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A gauge-invariant formulation of the de Gennes model for the nematic—to—smectic- 4 transition

is presented. In this formulation the energy associated with the gauge field A reduces to the Frank

elastic energy with the application of the constraint KQ-K=O where T, is the uniform equilibrium

director and A is to be identified with deviations 8T of the director from equilibrium. It is shown
that thermodynamic quantities and renormalization-group recursion relations are gauge invariant.
All gauge dependence appears in the exponent 7 describing order-parameter correlations. The gauge
invariance of a negative dielectric anisotropy smectic- 4 in an external electric field is also studied.

I. INTRODUCTION
The de Gennes model"? for the nematic—to—smectic-4
(N-A) transition of liquid crystals introduces a coupling
between the smectic order parameter ¥(X) and the direc-
tor T(X) similar to the coupling between the complex or-
der parameter ¥ and the vector field A in the Landau-
Ginzberg® model for the superconducting transition. This
similarity has been commented on by many authors"%*~7
but it seemed that, unlike the superconductor, the liquid
crystal was not gauge invariant because splay distortions
of the director from its uniform equilibrium value 1, con-
tribute a term K,(V-H)? to the free energy density.
Terms of this form are usually associated with gauge fix-
ing.® In this case, however, the splay energy merely parti-
cipates in determining the nature of fluctuations of
SA(X)=m(X)—T, and does not fix the gauge. This is be-
cause the de Gennes model is already written in a specific
gauge ( called the liquid crystal or LC gauge ) where fluc-
tuations 8T(X) are explicitly forbidden in the direction
parallel to 7, . This could be achieved by the addition of
a term —B(8Ti'Ay)? with B= o in a Hamiltonian with
unrestricted variations in 81d(X) or via the constraint
(gauge choice) 73°81 =0 . In this paper we will construct
a generalization of the de Gennes model that is gauge in-
variant and that reduces to the original model when the
constraint 7,81 =0 is imposed.

Because of this gauge invariance, the thermodynamic
quantities should be gauge independent, as in the
Landau-Ginzberg model for the superconducting transi-
tion. In particular, the critical exponents a and v should
be gauge independent. The correlation functions and
hence the critical exponent 7 are gauge dependent. These
cannot be measured in superconductivity or electro-
dynamics but can be measured, in the LC gauge, in liquid
crystals.

We explore the consequences of this in the € expansion.
We show that all the gauge dependence is contained in the
exponent 171=mgc+ A7n(6) where 0 is a parameter used to
specify the gauge and 7mgc is the minimum value of 7
evaluated in the so-called superconducting (SC) gauge
where the divergence of the gauge-transformed director
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field A is 0 (V-A=0). A7(6) diverges in the LC gauge
(6=0) indicating the destruction of long-range order. The
other critical exponents are shown to be gauge invariant
as are the renormalization-group (RG) recursion relations
for the thermodynamic potentials.

We also consider the case of the N-A transition in an
external field which suppresses fluctuations of 81 (X) in
all but one direction.” Once again the Hamiltonian can be
written in a gauge-invariant form: the thermodynamic
critical exponents and the RG recursion relations are
gauge independent while 7 =msc+ A7(0) is not. However,
because of the external field, An(6) no longer diverges and
long-range order exists. We further note that this transi-
tion is in the same universality class as the N-A transition
in the absence of a field when the twist elastic constant
K, is infinite.

II. GAUGE-INVARIANT MODEL

We start by defining the de Gennes model for the N-A4
transition. In the nematic phase the orientation of the
bar-like molecules is given by the unit vector, n(X). It
has small local variations 81 (X) from its uniform equili-
brium value #:

(X)=r, + 81(X) . (2.1

The energy of small, nonuniform distortions of T(X) is
described by the reduced Frank Hamiltonian'”

BH,= [ d’ [ K\(V-T)? + K,(&-V X7
+ K3(EX(V x#))? ], 2.2)

where K, K,, and K; are the Frank elastic constants for
splay, twist, and bend. We choose the 1 axis to be along
the 7, direction and for small fluctuations we have

81(X)Ay = 0. (2.3)

Under this constraint and extending to d dimensions, we
have
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BH-"-f G [ (Kigl + Ksgj J@)(@0);

+ (Kagl + Kagj) )& )(&);]

X 8n,(q)dm;(—7), (2.4)

where 81(q) is the Fourier transform of 8n(X) and &,
and &, are defined in Fig. 1. The order parameter for the
smectic phase is the complex amplitude ¥(X) of a mass
density wave. The reduced Hamiltonian for ¢ in the de
Gennes model is

BHy = [d% [ r|9]? + [(V — igeddi ) 9|
+ qulyl*]

The full de Gennes Hamiltonian describing the N and A4
phases is thus

BH=BH, + BH, .

The de Gennes model for liquid crystals closely resem-
bles the Landau-Ginzberg model for the superconducting
transition and gauge transformations of the form

¥ = ye'
A = 8% + VL

(2.5)

(2.6)

(2.7a)
(2.7b)

can be introduced. BH, is invariant under this transfor-
mation but BH, as defined in Eq.(2.4) is not manifestly
so. However, it is already written in a particular gauge,
called the liquid crystal (LC) or physical gauge, where
fp:68=0. To derive a gauge-invariant form of the de
Gennes model we first perform a gauge transformation of
the original model to the superconducting (SC) gauge de-
fined via

V-A=0=V-81i+ VL . (2.8)
This and Eq. (2.7b) define a unique relation between A
and 61:

4; (a)=P i

H(@)on,(— ), 2.9)

V@), 8,=n,
v(6=T)=gq
&
&,(6)
&(8=3)

FIG. 1.
this plane.

Bases used in the 7o —4 plane. &, is orthogonal to

where P;;j(q)=38;; —q;q; /q? is the projection operator
onto directions perpendicular to §. In other words, the
transformations defined in Egs. (2.7) to (2.9) represent
simply a change of variables from 3 and 61 to ¢’ and A.
In three dimensions A has two independent components
just as 81 . Defining &, to be the vector normal to § in
the &,-&, plane ( see Fig. 1) we have A=A4,8,+ 4,6, and

én,=4,,
(2.10)

8nl:—q_A0 .
q1

Thus, the de Gennes model in this gauge is

BH=BHA+ [ d% [r|¢' |2+ |(V — igoR)y'|?

+ 3u '], @.11)
where
f o )3[ K, q4&y)i(80);+K,q%(&,)1(6,); ]
X A;(§)4;(—7) (2.12)
and

qi
K, =K~ + k;,
9

K,=K,q! + Kiqf .

Using €,=¢,X§ and € =gX&, where §=4q/|q|, we
obtain immediately

dq
(2 )3

BH,= [ [ Ki(8):(&); + K, (&0)i(ép); ]

X(GXA)(GXA);

= [d*%K,;(V X A)(V X A); (2.13)

and so BH 4 depends only on VX A. If we now lift the
constraint that V-A=0 and treat A as an unconstrained
three-component vector, SH is gauge invariant just as are
electrodynamics and the Landau-Ginzberg model for su-
perconductivity. The original de Gennes model is re-
gained by imposing the constraint &, A=0.

Though we have cast the original de Gennes model in a
gauge-invariant form, it is worth emphasizing a difference
between it and the more familiar Landau-Ginzberg model
for a superconductor. The elastic constant K, is highly
anisotropic and highly singular. In particular, it diverges
as g,,—0 for nonzero K, and g,. Thus, fluctuations in
Ao(g, =0, q,) are effectively excluded from the model.
In practice, this presents no problems in field theoretic
calculations in infinite systems but it can lead to some
problems in finite-size lattice systems.!!
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III. RG RECURSION RELATIONS
IN AN ARBITRARY GAUGE

A. Gauge transformation

In this section we will discuss the e=4—d expansion
for the continuum of gauges, introduced by Dunn and Lu-
bensky®, parametrized by a single variable 0<6 < /2.
6=0 is what we have called the LC gauge and 0=7/2 is
the SC gauge. We set L =L (0) and introduce the gauge
condition

v (4)-A(q)=0, G.1)
where
Ve(q’)zé‘lcos() + igsinf . (3.2)

From these conditions and Eq.(2.7b) we can derive a
transformation matrix

PJ(@) = (8;—£(6,3)4:4)) » (3.3)
where
. sinf
f0,)=—"— (3.4
sinf —iqcos6
such that
A8@)=Pi(d)47~°q) . (3.5)
The propagators DJ(q)= (A2(4)4)(—1q)) satisfy
DJ(@)=PL(@PH—PDu(T), (3.6)
where from Eq.(2.4) we have
Dy;(q) = (&1);(é1);( Kig} + quﬁ )~ !
+ (6)i(6);( K2qt + K3gh)7™'. 3.

We note that the perpendicular part of this propagator
diverges when g ;=0 and K, =0.

We will now use these propagators to evaluate the RG
recursion relations as a function of 8. We will show how
all the gauge dependence is contained in the critical ex-
ponent 17 : The RG recursion relations for the thermo-
dynamic potentials ( and hence all the other critical ex-
‘ponents ) are gauge invariant.

B. Recursion relations
Near the critical point, we expect the propagators to
obey the following homogeneity relations:
- — 1% —
G( q,t,Kl ) = el(2 'q)G(eI(l-Hl)q”,elql’e vlt,e TIKI) ,

(3.8)

1(2—m4) /v _
ADij(e’“_H”q”,elql,e lt,e ‘rlKl)

(3.9)

D;(q,t,K;) = e

where ¢ and g, are components of the wave vector g
parallel and perpendicular to 7.

We perform the renormalization-group calculation in
the normal manner,'? allowing for anisotropic rescaling.
First we integrate out all fluctuations with wave vector g
in the momentum shell between | q | =1 and the ellipsoid
g} +qfe'"*# =1. We then rescale the lengths anisotropi-
cally, g, —q,e ', 9, —qe —1+1) ' to regain the unit Bril-
louin zone. Y(q) and A(q) rescale so that G(q) and
D;;(4) obey the homogeneity relations, and  and p are
chosen such that

2~ —1
M:l (3.10a)
ok
and
2 —1
e _, 3.100
ok ||

We choose 11, =€—pu so that g, remains constant under
rescaling.

If / is an infinitesimal this procedure generates differen-
tial recursion relations for the potentials. The diagrams
that contribute are shown in Fig. 2. Note that diagrams
6—8 do not contribute in the SC gauge. In other gauges,
they are necessary to ensure gauge invariance. These are
evaluated an arbitrary gauge 6 in the Appendix and yield
the following recursion relations:

-
X
I

T
O

Dxiions

10

FIG. 2. Diagrams contributing to the renormalization of the
potentials to first order in € . A wiggly line represents the propa-
gator Dy;(q) and a solid line represents the propagator G(q).
The three-point vertex is (2k +¢); . Diagrams 1, 2, and 3 renor-
malize r , diagrams 4 through 8 renormalize u, and diagrams 9
and 10 renormalize K, and K. Diagram 3 fixes 7 and u.
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dr
dl =(2—msc)r+ 2(n+2 C4l+r
gl 1 L4 1
TNVE+VE? T VE VE+VE |
‘311 =(e—p—2nsc)u —5(n+8)Cqu?
—2C4q4 ! + 2
NVEWVE+VE? T VKK |
Ky e—wk
ar -~ eTRRL
dkK,
dl =—(e—pwK,++¢ nCaqj ,
dK, L
7 = (e+mKs+5Caq0 (31D
()= —aCyqd | L2V KA VE
Msc 4‘]0 12 (\/—+‘/—
+ 3 !
3VEWE+VEK)
_ VKy
(h=-2C
1 4q0 3 (‘/—+‘/—)3
_4 1
3 VK, WK, +VK;) |’
An(6,D)= q(,f [1 —f(6,9)17(6,9)]
siny
K;cos?y +K siny

nal)=e—pu(l),

where C,=1/87% and dQ, is the differential of solid
angle in four dimensions.

The recursion relations for the gauge-independent quan-
tities are the same as those obtained by Lubensky and
Chen® in the SC gauge with =17/2. We refer the reader
to Ref. 5 for a detailed analysis of the fixed points of
these equations. The gauge-dependent exponent A7(6) is
zero at 6= 17'/2 When 6=0, 1— |f|*=1 and A%(0)
diverges as K| as K;—0. K;=0 at the critical point
with no anisotropy in the correlation-length exponents.
Thus, at this critical point, G(q) does not exhibit simple
power-law behavior in | |. A detailed analysis of the
behavior of G in the LC gauge is given in Ref. 7.

IV. N-4A TRANSITION IN A FIELD

Recently Halsey and Nelson® discussed the N-A transi-
tion in a negative dielectric anisotropy system with the
external field E perpendicular to 7y . In this section we
will discuss the gauge-dependent properties of this transi-

tion. As in the previous case, we find that all gauge depen-
dence is in A7(6). However, in this case An(0) is not
divergent even in the LC gauge.

A. Model

The dielectric tensor —e€,n;n; + €,8;; is anisotropic in
liquid crystals, providing a coupling between an external
electric field E and the director described by the Hamil-
tonian

BHew = 1€, f d*x(E-®)? 4.1)

which suppresses fluctuations of 81 along the direction
parallel to E. To generalize this Hamiltonian to d dimen-
sions, we follow Halsey and Nelson® and specify that the
effect of E is to suppress fluctuations of 8% in d —2
directions perpendicular to nq leaving a single easy direc-
tion in all dimensions. Thus choosing 1, along the 1 axis
and the easy direction of 81 to be along the 2 axis, we ob-
tain

d
BHe = T€,E* Y [ d%(8n;)? . @.2)
i=3

Other generalizations of Eq. (4.1) are possible, such as one
in which there are d —2 easy directions rather than a sin-
gle easy direction. The full Hamiltonian is then

BHE = BHy + BH, + BHy, . (4.3)

For this Hamiltonian only 8n, is hydrodynamic, and the
only critical propagator is

Dy;(q) = 8;28;,(K195 + K9 + Kiq}), 4.4)

where g?=g%+g3+q# . For computational convenience
we set K,=K3=K . This does not affect our results be-
cause we can show that they are driven to the same value
under the RG. BHj can be cast in a gauge-invariant form
by following exactly the same steps outlined in Sec. II:
Change variables from 1 and 84 to ¢’ and A and then re-
lax the constraint V-A=0. The resulting K-dependent
term in SHy will depend only on V X A but with a cou-
pling that is more complicated and anisotropic than the
I?,-j of Eq. (2.13). Gauge-dependent critical properties can
now be calculated in exactly the same way as in Sec. II
with Dg satisfying Eq.(3.6) with D;; given by Eq.(4.4).

B. Recursion relations

We proceed exactly as in Sec. III A except that we use a
slightly different anisotropic rescaling procedure: g,
scales as e ~/!+#) while ¢, and g scale as e ~/. This new
definition of u requires 14 =€+pu for gy to remain con-
stant under rescaling. The recursion relations are evaluat-
ed in the Appendix and we obtain



30 GAUGE-INVARIANT de GENNES MODEL 485

dr
dl =(2—nsc)r + 2(n+2)C4 1+r
, WK +VK
+ Caqp 3
VKWK +VK)
‘j;; =(e—2nsc+p)u — +(n+8)Cau’
PR T WL IR .
o R VK, + VK ) K K|’
, VK +VK
(=-+%C )
Msc 4‘10(‘/—_“/—)3
172
VK | K, K,
N=—4Cqi————— |+ + | — —1,
M=tk vEr x| Tk
dK,
7:—(77,4 +2u)X, , (4.5)
dK
—d_l=—77AK+%”C4‘I(2) ’

naD)=€e+ull),

*

An(6,)=q3 C1—£6,9)F*(6,9)]

cos’y
X 2 S
K cos*y +Ksin™y

The gauge-invariant recursion relations above are the
same as those obtained by Halsey and Nelson® in the LC
gauge. We refer the reader to Ref. 9 for an analysis of the
fixed points of these equations. Note that

1
VK, + VK )?

is perfectly finite when K;=0. This explains why it is
possible to carry out all calculations directly in the LC
gauge when E£0 whereas it is not when E=0.
nNsc+A7(6=0) is identical to 7y ¢ calculated in Ref. 9.
Note that the recursion relations for r, u, 1sc, 4, and
K; in Egs. (3.11) with K=o and K;=0 (K| =) are
identical to those for r, u, 7gc, p, and K in Egs. (4.5)
when K;=0 (K{=). Since K;=0 or K;=o at the
only accessible fixed points, the N-A transition of the neg-
ative anisotropy de Gennes model in an external field is in
the same universality class as that of the fieldless de
Gennes model with K, = «o. They have the same thermo-
dynamic exponents v, and V= (14p)v,. Correlations of
the physmal order parameter m the LC gauge differ, how-
ever, in the two cases when K| =0. For the transition in
a field, y=mngc+An is perfectly finite, and G(X,0) de-
cays algebraically at the critical point. For the K, =
transition with E=0, A7(0) is infinite and G does not ex-
hibit power-law decay. Instead, it decays exponentially
with an exponent controlled by the dangerous irrelevant
variable K, as for the case with K, finite.>” The proper-
ties of G in the N and A phases and at the critical point
for K= can be calculated using the techniques dis-

An(0=0)=+¢,C3 (4.6)

cussed in Ref. 7. Since they are so similar to those for
K, 0, we will not discuss them here.
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APPENDIX
The diagrams that contribute to the renormalization of
the potentials are shown in Fig. 2. The propagators are
1
(Kigl + Ksgfi)

(q)— (q) (—q)(el (&)

1

+ (&,):(&,); (Kod® &+ K;qﬁ ) (A1)
and
G(ﬁ):ﬁz— : (A2)
where
8ij=noing;+(€,);(€,);+(&);(&); (A3)
with
4= (cosy,siny cosf3,siny sinf cosa,siny sinfsina) ,
& =(0,cosp,sinfB cosa,sinBsina) ,
(A4)

é,=(0, —sinf,cosf cosa,cosfB sina) ,
é,'=(0,0, —sina,cosa)

in four dimensions. ¥ and B run from zero to 7 and a
runs from zero to 27 .

All diagrams can be evaluated in terms of the general
integrals

dQ) 2m,, oin2n 2p
4 cos“™y sin“"y cos”B (AS)

2m)* (K;cos’y 4K siny )’

L™K K= [ <
and

M™(0,K;,K

do
D=/ o )4f(9q)f (6,4)

cos’™y sin*"y cos?f
(K3cos’y + K sin%y )

(A6)

The method of evaluating integrals of this form and most
of those that we need in this calculation are given in Ref.
5. We take the momentum of the external legs to be
E:(kl,kz,0,0) . Then the integrals I; corresponding to
the diagram j of Fig. 2 are

1=, i i@

=ILT®(K;,K,)+2IL{®(K; K,)—IM{°(6,K;,K,) ,
(A7)
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1 d4q
Is= fe _’_(v271')4

=ILY"(K;,K

)iDI(@)(2k +9);G(K+4)

1

010
K\)—IM{"(K3,K))—— 147

— I[LY(K3,K ) — MY (K3,K )]

+4Ik3 (L% (K3, K )+ LYK3,K,) — LYK S,K))]

+4Ik2L1(K,,K ), (A8)
1 g4
Is—f_,—g:% u(q)
(2m)
=ILY(K;,K,)—IMY(K3,K,) , (A9)
f (T‘jz { DYQIDY(E) +[a:D5(d)g))T?
—2D.-‘}’-(G)q,-D.-i(6)qk }
=IL¥(K;,K;)+2ILI(K;,K,) , (A10)

where I,=1¢+1;—2I3 and where we have only retained
terms to O(k2) ,0(l), and 1/(1+r) . The 4-point function
is evaluated at zero external momentum. These integrals
and the procedure outlined in Sec. III lead to the follow-
ing recursion relations:

dr
al =2—n)r + (n+2)C4 1+
+ q3ILT™(K3,K ) —MP(K3,K,)+2L " (K3,K,)]
- q%,#_r[L?m(KbKl)—M?‘O(K3,K1)] , (Alla)
d—u=(6~—2 —uwu + ~(n+8)C
dl n—u 2 4 _+_
+ 2ugd[LY°(K3,K ) —MI(K;,K )]
—2¢4[L3®(K;3,K) + 2L (K4,K,)], (A11b)
dK,
dl =—(e—p)K,, (Allc)
dK, 1 )
i =—(e—p)k, + ¢nCuqp , (A11d)
dK; 1 2
dl =—(6—,u)k3 + ‘g"lC4Q0 , (Alle)
(n+2u)=g5[M°(K3,K;)—LY°(K3,K)]
+ 4¢3L1"°(K3,K,) , (A11)

n=4g3[L1" (K3,K )+ LI (K3,K,)—LP (K3,K,)]
+qo[MP°(K3,K ) —LY°(K3,K )] . (Allg)

The first term in the expression for 7 is just nsc calculat-
ed by Lubensky and Chen and we define the second term
to be An(6). If we substitute for 7 in equations a through
f and expand 1/(1+r)=1—r ( correct to order €) we find
that all the 6-dependent parts vanish. Evaluation of the
integrals gives the recursion relations of Sec. III B.

In the presence of an external field the propagators are

1
K\q5+K,q5+K3qi ’
(A12)

Df=P{(Q)Pf(—qQ)eyéy

1

G(q)=
V="

(A13)

We make the new definition

g =(siny cosf3,cosy, —siny sinB cosa, —siny sinfsina)
(A14)

and set the external momentum to E:(kl,kz,k3,k4) CIf
we set K;=K;=K the analysis proceeds exactly as be-
fore. The diagrams are all the same and the recursion rela-
tions obtained are

d’ =Q2—mr++ C4(n+2)—r

—45 1Jrr[L (K LK) —MI®(K1,K)]

+q3[LY°(K,,K)—M1®(K,,K)] (A15a)
du 1 2
I=(e—2n—-y)u—7(n+8)c4u

+2uqd[L1°(K |, K)—M (K |,K)]

—2¢3LP°(K,K) , (A15b)
dK,

=—(n4+2u)K,, (A15¢)
dl
ii§=—mK+ +nCaq3 , (A15d)
N+2p=—q3[4L(K,,K)—9L'®(K,,K)

+M{®(K\,K)+4L¥(K | ,K)], (Al5Se)

n=—q3[M|°(K,K)—LI®(K,K)]

— 5oL (K ,K) . (A150)

The last term in the expression for 7 is what we call 5¢c
and the rest of the expression is An(0) . If we substitute
for n in equations (A15a) through (A15e) and expand
1/(14r)=1—r we again find that all the 8 dependence
vanishes. The evaluation of the integrals leads to the re-
cursion relations of Sec. IV B.
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