slope of the indifference curve in the (o, )
space for a high-productivity worker is relatively greater than that for a low-
productivity worker.

This depends on two different effects. First, the switch in the indifference
curve from ICp (ry) to ICy(r1), which entails moving across a ray from origin
that goes through 4 and E. The slope of the indifference curve as this switches
from A to E remains constant when relative risk aversion is constant and rises
(falls) when that is decreasing (increasing). Second, the movement along the
indifference curve ICy(r) from point E to point C. The slope of indifference
curve as one moves up through the indifference curve remains constant when
absolute risk aversion is constant and rises (falls) when that is increasing (de-
creasing). For a given r, the slope of the indifference curve as the optimal con-
tract moves from 4 to C depends on the sign of the following term:

J U (W) — y) (dr(w) — Oy A(w))dF.

Because [ U’ (w)(y — i) = 0, this term is zero if Ag(w) — 054 (w) is constant
and positive (negative) if Ag(w) — OyA(w) is increasing (decreasing) in y.
Observe that this is increasing if and only if

Ar(w) — 0gA’ (w) > 0.

Because 4’ (w) is nonpositive, if relative risk aversion is increasing, the whole
term is positive, whereas if relative risk aversion is negative, this could be
negative when y is sufficiently large, but this is never the case for y < 6,
since wy' < 0y for all y < 0y In fact, if 4'(w) is not too negative,
Ar(w) — 0gA(w) rises with y.

If Ag(w) — OyA(w) is increasing, the slope rises when an increase in
environmental uncertainty takes place. This implies that the fall in the optimal
pay-for-performance after an increase in r is large, which makes sorting more
attractive from a high-productivity worker’s viewpoint. On the other hand, this
makes high-productivity workers’ indifference curve ICy(ry) flatter, which
makes the indifference curve /Cy(r1) more likely to cross the initial average
iso-profit curve from below.

By how much relative risk aversion is allowed to rise depends on how much
B, (r) changes with . When the change in By, () is small, increasing relative
risk aversion may be allowed, while when the change is high, relative risk
aversion must be decreasing. In fact, if either ¢(y|r) falls sufficiently fast with
yorA'(w) does not fall drastically with y, then C’(y) > 0 for all y € ¥, which
in turn implies that increasing relative risk aversion is allowed. On the con-
trary, if C’(y) < 0, relative risk aversion must be decreasing.

Before ending this section, it is worthwhile to notice that the result in prop-
osition (4) also holds when output is distributed normal with mean 0; and var-
iance %, preferences exhibit constant absolute risk aversion equal to 4, and the
following parametric restriction is satisfied: Ar* > AO = 0, — 0,.
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This case is interesting in its own right since contrary to the assumption
made on the article, the support of the distribution is unbounded. In addition
to this closed form solutions can be obtained. In fact, one can easily show that

—AO + (AO? + 242A0)}
Ar? ’

By (r) =
and
p(r) =

Observe that both f},(r) and B () fall with r (i.e., the variance of output) and
A. In addition, p”(r) falls with p and lim,, .’ (r) — 0. Furthermore, one can
show that

(1 —pAd
Arz

1

_ _A_”_L 2.4 2 N 2
h(r) =1 -5 Ae(A [(Ae +2A047%) Ae} .

Differentiation of u(r) with respect to  leads to

o) 2, (1= A0(A0? +24047%) 4}, () )
o A9 (1= By(*)

<0,

because the parameters are such that B}, (r)€(0, 1).

6. Empirical Predictions and Evidence
This section compares the model’s empirical predictions with the linear
agency model’s predictions and examine them in light of the empirical
evidence.

6.1 Empirical Predictions
I begin by focusing on the well-known predictions from the static linear agency
model. This model, like that presented in Section (5), has the advantage that the
pay-for-performance sensitivity depends on a unique measure of risk, which is
the variance of output. The optimal contract within the class of linear contracts
has a pay-for-performance sensitivity equal to B =7 +/}C(72’ when output is
assumed to be y = e + & where ¢ 1s distributed normal with zero mean
and variance o2, the cost of effort is ‘e , the market is competitive, and pref-
erences exhlblt constant absolute rlsk aversion.'

14. In this case, the optimal -effort is = E and the principal’s problem is
max, g o 0 + Be — ”"Z ABZ o2 subject to e = and e(l — B) — o > 0. Because competition
1mp11es that firms obtaln Zero expected proﬁts o= B(1 — B). Then, the principal problem

becomes: maxgeqy lBZC B The solution to this problem is the one stated in the text.
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The relationship between risk and pay-for-performance sensitivity in both
the pure incentive and pure sorting models is stated in the next result.

Proposition 5. (Pure Incentive Model) The optimal pay-for-performance
BM falls with environmental uncertainty for i € {H,L};

(Pure Sorting Model) (i) Separating equilibrium. The optimal pay-for-
performance for a high-productivity worker (i.e., B, (r)) falls with environ-
mental uncertainty and is independent of p, whereas the optimal contract for
a low-productivity worker entails no pay for performance (i.e., B (r) = 0);
(i1) Pooling equilibrium. The optimal pay-for-performance i (r) falls with en-
vironmental uncertainty if and only if U (-) > 0 and Pg(w) < 2 + 6P(w) and
falls with p if Ag(w) < 14 pA4(w) for all y € ¥; and (iii) B’ (r) < By, (7).

The main conclusion of this proposition is that environmental uncertainty
affects the pay-for-performance sensitivity in the same way in both the pure
sorting and pure incentive models. That is, there is a negative trade-off be-
tween risk (understood as the uncertainty of the environment) and incentives
as (measured by the pay-for-performance sensitivity).'> Both models predict
that on average pay-for-performance workers earn and produce more than
straight-salary workers. However, the pure sorting model predicts that in un-
certain environments, pay-for-performance contracts are more prevalent. The
pure incentive model does not make such prediction.

The model also predicts that ceteris-paribus in occupations where the pro-
portion of high-productivity workers is greater, the likelihood of observing
only pay-for-performance workers is higher.

Only Prendergast (2002a,b) is concerned with the link between pay for per-
formance and uncertainty and he (2002a) predicts that pay-for-performance
sensitivity is increasing with the variance of output, but he makes no prediction
concerning the prevalence of pay for performance. Prendergast (2002b) shows
that input monitoring coupled with fixed wages is more prevalent than output
monitoring coupled with pay for performance in stable environments. Given
his assumptions, pay-for-performance sensitivity should be unresponsive to
the output variance. In contrast, the pure sorting story model proposed here
makes predictions concerning both the prevalence of pay-for-performance
contracts and the pay-for-performance sensitivity. Although the prediction
concerning the prevalence is consistent with Prendergast (2002b) that concern-
ing the pay-for-performance sensitivity is different from that in Prendergast
(2002a) and consistent with that from the linear agency model.

6.2 Empirical Evidence

In discussing the empirical evidence it is useful to bear in mind that the mod-
els’ predictions are less applicable to ongoing renegotiable relationships such
as sharecropping and situations in which uncertainty affects a company-wide

15. The same holds when risk is understood as a worker’s degree of risk aversion.
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performance measure such as stock options for employees whose performance
does not move the stock price—which is, for instance, so prevalent in high-
tech firms and startup companies.'® This, however, is less the case for top exec-
utives since their performance has a direct impact on firm value (stock price)
and long-term relationships such as some franchise deals and other forms of
royalty systems.17

The evidence from executive data shows that the negative relationship be-
tween pay-for-performance sensitivity and the variance of the performance
measure is at best mixed (see, Prendergast 2002, table 1). Prendergast reports
that three articles find a statistically significant negative effect, two a significant
positive relationship and five find no relationship between risk and incentives.
This evidence presents something of a puzzle for the pure sorting and the pure
incentive theories, as it does for Prendergasts, since it is unlikely that moni-
toring costs and supervisors’-biased performance appraisals are important
components when determining top executives’ compensation.

The prediction that pay for performance is more likely to be found in un-
certain environments is sustained in research about franchising. Lafontaine
and Slade (2001), who summarize and carefully discuss the evidence, find that
there is positive relation between the decision to franchise and risk; they con-
clude that “these results suggest a robust pattern that is unsupportive of the
standard agency model” (p. 10). Lafontaine (1992) studies how uncertainty
affects both (i) the decision to franchise (high pay for performance) versus
store retention by companies (with little or no pay for performance) and
(i1) the royalty rate offered to franchisees. She examines 548 franchisors in
14 different sectors of which 117 franchise all their retail outlets. She reports
that the decision to franchise is positively related and significant to uncertainty,
measured as the likelihood of bankruptcy (table 5), whereas the royalty rate is
negatively related and statistically insignificant. This suggests that risk plays
a different role between the decision to use pay for performance and its in-
tensity. In fact, the role is consistent with the pure sorting model proposed
here, but not with the pure incentive model, just as explained by Prendergast’s
(2002b) monitoring input versus output story. The evidence available, how-
ever, does not allow definitive judgment between either.

Another prediction of the model is that occupations in which only pay-for-
performance workers are observed, pay-for-performance sensitivity tend to be
small. This result can also be explained by the linear agency model when the
variance of output is sufficiently large, but it says little about when that may
occur. In contrast, the pure sorting model not only predicts that pay-for-
performance sensitivity decreases with the uncertainty but also that only
pay-for-performance workers will be observed in high uncertain environments.

16. In ongoing renegotiable relationships past output provides information on workers’ pro-
ductivity and thus firms improve their information about a worker’s productivity over time. In
particular, this implies that once a worker’s type is revealed, the model predicts that there is
no need to use pay-for-performance contracts unless there is also a moral hazard problem.

17. 1 thank one of the referees for pointing this out to me.
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Some support for these prediction is to be found in Murphy’s (1999) review
of the CEOQ literature, concluding the estimated pay-for-performance sensitiv-
ity for CEO’s is rather small, between 0.001 and 0.007.'® Evidence for occu-
pations like salespersons and auto-workers, where both method of pay coexist,
show a much greater pay-for-performance sensitivity. In addition, Lafontaine
and Slade (2001) report evidence from several studies in favor of this predic-
tion and the executive compensation studies, when controlling for firm size,
also find a negative relationship.

The prediction that workers under a straight salary have both a lower
average productivity and compensation compared to pay-for-performance
workers is fully borne-out in the data. For example, on average, pay-for-
performance workers earn more and have a higher average productivity than
straight-salary workers. The compensation and productivity differences
ranged roughly between 5% and 37%."°

Finally, there is evidence that directly highlights the importance of sorting.
In particular, Foster and Rosenzweig (1996), using agricultural labor market
data find that when workers can work in either a piece-rate or a straight-salary
work, the more productive workers work in the piece-rate sector while the less
productive in the straight-salary sector.

7. Conclusions

Pay-for-performance contracts make up a significant portion of all compensa-
tion contracts. The standard rationale is incentives. Although incentives for ef-
fort are important, incentive theory does not mesh well with a number of
empirical facts. In this article, an alternative rationale for linking pay to perfor-
mance has been advanced that is broadly consistent with the empirical evidence.
In particular, this theory help explains why variable pay is more prevalent in
more uncertain environments. This has strong implications for empirical work.
If one could credible isolate workers by productivity class and adequately mea-
sure the power of incentives built in their contracts, then one would expect to find
the traditional trade-off between uncertainty and incentives. If, on the other
hand, the strength of incentives is measured as the prevalence of incentive con-
tracts, then one could expect the relationship to change sign.

In short, the pure sorting model appears more consistent with the data than
the pure incentive model and therefore more attention should be paid to the
effects of asymmetric information on pay-for-performance contracts. Yet, it
would be a mistake to discard the incentive model. Lazear (2000), using de-
tailed data from an autoworkers company, found that the switch from a fixed-
wage system to a piece-rate one resulted in an increase in productivity of about
44%, half being attributed to incentives and the other half to sorting.>® This

18. Similar evidence is found in Kaplan (1994), Gibbons and Murphy (1990), and Murphy
(1985, 1986).

19. See, for example, Brown 1992, Lazear 2000, Petersen 1991 and 1992, Seiler 1984.

20. See, also Shearer (2004) and Paarsh and Shearer (2000) for similar evidence.
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suggests that the evidence could be more satisfactorily explained by develop-
ing a model that deals with key features of sorting, incentives, and monitoring.

Appendix
The Equilibrium Concept: Notation and Definitions
Before defining an undefeated equilibria, several definitions are in order.

1. [i(i|Cy) denotes a firms’ belief about the probability that a worker apply-
ing to contract Cy is of type i € I = {H, L}.

2. V{Y) denotes, with some abuse of notation, the expected payoff that an
i-worker gets in the pure strategies PBE Y.*'

3. 6/ Cy) = 1 when the i-worker applies to the C; contract and 0 otherwise,
and p;(Cy) = 1 when firm j accepts applications to the Cy contract and
0 otherwise.

4. G denotes the signaling subgame starting in the second stage and PSE(G)
the set of pure strategies PBEs for the signaling subgame G.

Definition 1. The pure strategies PBE for the signaling subgame A defeats
the pure strategies PBE for the signaling subgame A’ if there is a contract Cy
such that:

Cl:Vie L o{C)=0and K= {i € :o(Cy) = 1} # b,

C2:Veiek: V(A) > V(A[? and Elz € K:V{(A) > Vi(A"), and

C3:3ie K : Q' (i|Cy) # i, B(i)) forany B : I — [0, 1] satisfy-
ing, ;/

(i) h e Kand Vy(A) > Vi(A"), B(h) = 1 and
(i) & & K, B(h) = 0.

B(h)

Definition 2. APBE A isundefeated ifthere isno other PBE A’ that defeats A.

Definition 3. The three-stage screening game has an equilibrium if the set of
contracts offer give rises to an undefeated PBE of the signaling subgame; that
is, stages 2 and 3, with respect to all possible PBEs that may arise from any
feasible set of contracts that firms may offer in Stage 1.

Proof of lemma 1.

Proof. Let ¥ the output level at which w;(y) single-crosses w;(y) from
below.

21. The same result holds when mix strategies are allowed. For the sake of simplicity, we focus
on pure strategies. For a more formal justification of why focus only in pure strategies, see Mailath
(1992).
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The hypothesis ¥,(Cy) = V,.(C,) implies
0= |[Umb)) - U (w2 ()" (rlr)dy
= [[Uw1(») = Ulw202))] €01 (vlr)dy

= | [Uw1() = Ulwa )] L0 lr)f ™ (vlr)dy

Jy

+ Jy[U(Wl (") = Uwa )OI (vlr)dy

y

<aﬂw{ﬁuMwmw>Uom@»UH@Mdy

y

v
+ [100m0) - U0l |

= 61 [[U0n ) = Vw2011 1),
where the inequality follows from the fact that (y | r) decreases monoton-

ically with y and w;(y) single-crosses w;(y) from below.
It readily follows from this that

Lwawww®>mewwwmw

Proof of lemma 2.

Proof. First note that a sufficient condition for equation (5) to hold when the
low-ability worker’s incentive constraint is binding is

J[U(WL(V)) — UMW ()] (vlr)dy < 0.

To show that this holds, I will make use of The Diffidence theorem due to
Gollier and Kimball (1996). Since, I will make use of this theorem several
times in the rest of the article, I will state it formally here.

The diffidence theorem states that the necessary and sufficient conditions for

Egi(y) <gi1(0)=Eg(y) < 2200), (1)

where Jis ay € Ysuch that Eg; () = g, (§) and Eg, () = g2(7), to hold are the
following:
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S

/
2

1~

0Q

NSC: g (y) < g1(y)forally € Y.

0q
)

net 80
gi ()
£ 10
NC2 : g5(P) <="Lgi(P).
0) g1 )
The NC1 condition is required only when the condition in (A1) is with an in-
equality.
Let define g1(») = [UMwH() — Uw! ())JE0rr) and g2(v) = UwA())
—U(w(y)). Let y, a point at which w*(y0) = w'(y0).%?
Substituting in the corresponding values in the NSC condition, the following
is obtained

> 0.

Uw(y) — UMW (y) < f&'% [U(WL(y)) — U(WH(y))]forally cY.

Because (v | ¥) > 0 for all y € ¥, the NC1 condition is satisfied. The NSC

condition can be written as follows:

(ylr) = €0lr) i w'(y) < wh(y),
Clr) < 00lr) ifw! (v) > wh).

Observe that if w(y) crosses w(y) only once from below at y0, then this
condition holds if the likelihood ratio is monotonically decreasing in y for
ally e Y.

The NC2 is given by

' 00lr) (OU(W ()  OUMW (0)
(00[r) 9y y T
Observe that if w!’ (y) crosses w (y) from below at y0, then this condition holds

if the likelihood ratio is monotonically decreasing in y at y0, which is the case
because of MLRP.

Proof of lemma 3.

Proof. Let us first to prove uniqueness. Assume that there exists A and p
satisfying the first-order condition. Assume that there is another contract
C’ = {w’'(y)} that satisfies both constraints, differs from Cj,on a set of pos-
itive measure, and yields a greater expected utility to the high-productive
worker. That is, Vi (C§;) > Vu(C').

22. It is trivial to show that such a point exists.
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Let w*(y) be implicitly defined by
UWw(y)) = (1 = 8)U(wy () +eU(W' (y)).

So, w*(y) is the certainty equivalent of a (1 — €, €) lottery between w3, (v) and
w' (). Note that

ow'(y) 1 , Y
o U (wi(y)) [UW (») = Uwy (0)]-

Since the agent is risk averse, it follows that w®(y) is convex in ¢ and strictly so
if C' differs from Cj;, on a set of positive measure. This implies that
Cu(w(y))= [y w*()f* (v|r)dy is strictly convex in &. Thus, since
Cu(w'(v)) = Cu(wy; (v)) = O,

OCu(w*(y))

— =0 =0,

Ot

Observe that

WIM _ Javgg)u:o 71 (v dy
_ ; w' — , " r
_ [?, w0 [U(w' (1) = Uwyy )] 1" (vlr)dy
_ J#mwm) — Uy, )]/ (vlr)dy
_ % J [Uw (7)) — Uy )] £ (vlr)dy
- o) - ves 0ot o )

Note that the second term in the last line of (2) is zero since both contracts C’
and Cj; satisfy low-productivity worker’s incentive compatibility constraint,
whereas the first term in the last line is positive by hypothesis. This implies that
any other contract that provide more expected utility than Cj; cost more than
0, which contradicts Cy(w' (v)) = Cu(w}; () = 4.

The existence of A and p is guaranteed by continuity assumptions, the in-
termediate value theorem and the fact that lim,,_ U(w)— o and
lim, - _o U(w) =K < 0. In fact, one can easily show that

Covy (U, U)
A=
COVL(IJ,7 U) — (EHU — U(OL))ELU,

<landp=EgU' —AEU" >0

Furthermore, by the implicit function theorem, A and p are continuously dif-
ferentiable in r, and hence Vi (Cy;) is as well.
From (7) we have that
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gi(p;h,r) = J [(U’) ( VIO )ﬂfL(yr)dy—U(@L):Oand
o(p, A7) = 1<1

B )i~ 0 =

Differentlatlon yields
g1 (U w00 COIR) .
e o A
Iz (U (W (y)))zf(y\r),H .
o J T wy0)) 0 O
dg1 (U (W (y)))zﬂ(y\r),H
o= Ty T e
9g [ U'(wy()1
o "(m»(y»”y”
Consider the determinant

921 Og1
_|om ap’
|9 92

. Op

_ woemen’, ()1
Lefrf“ T iy 0) p ) M = e O

A = EK?EK? — (EK,\K;)* > 0

by the Cauchy-Schwarz inequality. By MLRP K, and K, are not linearly re-
lated and thereby the implicit function theorem can be used. Since this holds
for all r, the conclusion above holds.
Differentiating the first-order condition one gets the following
ow; 't
H >0,
dy U"(1-M)
since U” < 0 and ¢’ < 0.
In addition, differentiating again with respect to y one gets

Pwy  Owyy [ows, U Uy L
o2 9y | Oy u” '

E!
Finally, it is easy to check that the high-productivity worker’s incentive com-
patibility constraint is satisfied. This follows from noticing that

Vi CP) = V(C) = jU(wf‘{(y))fL(y\r)dy < jU(wf',(y))wa)dy,

where the inequality is due to FSD and the fact that U (wj},(y)) increases with y.

€T0Z ‘TT |1dYy uo saelod obaiq pepsieaiun e /Bio'sfeuinolpioxo-os|ly:dny woly pepeojumoq


http://jleo.oxfordjournals.org/

428 The Journal of Law, Economics, & Organization, V25 N2

Proof of lemma 4.

Proof. The existence of vy is guaranteed by continuity assumptions, the in-
termediate value theorem and the assumptions on U, and the uniqueness can be
proven in the same way as before.”> In fact, one can easily show that

y=EgU’,
since [ L0l (4lr)dy =

Furthermore, by the implicit function theorem, y is continuously differen-
tiable in 7 and p, and hence V;(C?) as well.
Let us define the function ¢(-) = (U') ™" (y[u + (1 — p)£(y|r)]) and note

that '(-) = g7y
From Equation (8) we have that

gy, ) = j¢<y><uchy|r> (1= W Olr)dy — b =0,
Differentiation yields

Og

= | 0001+ (1= oy <o,

Thus, y(u) is implicitly defined by g(y(n), ) = 0.
Applying the implicit function theorem one gets that

ovw) _ 9% _
au 8;187

since

g—ﬁ = | @ OU @)+ 80 -0 0l ~ 0l <o
Y

The term in parenthesis is decreasing in y because U"” (w”(y)) > 0, and there-
fore the inequality follows from the fact that £ (y|r) FSD F(y|r).
Differentiating the first-order condition one gets the following

owP _y(1 =t
_—_— O
dy g

since U” < 0 and ¢’ < 0.
Proof of proposition 1.

Proof.

Lemma 6. Contracts C; and C}, are a PBE of the signaling subgame.

23. For the sake of brevity, the details are omitted but they can be filled in by following the
proof lemma (3).
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Proof. Consider the following strategies and beliefs.
Stage 1: Each firm offers the following menu (C}, C, C).

Stage 2: op(Cy) =1 and 6.(CF) = 1, that is, low-productivity workers
apply to C7, whereas high-productivity workers apply to Cy,.

Stage 3: All the applicants to contract C}, and C} are accepted.

On-the-equilibrium-path beliefs: {(H|C};) = 1 and A(L|C5) = 1.
Off-the-equilibrium-path beliefs: I(H|C’) =0, VC' # Cj,.
It is easy to check that these strategies satisfy the PBE requirements.

Claim 1. In any PBE, denoted by Y, low-productivity workers’ equilibrium
payoff is at least as large as the payoff that they would obtain under perfect
information, that is, V,(Y) > V(C}).

Proof. We will prove this by contradiction. Suppose not, then there exists
a PBE, Y, such that V,Y') < V,(C}). Then by continuity of preferences
and risk aversion, there is a straight-salary contract, C’, that provides low-
productivity workers with at least the same expected payoff than Y’ does,
Vi (C") >V, Y"), and yields positive expected profits when is chosen by either
low- or high-productivity workers or both. This implies that C’ yields positive
expected profits for any beliefs that firms could hold, and therefore, all firms
offering C’" accept all the applicants to C’. Then a firm offering a menu that
contains C’, make positive profits for any [1 € [0, 1], and attract all low-
productivity workers and may be some high-productivity workers. Therefore,
no matter which beliefs the deviating firm holds it has a profitable deviation con-
tradicting that Y’ is PBE. O

Claim 2. In any fully separating PBE, denoted by Y, low-productivity
workers® equilibrium payoff, is ¥,(C}), the payoff that they would obtain
in the perfect information case.

Proof. Let the contract chosen only by low-productivity workers be C;. By
claim 7, the equilibrium payoff of this contract must be so that V;(C;) >
Vi(CT). Observe that any contract C; # Cj that satisfies V,(Cp) > Vi (Cj)
yields negative expected profits when chosen by low-productivity workers
only since either pays a straight salary greater than 6 or offers risk and thus
in order to yield at least V;(C;) must promise an expected salary greater than
0;. Thus, in any separating equilibrium, applicants to contract C; are rejected
and thus it must be the case that V;(C}) < V.(C}), contradicting claim 7.
Therefore, the only possible contract that is chosen only by low-productivity
workers and applications are accepted in equilibrium is C;. This proves that
V() = Vu(C).
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Claim 3. In any fully separating UPBE, denoted by A, high-productivity
workers’ equilibrium payoff is at least as large as Vy(Cy)).

Proof. Let {Cj, Cr,C 1} be the set of contract offered in the fully separating
equilibrium A’ and A. Furthermore, suppose that Vi (Cy) > Vi(C};) > Vi(Ch),
where C] is the contract chosen by high-productivity workers in A’ and C is
the contract chosen by high-productivity workers in A.

Because A’ is a separating equilibrium, it must be the case that
Vi (Ci) > max{Vy(CL), Vu(C1)}, V1(CL) > max{V;(C1), V1(C1)}. Thus,
ou(Ci) = 1, 67(C1) = 1, and firms’ beliefs in this equilibrium must be:
' (L|CT) = 1 and [t (H|C}) = 1. Because, Vi(Cy) > Vi(C};), A’ is an equi-
librium only when applications to C; are not accepted and V,(C}) > V,(C)).
The former requires that w({i'(H|C}),C;) < 0, which implies that firms’
beliefs must satisfy the following: ['(H|C,)€(0,{i"*(H|C;)), where
{"*(H|Cy) solves m(f\'(H|Cy),C;) = 0. Notice that fi"*(H|C;) < u, other-
wise the firms offering C; will accept all the applicants to C; and at least break
even since all high-productivity workers and may be some low-productivity
workers will apply to C;. Note also that V(Cy) > Vi(Cy;) > Vi(Ci) implies
that V(Cy) = Vi (Ci).

Because the equilibrium A is a separating equilibrium, it must be the
case that V(Cy) > Vi(C}) and V,(C}) > V,(C)). Hence, 6;(C;) = 1 and
6,(CF) = 1, and firms® beliefs in this equilibrium must be: {(L|C}) = 1
and W(H|C)) = 1.

Since in A’, 6';(Cy) =0, Vi € I, and in A, o4(Cy) = 1, K = {H}, which
satisfies condition C; of the refinement. Condition C, is satisfied because
Vi(A) = Vi (A") and Vi(A) > Vy(A'). Because, K = {H} condition C; impo-
ses that B(H) = 1, B(L) = 0, therefore W(H, B(H)) = 1 which is different from
(" (H|C)). Therefore, A defeats any separating PBE, A’, in which Vi(A') <
Vi(Cy’) and thus in any fully separating UPBE high-productivity workers get
at least a payoff equal to V(C3)).

Claim 4. In any fully separating UPBE, denoted by A, high-productivity
workers’ equilibrium payoff is equal to the expected payoff from contract

Proof. Suppose there exist a fully separating PBE, denoted by A’, so that
Vi(A") > Vu(Cy)). By claims 3 and 2, in any fully separating equilibrium,
Y Cy such that 6,(Cy) > 0, V(Cy) = V(CF) and VC; such that 6,(Cy) > 0,
Vi Cr) = Vi(Cyy) and mg(Cy) > 0. If a contract Cy such that 6 4(Cy) > 0, Vi(Cy)
> Vi(Cyy) and m(Cy) > 0 exists, then Cj; cannot be the contract that maximizes
high-productivity workers’ expected utility when only high-productivity work-
ers apply to this contract. This plus the fact that in any UPBE Vi(A) > Vi(C5,)
implies that there is no fully separating UPBE where Vi(A') # Vi(C3)).

These four claims prove the lemma.

€T0Z ‘TT |1dYy uo saelod obaiq pepsieaiun e /Bio'sfeuinolpioxo-os|ly:dny woly pepeojumoq


http://jleo.oxfordjournals.org/

Uncertainty, Pay for Performance, and Asymmetric Information 431

Claim 5. The contract C* is a PBE of the signaling subgame.

Proof. Let us define C” as the solution to problem 7. To prove that there is
a PBE of the SSG that sustain C” as a PBE, notice first that by definition, C”
maximizes high-productivity workers’ expected utility and breaks even only at
the population average probability of success, therefore 7t,(C”) < 0. To prove
that C” can be supported as PBE consider the following strategies:

Stage 1: Each firm offers the menu {C”,C"}.

Stage 2: oy(C") = 1 and 6,(C”) = 1, that is, high- and low-productivity
workers apply to contract C”.

Stage 3: Firms accept all applicants to ¥ and firms accept all applicants
to C', VC' such that n;(C") > 0.
On-the-equilibrium-path beliefs: ((H|CP) = .

Off-the-equilibrium-path beliefs: {(H|C') = 0, VC' # ¥ and ;(C') > 0.
It is easy to check that these strategies satisfy the PBE requirements.

Claim 6. In an undefeated pooling equilibrium, high-productivity workers
payoff is V;(C”) and low-productivity workers payoff is V,(C?).

Proof. Suppose there exists a pooling PBE denoted by A”’ that defeats A”.
Recall that by definition, C? is, among all possible pooling contracts, the one
that yields the highest payoff to high-productivity workers.

Let {C?, C"'} be the contracts offered in the PBE A”’ and 6 (C?')=1Vi€],
andlet {C?, C*' } be the contracts offered in the PBE A?, where 6(C") =1 Vi€l
In this case, K =1, and C2 fails since any pooling PBE A?’ different from A?, itis
true that Vi (A?") < Vi(AP).

So far it has been shown that there is no pooling equilibrium that defeats the
one in which all types choose C¥ and that there is no fully separating equilib-
rium that defeats the one in which low-productivity workers choose Cj and
high-productivity workers choose Cj;. It rests to show that when p < p(r),
the fully separating equilibrium in which low-productivity workers choose
C; and high-productivity workers choose C}; is undefeated by the pooling
equilibrium in which all types choose C” and the opposite occurs when
> ().

Let A" to denote the fully separating PBE of G that sustains the contracts C},
and C§ as an UPBE and A’ to denote the pooling PBE of G that sustain the
contract C* as an UPBE.

Suppose that in both equilibria, A* and A?, the following contracts are of-
fered {C3;, CI, C*}.

Bydefinitionofu(r), whenp < p(r),thehighestpayoffthathigh-productivity
workers get in A” is such that V(C”) < Vi(C5)).
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Suppose that A” defeats A* and p < p(r). Notice that V,(C?) > V,(C}), and
thus o3 (C?) = 0},(C?) = 0 and o (CP) =1, Vi € I. Thus, K = 1. Because
V(CP) > V,(CT) and Vi(CP) < Vi(C,), condition C, of undefeated equilib-
rium is immediately violated. Therefore, when p < p(r), there is no PBE that
defeats A’

Suppose next that p > p(r).Because K = I and now Vz(C") > V(CT) and
Vi(CP) > Vi(C3y), condition C, is satisfied. Now let us check if condition C;
holds or not. Because K = Iand V,(C*) > V,(CI ) and V(CF) > Vi(Cs,), B(H) =
BL)y = 1. Recall that *(H|CP)=0 and [°(L|C?)=1 and thus
(H|CP) # ( + (vL = p. This implies that condition Cj is satisfied
and thus A? de eats K

Lastly, I need to show that p(r) exists.

Observe first that V' (Cj,) is independent of p and that

%C:(“” = Y(LW’@) ~ I o) —fL(W)]dy)

—1([ wortor o) o

where the first equality follows from the envelope theorem and the second
from the fact that the optimal contract C?(p) satisfies the wage constraint with
equality. The inequality follows from the fact that in a pooling equilibrium
a low-ability worker must be paid more than his expected output, otherwise
he prefers contract C; since this pays 0, for sure. Thus, the high-ability work-
er’s expected utility rises as | increases.

Let us define p(r) as the minimum p such that Vg (CP(pn)) = Vy(Cy,;). The
existence of this threshold is guaranteed by the fact that V' (C” (1)) is contin-
uously increasing in p and that at p = 1, Vi (CP () = Vi (Cr) > Vu(Cyy) .

However, we need to check that for any p greater than p(r) low-ability
workers prefer contract C”(p) than Cj.

The hypothesis Vy(C5;) > Vy(CP(p)) implies

0 < |[UW") = Ulwi) /" (vlr)dy
= | [UW") = Uwi) | [1/L01))* Glr)dy

=uy[U<w )—U(wW, M

< Z(;'r){jy[cf(vv”) Uil [ U - Uil ol |

L e
~ o [N = vy

where the inequality follows from the fact that 1/¢(y | ) increases monotoni-
cally with y and w5, (y) single-crosses w”(y) from below.

][00 =0l s Ol
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It read1ly follows from this that [ U(w”(y))f“(vr)dy > [ UMW}, 0))E(lr)
dy = V,(C}) and thereby whenever contract C?(p) is preferred to contract C3;
by the high-ability type, C”(p) is also preferred to contract C; by the low-
ability type.

Finally, continuity and the implicit function theorem implies that p(r) is
continuously differentiable in 7.

Proof of proposition 2.

Proof. First observe that the incentive compatibility constraint is not sat-
isfied at ° = 0 since the left-hand side becomes equal to U(0,) — U(0;) >
0, whereas at §° = 1, that becomes

jum#omw<uwm

where the inequality follows from the strict concavity of U(y). Thus,

By (r)e(0,1).
Using the implicit function theorem one can show that

Py (r) _ JUOu + By (r) (v — 0r)) Agdy
or JU (0 + By (r) (v = 01)) (v — Oz )" (vlr)dy
Because U(+) is strictly concave and G(-) is a mean-preserving spread of Gy(+),

the numerator is negative.
Next, it is necessary to show that the denominator is also negative.

ﬁwmo—emﬂOM@
6//
:J ) - eyyi@|my+j U () — O - (v1r)dy

V%

J ' (Or) (v — O ) O dy LJM%W—%WMMy
— U0 ﬂ@ 0)/- (] )dy < 0.

The first inequality follows from the concavity U(-) and the last from the fact
that 6, > 0;.

Showing that B”(r) falls with r is more cumbersome.

Observe first that the left-hand side of first-order condition (2) when eval-
uated at B = 0 is given by

w@ﬁ@—@ﬂ@mw>m

while when evaluated at B = 1 is given by
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| oo -0 o

a0) L(y ) (i) dy

=0y — 0.

Thus, we need to impose that the utility function is such that
|o e -srome <o

Using thg 1m§)11c1t function theorem one can show that [’ (r) falls with r if and
only if o

Wror <
It follows from the first-order condition that

oVP(r)
opF (r)or

Integrating by parts twice, one gets that

ave(r) " A ,
550~ PO [0 OO -0 + 207 0] re)e

Noticing that the term in square brackets can be written as:

U (w) [P (1) = 8) - 2]

- jU'<é+ ()0 — 0)( — 0)Agdy.

Thus, the concavity of U’ (w)(y — 0) guarantees the negativity of 8?;7/ r()gr < 0.

The proof that this is also a necessary condition is omitted since it is presented
in Hadar and Seo (1990).

To end observe that the concavity of U’ (w)(y — 0) is guaranteed if U’ (w)w
is concave and U'(:) > 0. The concavity of U’(x)x implies that U" (x)x +
2U"(x) < 0, whereas the concavity of U’(w)(y—0) implies that
U”()p(r)y—0)+2U"(-) < 0. Thus,

U OB 0 =0)+20" ()] = POIU™ (e + 20" ()]
~U"OR 8

Thus, if Pg(w ) < 2, then U’ (w)w is strictly concave. Furthermore, a sufficient
condition for dB”( ()(% < 0 is that Pr(w) < 2 + OP(w)
This completes the proof.

Proof of proposition 3.

Proof. Again, using the implicit function theorem showing that ’(r) falls
_IVP(r)
with [ entails to show that W < 0.
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It follows from the first-order condition that

v (r
B (r)

Notice that the term in square brackets can be written as:
U (w)dr(w) =1 —yA(w)],

Thus, a sufficient condition for OB"( ) < 0 to hold is that Ag(w) < 1+ yA(w)
forally € Y.

s = O = 00) | [U7 1= B0 -8 - 0O} 0l

Proof of lemma 5.

Proof. Totally differentiation of the i-ability worker’s expected utility leads
to

do B fYU'(wH)de[(y|r)
<d_B),» [0 (W) dF ) (A3)

do dot
It remains then to show that — | for all r.
(), (&),

First observe that F/ FSD F* plus the concavity of U(-) imply that

U (wdr# <J U’ (w)dF*.

Y

It remains to show then that

U (whydFt < J U’ (whydrH.
Jy Y

Using the diffidence theorem, this leads to find conditions under which the
following holds:

J U'(wh)(1 = £ylr))dF? < o:»J U’ (why(1 — e(yr))dF? > 0.

Y Y

Let y, be the point at which (yo | ) = 1. Then the NSC condition is given by
O =y0)(1 = £y[r)) = 0

which holds true always since for all y > yy, £(v | r) < 1 and for all y < yq, (v | )
> 1.
The NC1 condition is satisfied and the NC2 condition entails the following,

20 (| U" (W () > 0
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which holds true since ¢'(yy | #) < 0.
Proof of proposition 4.

Proof. The first step is to derive the threshold (). The following condi-
tions must hold at p = p(r),

(i)o, = O and B, =0,
(i) j Ul + By (r)dy = U(0,),
(i) j Ul + B )™ (1r)dy = 172 (r), ()

where condition (i) is the full insurance condition for low-ability types, the
second is the incentive compatibility constraint for the low-ability type,
and the third ensures that the high-ability type is indifferent between pooling
and sorting.

The average expected profit is given by

u(0, — J(om B (1) + (1= ) (0, — J(ou + B )

I need to find the effect on the profit function of changing the contract offers
subject to constrains (i), (ii), and (iii), since this provides the lowest average
iso-profit that leaves a high-ability worker indifferent between separation and
pooling. The procedure is the same as the one adopted by Stiglitz (1977).
Let us define w' = oy + By
Observe first that, by totally differentiation of (iii)

(%) __JU Oy (o) )
dBy/y  JU (WH)dFH (ylr) -

Note also that

dp, _

do, 0. (6)

Next, by totally differentiation of (ii), using (A5) to substitute for (gﬁ) “and
(A6) to substitute for g—gf one gets that !

dpy _ U’ (0,) J U" (W) dF"
doy,  JU (WH)AFT JU (W)ydFE — [U' (w)ydF7 [ U’ (wi)dFE'
(A7)

Totally differentiation of the average expected profit function gives, using (6),
(5), and then (7)
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Solving for p one obtains

1

H(V):T(D(r)

where

"(6L) JU (W) (y — Oy)dF?

(D(F)EJU’(WH)dFHfU wh)ydFt — [U" (wH)ydFH [ U (wH)dFE

Notice that pi(r) < 1 requires ®(r) > 0. Because [ U’ (w)(y — 0)dF? <0,
this implies that the term in the denominator must be negatlve which is a direct
consequence of lemma (5).

Because () falls as @(r) rises, it is necessary to find conditions under
which ®(r) increases as r rises when evaluated at the optimal contracts that
achieve separation. That is,

do(r) _ o0(r) n 0D(r)OBy >0
dr or op or —

Evaluation of ®(r) in the optimal contracts and then differentiation of ®(r)
with respect to » leads to:

do(r)
dr

_ U "(w)(y — 05)dAG + 8BH JU” dFH] *
X <J U’ (w)drF? J (w)ydF*t — JU’ (w)ydF? J "(w )dFL>
— J U’ (w)(y — eH)dFH{ (J U’ (w)ydAG J U’ (w)drF?

+ U’(w)dAGJU’(w)deL) —< U’(w)ydAGJU’(w)dFL

+ v (w)dAGJ U (w)deH>

I ([u sty = 0uar* U + [0 oot

< [0 - onart - (j Uty — 0" U ()ar
+ J U’ (w)ydF! J U (w)(y — GH)dFL>] }

)

Let us define AF as F''— FT.
be written as follows:

can
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N v wyw - om)dar (J U’ (w)dF" J U (wpdAG

— v wypart J U (w)dAG)

P 0o - owpar ([0 sty = b v ey

- [ o - ouar® [u part

~ v wy — 0)dF? (J " w)y(y — Oy )dF" J U’ (w)dF"
[ v - omart j U ) .
One can show then that 42 > 0 if and only if the following holds

- jv’<w><y - eH>dAFJ U (w)(y — y5)dAG

_ a[%yr(’”){JU’(w)(y — eH)dFLJA(W)U’(W)(y _yl”})(y _ GH)dFH

- [ o0 - omar” v o - iy - onart} > o

Using the first-order condition for B*, the value of ““L~ o H<

, and combining terms,
one can show that dq)(r) > 0 if the following holds

JU’(W fymdAGjU’(w)cy ) (1 — 2)(]r)dE"
> _JU<W>dAGJA<W>U/<W>@_y;>@_ 011) (1 — A(yr))dF™.

YAAG
Let us define K (r w
jU VdAG

concavity of U’ (w) (v — yi7) implies that [ U’ (w)(y — yir)dAG < 0, and the
concavity of U(+) results in that | U(w)dAG < 0. Then, this can be written as
follows

. Observe that this term is positive since the

oo =m0 (1 - 2o > o ®)
where

(=101,
(R

First observe that the optimal A is given by

miv) = [Uman] A0 —38)].
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,_ JU 00— 0 Ol
JU Wy 0D = 0 )f - (vlr)dy
Notice that A < 1 if U’ (w};(¥))(y — 6x) is increasing. This follows from the
fact that F7(y|r) FSD FE(ylr). That is, U"(w}()By (v — 0u)+
U’ (wy(y)) > 0, which results in that R(w},) =1 < 1 4 054 (w},).
Second, observe that yj; < 6 for all B (r) > 0.

Third, making use of the diffidence theorem to show that condition (8) holds
entails showing the following:

jww)(y — 0)(1 — MR = 0=

J U (W) — 0)m()(1 — M| dF! > 0.
The NSC condition is given by

U' (W) = 0u)m(y)(1 = M(ylr)) =

U @)1 MOyl mO)
U012 T A=)

Because U’ (w) > 0and 1 — A(y|r) > 0 forall y € 7, it is easy to show that the
NSC condition holds if and only if the following is satisfied:

(y—0g)(m(y) —m(6y)) > 0forally € Y.

Then, after a few steps of simple algebra this condition can be written as fol-
lows

(L W) — 0al)]
(v —0m) (1 = 2l(0p[r)) (1 = 1L(y[r)) < 0forally € Y.
[A(w)y = A0)0sr -+ yir (A(0r) — A(w))]

©)
Observe that £(y|r) Z£(0y|r) for y=0y since £(y|r) decreases with y, and
A(w(y))ZA(0g) for y= 0y since preferences satisfy DARA. This implies that
the first term in curly brackets is negative for all y > 8 and positive otherwise,
while the second term could be either negative or positive otherwise.

It can then be shown after a few steps of simple algebra that condition (A9)
is equivalent to the following

Ar(w) < C(y)forally > 0y,
Ar(w) > C(y) forally < 0y,

where
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C(v) = A(01) (O — yit) By (r) + A(w) (1 = By (r) 0 + B (i)
(1= MO = €Ol /o
(0= MO 1) (1 — Ay~ Pl

Observe that C(6y) = R(6y) and

C' (y) = A" (w)By (1) (1 = By ()8 + By (r)vir)+
(1= (ylr) s
— 3K (r)By(r).
(1 =neylr))
The NC1 condition is irrelevant since the restriction is with equality and the
NC2 condition imposes that m'(0y) > 0. That is,

(1= M) (0y]r) o .
mff@ + A" (01) B3y () (0n — vir) + A(0x) < 0.

Using the fact that Az(0y) = A’ (0y)0y + A(0y), one can easily see that this
condition is satisfied if
C'(0n)

Ak(eH) < W
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