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Glossary

Soliton A soliton is a nonlinear pulse-like wave that
can exist in some nonlinear systems. The isolated
wave can propagate without dispersing its energy over
a large region of space; collision of two solitons leads
to unchanged forms, solitons also exhibit particlelike
properties.

Soliton perturbation theory The soliton perturbation
theory is used to study the solitons that are governed
by the various nonlinear equations in presence of the
perturbation terms.

Homotopy perturbation method The homotopy pertur-
bation method is a useful tool to the search for solitons
without the requirement of presence of small perturba-
tions. In this method, a homotopy is constructed with
a homotopy parameter, p. When p = 0, it becomes
a nonlinear wave equation such as a KdV equation
with a known soliton solution; when p = 1, it turns
out to be the original nonlinear equation. To change p
from zero to unity, one must only change from a trial
soliton to the solved soliton.

Variational iteration method The variational iteration
method is a new method for obtaining soliton-type
solutions of various nonlinear wave equations. The
method begins with a soliton-type solution with some
unknown parameters which can be determined after
few iterations. The iteration formulation is constructed
by a general Lagrange multiplier which can be identi-
fied optimally via variational theory.

Exp-function method The exp-function method is a new
method for searching for both soliton-type solutions
and periodic solutions of nonlinear systems. The
method assumes that the solutions can be expressed in
arbitrary forms of the exp-function.

Definition of the Subject

The soliton is a kind of nonlinear wave. There are many
equations of mathematical physics which have solutions of
the soliton type. The first observation of this kind of wave
was made in 1834 by John Scott Russell [1]. In 1895, the
famous KdV equation, which possesses soliton solutions,
was obtained by D. J. Korteweg and H. de Vries [2], who
established a mathematical basis for the study of various
solitary phenomena.

From a modern perspective, the soliton is used as
a constructive element to formulate the complex dynami-
cal behavior of wave systems throughout science: from hy-
drodynamics to nonlinear optics, from plasmas to shock
waves, from tornados to the Great Red Spot of Jupiter,
from traffic flow to the Internet, from Tsunamis to tur-
bulence [3]. More recently, solitary waves are of key im-
portance in the quantum fields: on extremely small scales
and at very high observational resolution equivalent to
a very high energy, space-time resembles a stormy ocean
and particles and their interactions have soliton-type solu-
tions [4].

Introduction

The soliton was first discovered in 1834 by John Scott Rus-
sell, who observed that a canal boat stopping suddenly
gave rise to a solitary wave which traveled down the canal
for several miles, without breaking up or losing strength.
Russell named this phenomenon the ‘soliton’.

In a highly informative as well as entertaining arti-
cle [1] J.S. Russell gave an engaging historical account of
the important scientific observation:

I was observing the motion of a boat which was
rapidly drawn along a narrow channel by a pair of
horses, when the boat suddenly stopped - not so the
mass of water in the channel which it had put in
motion; it accumulated round the prow of the vessel
in a state of violent agitation, then suddenly leaving
it behind, rolled forward with great velocity, assum-
ing the form of a large solitary elevation, a rounded,
smooth and well-defined heap of water, which con-
tinued its course along the channel apparently with-
out change of form or diminution of speed. I followed
it on horseback, and overtook it still rolling on at
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a rate of some eight or nine miles an hour, preserv-
ing its original figure some thirty feet long and a foot
to a foot and a half in height. Its height gradually
diminished, and after a chase of one or two miles I
lost it in the windings of the channel. Such, in the
month of August 1834, was my first chance interview
with that singular and beautiful phenomenon which
I have called the Wave of Translation.

His ideas did not earn attention until 1965 when
N.J. Zabusky and M.D. Kruskal began to use a finite differ-
ence approach to the study of KdV equation [5], and vari-
ous analytical methods also led to a complete understand-
ing of Solitons, especially the inverse scattering transform
proposed by Gardner, Greene, Kruskal, and Miura [6] in
1967. The significance of Russell’s discovery was then fully
appreciated. It was discovered that many phenomena in
physics, electronics and biology can be described by the
mathematical and physical theory of the “Soliton’.

The particle-like properties of solitons [7] also caught
much attention, and were proposed as models for elemen-
tary particles [8]. More recently it has been realized that
some of the quantum fields which are used to describe par-
ticles and their interactions also have solutions of the soli-
ton type [9].

Methods for Soliton Solutions

The investigation of soliton solutions of nonlinear evolu-
tion equations plays an important role in the study of non-
linear physical phenomena. There are many analytical ap-
proaches to the search for soliton solutions, such as soliton
perturbation, tanh-function method, projective approach,
F-expansion method, and others [10,11,12,13,14].

Soliton Perturbation

We consider the following perturbed nonlinear evolution
equation [15,16]

ur + N(u) =eR(u), 0<e<K1. (1)

When ¢ = 0, we have the un-perturbed equation
ur + N(u) =0, 2

which is assumed to have a soliton solution.

When ¢ # 0, but 0 < ¢ < 1, we can use perturba-
tion theory [15,16], and look for approximate solutions of
Eq. (1), which are close to the soliton solutions of Eq. (2).
Using multiple time scales (a slow time 7 and a fast time ¢,
such that dr = 9; + £0d¢), we assume that the soliton so-
lution can be expressed in the form

u(x, T) = up(&, v) +eup (&, 7, t)+82u2(f§, T, t)+--- (3)

where £ = x — ct, and 7 is a slow time and ¢ is a fast time.

Substituting Eq. (3) into Eq. (1) and then equating like-
powers of &, we can obtain a series of linear equations for
u; (i=0,1,2,3,...).

In most cases the nonlinear term R(u) in Eq. (1) plays
an import role in understanding various solitary phe-
nomena, and the coefficient ¢ is not limited to a “small
parameter”.

Variational Approach

Recently, variational theory and homotopy technology
have been successfully applied to the search for soliton
solutions [17,18] without requiring the small parameter
assumption. Both variational and homotopy technologies
can lead to an extremely simple and elementary, but rigor-
ous, derivation of soliton solutions.

Considering the KdV equation

ou ou

9t ua‘l'—:(), (4)

x3

we seek its traveling wave solutions in the following frame

ux, ) =UE) vix.)=V(E), §=x—ct, (5)

where ¢ is angular frequency. Substituting Eq. (5) into
Eq. (4) yields

—c —6uu' +u" =0, (6)

where a prime denotes the differential with respect to &.
Integrating Eq. (6) yields the result

—cu=3u+u" =0. (7)

By the semi-inverse method [19], the following variational
formulation is established

o1, 1 du)?

The semi-inverse method is a powerful mathematical tool
to the search for variational formulae for real-life physical
problems.

By the Ritz method, we search for a solitary wave solu-
tion in the form

u = psech?(gf)., )

where p and g are constants to be further determined.
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Substituting Eq. (9) into Eq. (8) results in
. / BCPZ sech*(g€) + p sech®(q€)
0
+%(4p2q2 sech®(g£) tanhz(qf)] d&
sz [} 4 PS [} p
= —f sech™(z)dz + —f sech’(z)dz
29 Jo q Jo

+2p°q f {sech’(z) tanh*(2)} dz
0

_c’ 8 4plg

10
3q 159 15 (10)

Making J stationary with respect to p and g results in

2

U _ 2 29 s

p 3q 15q 5 -0 (1)
or simplifying

5c+12p + 49> =0, (13)

—5c—8p+4q° =0. (14)

From Egs. (13) and (14), we can easily obtain the following
relations:

1 _\/?
p= 2c, q= 1

So the solitary wave solution can be approximated as

c c
U= —Esechz\/;(x—ct—éo),

which is the exact solitary wave solution of KdV equa-
tion (4).

The preceding analysis has the virtue of utter simplic-
ity. The suggested variational approach can be readily ap-
plied to the search for solitary wave solutions of other non-
linear problems, and the present example can be used as
paradigms for many other applications in searching for
solitary wave solutions of real-life physics problems.

(15)

(16)

Variational Iteration Method

The variational iteration method [20] is an alternative ap-
proach to soliton solutions without the requirement of
establishing a variational formulation for the discussed
problems [17,21,22,23,24]. As an illustrating example, we
consider the K(3,1) equation in the form [17]:

U+ vy + tyey = 0. (17)

According to the variational iteration method, its iteration
formulation can be constructed as follows

Up+1(x, 1)

— (1) — / () + 12 (s + ()}t
0
(18)

To search for its compacton-like solution, we assume the
solution has the form

asin®(kx + wt)

) 19
b + csin?(kx + wt) (19)

uo(x, t) =

where a, b, k, and w are unknown constants further to be
determined after few iterations [17].

Homotopy Perturbation Method

The homotopy perturbation method [25] provides a sim-
ple mathematical tool for searching for soliton solutions
without any small perturbation [18,26]. Considering the
following nonlinear equation

ou u Pu
_ N(u) = 2
8t+ 8+b8 +Nu)=0, a>0,b>0, (20)
we can construct a homotopy in the form
=P +6 ou u
b ax | 0
ou 0 9
+P% +auau+bau+N(u)}:0. (21)
When p = 0, we have
du ou  Fu
+6u—+-—=0, (22)

ot x| 0x3

a well-known KdV equation whose soliton solution is
known. When p = 1, Eq. (21) turns out to be the orig-
inal equation. According to the homotopy perturbation
method, we assume

u = uy+ puy + pruy +--- (23)

Substituting Eq. (23) into Eq. (21), and proceeding with
the same process as the traditional perturbation method
does, we can easily solve ug, u; and other components.

The solution can be expressed finally in the form
Uu=ug+u +uy+--- (24)

The homotopy perturbation method always stops before

the second iteration, so the solution can be expressed as
u=uy+u (25)

for most cases.
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Parameter-Expansion Method

The parameter-expansion method [27,28,29,30] does not
require one to construct a homotopy. To illustrate its so-
lution procedure, we re-write Eq. (20) in the form

ou ou Bu
E—I—aua—i-bﬁ—i-l-N(u)—O. (26)

Supposing that the parameters a, b, and 1 can be expressed
in the forms

a=ay+ pa, + play + - (27)
b =by+ pby + p*by + -+ (28)
1=pCl +p262+"' (29)

where p is a bookkeeping parameter, p = 1. Substituting
Egs. (23), (27), (28) and (29) into Eq. (26) and proceeding
the same way as the perturbation method, we can easily
obtain the needed solution.

Exp-function Method

The exp-function method [31,32,33] provides us with
a straightforward and concise approach to obtaining gen-
eralized solitonary solutions and periodic solutions and
the solution procedure, with the help of Matlab or Mathe-
matica, is utterly simple. Consider a general nonlinear par-
tial differential equation of the form

F(u, uy, Uy, Uz, Uty Uxx, Uyy, Uzz, Urt, Uxy, Uxt, Uyt .. )
=0. (30)

Using a transformation

n=ax+ by + cz+dt, (31)

we can re-write Eq. (30) in the form of the following non-
linear ordinary differential equation:

G, v, u"u",..)=0, (32)

where a prime denotes a derivation with respect to .
According to the exp-function method, the traveling
wave solutions can be expressed in the form

=i @n exp(nn)

, (33)
S by exp(mn)

u(n) =

where i, j, k, and [ are positive integer which could be freely
chosen, a, and b,, are unknown constants to be deter-
mined. The solution procedure is illustrated in [32].

Future Directions

It is interesting to point out the connection of catastrophe
theory to loop soliton chaos, and finally to chaotic Canto-
rian spacetime [34,35].

El Naschie [34,35] studied the Eguchi-Hanson gravita-
tional instanton solution and its interpretation by ‘t Hooft
in the context of a quantum gravitational Hilbert space,
as an event and a possible solitonic “extended” particle.
Transferring a certain solitonic solution of Einstein’s field
equations in Euclidean “real” space-time to the mathe-
matical infinitely-dimensional Hilbert space, it is possible
to observe a new non-standard process by which a definite
mass can be assigned to massless particles. Thus by invok-
ing Einstein’s gravity in “solitonic” gauge theory and vice
versa, an alternative explanation for how massless parti-
cles acquire mass is found, which is also in harmony with
the basic structure of our standard model as it stands at
present [34,35].
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Glossary

Soliton A soliton is a stable pulse-like wave that can ex-
ist in some nonlinear systems. The soliton, after a col-
lision with another soliton, eventually emerges un-
scathed.

Compacton A compacton is a special solitary traveling
wave that, unlike a soliton, does not have exponential
tails.

Generalized soliton A generalized soliton is a soliton
with some free parameters. Generally a generalized
soliton can be expressed by exponential functions.





