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The added mass, Basset, and viscous drag coefficients in nondilute bubbly

liquids undergoing small-amplitude oscillatory motion

A.S. Sangani
Department of Chemical Engineering and Materials Science, Syracuse University,
Syracuse, New York 13244

D. Z. Zhang and A. Prosperetti
Department of Mechanical Engineering, The Johns Hopkins University, Baltimore, Maryland 21218

{Received 22 March 1991; accepted 23 August 1991)

The motion of bubbles dispersed in a liquid when a small-amplitude oscillatory motion is
imposed on the mixture is examined in the limit of small frequency and viscosity. Under these
conditions, for bubbles with a stress-free surface, the motion can be described in terms of added

mass and viscous force coefficients. For bubbles contaminated with surface-active impurities,
the introduction of a further coefficient to parametrize the Basset force is hecessary. These
coefficients are calculated numerically for random configurations of bubbles by solving the
appropriate multibubble interaction problem exactly using a method of multipole expansion.
Results obtained by averaging over several configurations are presented. Comparison of the
results with those for periodic arrays of bubbles shows that these coefficients are, in general,
relatively insensitive to the detailed spatial arrangement of the bubbles. On the basis of this
observation, it is possible to estimate thém via simple formulas derived analytically for dilute
periodic arrays. The effect of surface tension and density of bubbles (or rigid particles in the
case where the no-slip boundary condition is applicable) is also examined and found to be

rather small.

. INTRODUCTION

Flows involving bubbles dispersed in a liquid are impor-
tant because they occur in a variety of processes. The rigor-
ous analysis of such flows is, in general, quite complicated as
the overall properties of the flow depend on the details of the
microstructure of the medium (i.e., the size, shape, spatial,
and velocity distribution of the bubbles) which, in turn, de-
pend on the nature of flow. In view of the rather complex
nature of the problem and its dependence on a large number
of variables, such as the Reynolds number, the Weber
number, the Froude number, and the volume fraction of the
disperse phase, a simple theory capable of describing accu-
rately the behavior of bubbly liquids in a wide variety of
physical situations may not be possible. It is therefore desira-
ble to devise suitable numerical simulation techniques that
can be used to determine how the microstructure of the bub-
bly liquid evolves in various specific flow situations and how
it affects the overall behavior of the bubbly liquid. It is hoped
that by studying a number of different physical situations in
a rigorous manner, it may be possible to develop a
framework and a qualitative understanding that could be
used further for modeling more complex flows.

We consider here the problem of determining the flow in
a bubbly liquid produced by a small oscillatory motion im-
posed on it. Qur motivation for studying this problem comes
from the fact that it is probably the simplest situation in
which the microstructure of the medium can be determined
relatively easily as each bubble is simply executing a small-
amplitude oscillatory motion around its mean position.
Thus the spatial and size distributions of the bubbles are
unaffected by the imposed oscillatory flow and the problem
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reduces to that of determining the velocity and deformation
of bubbles given their size and spatial distribution. The situa-
tion is also of great practical significance because of its rele-
vance to the acoustic properties of bubbly liquids.

Because of the linearity of the governing equations, in
the special case of small-amplitude oscillatory motion pro-
portional to exp(iwt), the mean amplitude of the bubbles’
velocity is proportional to the mean amplitude of the mix-
ture velocity and, therefore, for macroscopically homogen-
eous and isotropic bubbly liquids, we write

(W) =4,(0,,), Y

where (¥) and (ii,,) denote spatial (or ensemble) averages
of the amplitudes of bubble and mixture velocities, respec-
tively, and 4, is a constant of proportionality that depends
on the frequency w of the oscillations, the volume fraction 8
of the bubbles, the nondimensional surface tension o *, vis-
cosity ©*, and density p* defined by

O'*E—-———-—' g ,‘ * —
pR3e?

PR’ P
Here, R is the radius of the bubbles, all taken to be equal, and
p is the density of the liquid.

We shall restrict our attention to the case where the
frequency of oscillation o is much smaller than the natural
frequency @, of the bubbles, approximately given by.

_£ «_Pb | )

w? = 3yP,/pR?, (3

where ¥ is the ratio of the constant pressure and constant
volume specific heats of the gas and P, is the equilibrium
pressure in the bubbles. When w €w,, the amplitude of the
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- volume pulsations tends to zero faster than that of the trans-
latory displacement and shape deformation so that, in ex-
amining the interactions among the bubbles, we may regard
each bubble to preserve its volume as it undergoes displace-
ment and shape oscillations.!

The case of small volume fraction £ of gas bubbles free
of surface-active contaminants has been analyzed recently
by Sangani' using the method of pairwise interactions. His
result can be expressed as

X’a = 2’10 +18/’{‘ul + O(Bl) (4)
The coefficient 4, is independent of  * ;ind, forp* =0, it s
given by .

( 120% 4 1203 | )

fluo = 3 1 el .

1430+ 1807+ 1803

Q= (—iup*y"2 ‘ (5

We note that the nondimensional viscosity, which is the
inverse of the Reynolds number based on Rw as the charac-
teristic velocity, may also be expressed in terms of @, as
u* =p/(3yP,pR’0?)'?, with w, =w/w,. For an air-
. water system, u*~10""/(2Rw, ), R being in cm, and there-
fore its numerical value is small compared to unity even
when @, is small. We shall therefore restrict our discussion
to the case of small u* and small @,. More specifically, we
shall be interested in the evaluation of 4, correct to O(u*)
and to the leading order in w,, i.e., to O(w?). The pairwise
interaction calculations of Sangani! for acousti¢ wave pro-
pagation in dilute bubbly liquids suggest that such a limit is
useful whenever @, is less than about 0.4. Thus the calcula-
tions for small z2* and w, are, in fact, not very resiricted in
their applicability.

The O(f) coeflicient in (4) as a funciion of ¢ * for
p£* =0 and small p2* is given in Ref. 1. In particular, it was
found that, for the two special cases of ¢ * = w and o * = 0,
this coefficient is given by

i -‘_'[3[_1.84+ 39.50° + 0(O")], o*= o,
T3 — 1.50 + 22.802 + O(QY)], o*=0.

For intermediate values of o *, the coefficient A,, does

(6)

not ‘vary smoothly between these two extreme values but~

rather undergoes large fluctuations whenever o * is less than
about 0.11 owing to the shape deformation resonances that
are excited by the pairwise interactions among the bubbles.’

The main purpose of the present study is to compute 4,
for nondilute bubbly liquids to examine how sensitive this
quantity is to the details of the microstructuré and the var-
ious physical properties. The results’ are presented for or-

dered as well as random dispersions of bubbly liquids. In the-

latter case, other statistical properties, such as the variance
of the bubble velocity from its mean, are also computed. The
results for 4, can be used directly to estimate the attenuation
and speed of sound waves through the use of the following
relation valid for small @, (Ref. 1)

1/C% = (Bo/yP,) (1 — A,B). (7
Here, C,; is the effective wave speed in the medium. The

viscous effects make A, and hence C, a complex quantity,
indicating an attenuation of sound waves. The latter can be
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_computed from the imaginary part of the effective wave

number given by the relation &, = w/C,.

Clearly, the quantity 4, defined in (1) is related to the
added mass and other forces acting on the disperse phase.
We can render this connection explicit with the following
arguments.

As already stated, in this paper we confine ourselves to
the case of small-amplitude oscillatory motion. Under these
conditions, one may write the following expression for the
total force acting on a single bubble immersed in a unidirec-

- tional liquid flow at high Reynolds number,

F=iov, (4, —¥) + 127pR(u

Here, v is the velocity of the bubble, v, = 47R /3 is its
volume, and u,, is the liquid velocity far from the bubble.
The first term in the right-hand side is the added mass force,
the second one is the drag at high Reynolds number, and the
last one is the apparent inertia force due to the fact that the
bubble partakes the motion of a liquid particle subject fo the
acceleration 6, . The previous expression suggests the fol-
lowing parametrization for the average force per bubble in

~v¥)y+pra,. (8)

. the case of a mixture:

<F) ?Capub <u > )
+PU;_. <um! + lz‘ﬂ‘luRCd(um - V)’ (9)

where C, and C; are the added mass and viscous drag coeffi-
cients normalized so that they both approach unity as 8—0.
It should be recalled that, in {9), u,, denotes the mixture
velocity. Equation (9) can be expressed in terms of the aver-
age liguid velocity (u) by using the relation

(W, = (1—B)(uy + B{v).

If the disperse phase can be considered massless, an exact
relationship between A, and the coefficients C, and C, can
be derived by simply setting the force given by (9) to zero
and substituting multiplication by /@ for time differenti-
ation. With (1), we thus find

Ay = 2+ CY1/C, —360%C,/C2Yy  (p*=0). (11)

The calculation of C, for dilute bubbly liquids has been
the subject of investigations by van Wijngaarden,? Biesheu-
vel and van Wijngaarden,” and Biesheuvel and Spoelstra.*
van Wijngaarden® determined the average velocities of the
bubbles and the liquid immediately after they are set impul-
sively into motion and found the result

C, =1+ 2768 + 0(8%). (12)

He assumed the mixture to be initially at rest and the disper-
sion homogeneous and dilute. This result is the same as
would be found by use of Egs. (4)-(6) and (11) for &t =0
and o * = . This is because the average velocities of the
bubbles and mixture in the situation considered by van Wijn-
gaarden are also related by 4, as the resulting boundary
value problem is identical to the one that arises in the smali-
amplitude oscillatory motion examined here. Although
(12} was derived for the special case of bubbly liquids initizl-
ly at rest, it is also valid, as shown by Biesheuvel and Spoel-
stra,* for a situation in which an “equilibrium” flow (ie., a
uniform, steady, homogeneous flow) is given a small instan-
taneous velocity change. In this case, the small changes in

(10}
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the average bubble and mixture velocities, (Av) and (Au,, ),
are once again related by the same A, provided that the pair
probability distribution function for the spatial pos1t10n of
the bubbles is uniform in the equilibrium state.

Following Biesheuvel and Spoelstra, an alternative de- v

finition of the added mass coefficient can be given by imagin-
ing the actual state of motion of the dispersion generated
impulsively from a state in which the liquid and particles
move with the same velocity.*> They calculate the incre-
ment of the liquid momentum under the action of these im-
pulsive forces and then average over an ensemble of realiza-
tions. The added mass coefficient is obtained by division of
the increment in the méan liquid momentum by the mean
relative velocity between the particles and fluid. Unlike the
previous definition, the added mass coefficient calculated in
this way depends not only on the relative position of'all the
bubbles, but also on their prescribed relative velocity in the
final state that is'to be generated impulsively. Biesheuvel and
Spoelstra assumed uniform velocity and spatial distributions
and showed that, for a dilute dispersion, this alternative de-
finition leads to a different estimate of C, given by

C,=143328+0(B?. (13)

The reason why the two procedures for the calculation
of C, lead to different results is a consequence of the fact that
the added liquid inertia depends on the distribution function
of the particles’ velocity. In the first case, this is determined
implicitly by allowing the particles to acquire, as a conse-
quence of the impulse, a velocity in accordance with their
individual equation of motion. In the second case, the velo-
city distribution must be prescribed at the outset, and differ-
ent choices will give different values of the numerical coeffi-
cient of the O(f) term. When the particles in the final state
all move with the same velocity, a Galilean transformation
will bring them to rest. The same result (13) would then be
found by computing the average force needed to keep the
particles stationary when the mean liquid velocity is pre-
scribed. This is indeed the case, as we have shown in Ref. 6.

In view of the effect of the velocity distribution on the
computed value of C,, one can expect that, for a periodic
arrangement of particles, the two different approaches will
give the same result. This has indeed been found by Biesheu-
vel and Spoelstra. It may be noted that, although the numeri-
cal results for the C, of nondilute periodic arrays presented
by these authors on the basis of their expression (35) are
correct, the subsequent expression (36) that purports to give
an approximate formula for the C, of nondilute random ar-
rays is incorrect as it suggests that this quantity will diverge
as 3 approaches its maximum packing value.

An important question raised by the previous considera-
tions evidently concerns the magnitude of the differences in
the values of €, that can be expected depending on the pro-
cedure used for its calculation. In this paper, we examine this
point by using the first approach described above to calcu-
late C,, but allowing the particles’ density to range from O to
. For p, =0, our result generalizes then van Wijngaar-
den’s (12) to finite volume fraction. On the other hand, for
P — o, all the particles remain fixed and therefore, as noted
above, we find a generalization of the result (13). Interme-
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diate values of p, will evidently be equivalent to yet other
velocity distributions. Our numerical results sugget that the
differences in C, are relatively insignificant with results, in
fact, not too different from those for periodic arrays. Our
findings for the different p, are not merely a device to exa-
mine the effect of the velocity distribution, as they can be
expected to be relevant for the study of oscillatory flows of
suspensions of rigid particles whenever inertial effects are of
prlmary importance.

The expressions (12) and (13) for C, in the case of
dilute arrays were derived only for spherical bubbles. We
have examined the effect of small deformation of the bubbles
due to finite interfacial tension o *. However, in view of the
fact that the shape-dependent resonance effects make 1, a
rather sensitive function of o * below ¢ * of about 0.11, as
shown by Sangani,' we have determined A, only for larger
values of o *. For these larger values, our calculations once
again show that A, and, hence C,, is a rather insensitive
function of o *.

In summary, our detailed calculations for the added
mass coefficient under a variety of different conditions show
it to be a rather insensitive function of most of the para-
meters including the detailed spatial and velocity distribu-
tions of the bubbles, density, and surface tension, suggesting
thereby that the estimates of C, as a function of 8 obtained
here may be used in the modeling of more complex flows
with a reasonable degree of confidence.

The above discussion was confined to the case of bubbles
free of surface-active impurities so that boundary conditions
of zero tangential stresses apply at their surface. For small
bubbles, the surface-active impurities usually present affect
the nature of the interface between the gas and the liquid,
which can be treated as rigid. In this case, the appropriate
surface boundary condition is a no-slip one and the average
force is more aptly parametrized by

(F(6)) = pv, (it,,) + } p, C, (i1, — )

+ 6R *JmpuC f (i, — V) (1) =2
6] . ! m
(14)

+ 6mRuu,, —v)Ch. -

The third term in the right-hand side of this expression indi-
cates a dependence of the force on the particle on the past
history of the flow and corresponds to the Basset force (see,
for example, Landau and Lifshitz” ). For the case of oscilla-
tory motion proportional to exp(iwt), the above expresswn
can be equivalently written as

(Fy = iwpv, (i, ) + ¥l — V)
X [C, +9QC, +902C; + 0% ]}, (15)

where carets indicate the (complex) amplitudes of the oscil-
lating quantities. The added mass coefficient C,, being de-
termined from the inviscid approximation, is the same as for
bubbles free of impurities. Note that the viscous correction is
now large, of O(Q)), compared to the viscous correction of
0(Q?) for impurities-free bubbles. While (14) is an exact
expression for the force on an isolated sphere in a linearized
Naviér—Stokes flow, the expression (15) for the average
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force on a bubble in a bubbly liquid has an error of O(£%).
The viscous drag coefficient C} for rigid particles is, of
course, different from C, for impurities-free bubbles. Final-
ly, it should be noted that the averaged force on a bubble in
the limit of large € can also be represented in terms of vis-
cous, Basset, and added mass forces, as in (15), but the de-
pendence of the coefficienis C;, C,, and C, on the volume
fraction in the two cases will be quite different. The results to
be presented in the present work apply only for small (.
The analysis for the determination of the viscous correc-
tions to A, by properly taking into account the presence of a
Stokes layer on the surface of each impurities-free bubble as
presented by Sangani® is modified here to treat the case of a
no-slip boundary condition. Although the thickness of the
Stokes layer is small, the viscous corrections cannot be deter-
mined directly from an application of the usual boundary
layer type of analysis for flat surfaces because displacement
thickness effects are important. It is convenient instead to
use expansions for the velocity field in terms of Legendre
polynomials around the center of each bubble. An interest-
ing result of the analysis for the no-slip particles is that, if the

angular velocity is expanded in powers of £}, the coefficient ~

of each term is identically zero, indicating thereby that the
mean angular velocity of rigid particles placed in a simple
oscillatory flow must approach zero faster than any power of
as Q-0

The calculations of the first viscous effects, i.e., the de-
termination of C, for rigid particles and C;, for impurities-
free bubbles, involve similar boundary value problems and,
in fact, it can be shown that C,, for massless particles is exact-
ly the same as C; for impurities-free bubbles with o * = «
and p* = 0. Our detailed numerical calculations for nondi-
lute perjodic and random arrangements of bubbles show,
once again, that these coefficients are relatively insensitive to

the details of the spatial distribution of the bubbles. The drag-

coeflicient C7; for no-slip particles, on the other hand, ap-
pears to be somewhat sensitive o the spatial distribution for
higher values of 3.

. Finally, we also presem‘: calculations for the analytical
determination of the various force coefficients for dilute per-
jodic and random arrays. The expressions for the periodic
arrays are correct to O(f3 ') and, in the light of the finding
that the various force coefficients are insensitive to the spa-
tial distributions of the bubbles, serve as useful simple for-
mulas that couid be used in modeling more complex flows of
bubbly liquids in which the inertial effects are of primary

“imiportance and in which the bubbles remain approximately
spherical. In particular, it is found that the asymptotic for-
mula for C, for dilute periodic arrays gives predictions that
are within 5% of the computed values for random and body-
cefitered cubic arrays for 0<A<0.5. An analysis is also pre-
sented for the mean-squared fluctuation or variance of the
amplitude of the bubble velocity from its mean. Such calcu-
lationsare expected to be useful in investigations of the stabi-
lity of homogeneous flows of bubbly liquids when subjected
to small nonuniform perturbations in 3.

The organization of the paper is as follows, In Sec. II, we
present the method to determine the viscous corrections.
The interaction between all the particles is essentially the
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same as in potential flow: The consideration of thin Stokes
layers near the surface of each particle only modifies the
boundary condition to be satisfied by the potential flow ap-
proximation. In Sec. ITI, we present analyses for dilute perio-
dic and random arrays. Only the case of rigid surfaces is
treated in detail as this represents a significant modification
from the previous work of Sangani.! Section IV addresses
the relationship between the added mass coefficient and the
effective thermal or elecirical conductivity of a composite
consisting of spheres in a matrix. Numerical results are pre-
sented in Sec. V.

il. FORMULATION OF THE PROBLEM
AND THE METHOD OF ANALYSIS

For numerical simulations of many-bubble interactions
in a random dispersion that is homogeneous and infinitely
extended, we have recourse to a widely used artifice consist-
ing in, first, randomly placing N bubbles in a cubic cell and
then filling up the entire space with copies of this cell. The
desired quantities; such as 1, are calculated for this confi-
guration of the dispersion and the process is then repeated
for several different configurations of the & bubbles in the
basic cell until the averages of the quantities over a number .
of configurations do not change appreciably. Actually, such
configurations need not be isotropic, and hence A, is a tensor
of rank two. For sufficiently large &, however, the off-dia-
gonal elements of the tensor are generally small and ascalar
estimate of 4, can be obtained by taking the average of the
three diagonal components of the tensor. The calculations
arethen repeated for larger N until the averaged quantitiesas
a function of N do not change significantly either. Thus the

..problem reduces to determining the velocity field when the

positions of N bubbles within the basic unit cell are specified.

We shall assume that the liquid may be regarded as in-
compressible and Newtonian and that the magnitude of the
velocity is small everywhere. When the nonlinear and gra-
vity terms in the equations of motion are negligible, the velo-
city field in the fluid is governed by the foliowing equations:

Vou =0, (16)
I a1

We shall assume that the velocity and pressure vary sinusoi-
dally with time as exp(iwt) with the corresponding ampli-
tudes denoted by a caret. The solution of the above equations
can be expressed in terms of three scalar functions (see Kim
and Russel®):

= —VP+ ¥ {VXVX[(x—x*)0"]

+ VX [(x—x*)¥°13, (18)
where x“ is the position vector of the center of the bubble «,
P = p/(iwp), and ¢ and y* are, respectively, the toroidal
and poloidal fields due to the bubble . The summation is
taken over all the bubbles in the dispersion. The functions P,
D%, and y* satisfy the following equations:

VZP = O, OB 2Vz®a a QR 2V2/1,a — :t'as ( 19)
where £} is defined in (5). These functions are to be deter-
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mined from the boundary conditions on the surface of each
bubble. For this purpose, it is convenient to express them ina
series of spherical harmonics. Thus, in a polar coordinate
system (7,0,¢) centered at the center of the bubble a, we
express P in the neighborhood of that bubble as

P=3 3 (P

num0m=0

. (7) cos m¢ + P . (7) sin m¢]

XP™ (cos 8), (20)
where
P, =Cor"+Eq,r "}, (21)

with a similar expression for P%,. We are interested in the
case of small (3, for which it can easily be seen that * and y*
decay to zero exponentially within a distance O(QR) from
the surface of the bubble a. Thus the poloidal and toroidal
fields of a bubble ¢, (y#a), will have a vanishing contribu-
tion to the velocity field around the surface of the bubble «,
provided that QR is small compared to the minimum dis-
tance between the surface of the two bubbles, which we shall
assume to be the case. In a random configuration of bubbles
there is, of course, a finite probability that two bubbles will
be close enough for their Stokes layers to overlap, but it will
be shown that the inclusion of overlapping Stokes layer is
necessary only in deteriiining corrections to orders higher
than Q2 [cf. the discussion following (74)]. The pressure,
on the other hand, varies on length scales comparable to the
radius of the bubbles and their separation distances, and thus
its computation requires that interactions among all the bub-
bles be accounted for. The scheme for solving this problem
therefore consists of two steps. In the first step, we determine
the condition satisfied by the pressure at the surface of a
bubble by taking into account the presence of the adjacent
Stokes layer and then, in the second step, we ignore the
Stokes layer in the vicinity of each bubble and determine the
pressure by solving the appropriate multiparticle interaction
~ problem with the boundary conditions at the surface of the
bubbles derived from the first step.

We now consider the first step, i.e., the determlnatlon of
the boundary conditions for P2,, and P2, at r = R, the sur-
face of the generic bubble. Ignoring the exponentially decay-
ing poloidal and toroidal fields due to other bubbles, the
velocity field near a bubble can be written as

3, = -2 o, (22)
ar -
o 1 d ( ) 1 dy
= P——— —k 23
“o r 06 (r®) rsin @ d¢ (23)
1 a . ) 1 dy
= —_ P—-— r®) | —— , 24
" rsinf ¢9¢( c?r( ) r 96 24

where, for brevity, we have dropped the superscript & on ¢
and y, and V2 is the surface Laplacian, i.e., the Laplacian
operator in spherical coordinates without the radial deriva-
tives. The components of the force and torque acting on the
bubble can be shown to be given by

F, = (47R*¥/3)ip (2@, — Py ),

F, = (4R */3)iop(Py; —2®,,), (25)
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3 A~ 3
2= (). 2=t (),
r

with the expressions for F3 and .2 3 similar to those for F2
and ,2’ with P,,,,, ®,,,, and ¥, replaced by 2,,,, ®,,,, and
Yom> respectlvely Here, @, (7), ¥ (7),.etc., are the coeffi-
cients of the expansions of ® and y in Legendre polynomials
analogous to (20). In the above expressions,
D(-)=Rd(-)/dr, and all of the quantities are to be evaluat-
ed at the surface of the bubble ¢, i.e., at r = R.

We shall consider separately the two cases of boundary
conditions at the interface mentioned previously.

A. No-slip boundary condition

The first case is that of rigid spheres for which the no-
slip boundary condition applies at the surface. As mentioned
in the Introduction, this case is appropriate for surface-con-
taminated small bubbles for which the molecules of impuri-
ties form a tight monolayer over the entire surface of the
bubble. This case is also applicable to rigid particles and, for
the sake of generality, we shall therefore take p,,, the density
of the particles, to be finite. It may be noted that, unlike the
more usual situation of boundary layers on bluff objects, the
Stokes layer remains attached to the surface of the particle
due to the linearization approximation.

The velocity on the bubble surface is given by

fi==¢-+WXr, at r=R. 27

The amplitudes of the translational ¥ and rotational W speeds
of the particle are to be determined as part of the solution
from the two additional equations

P

F = p,v,ioV, (28)

with ﬁ and :”z\’ the force and torque given by (25) and (26).
The unknowns ¢ and # are also related to P,,,, ®,,,, etc.,
through the kinematic boundary condition. For example, it
can be shown that

7 2 2. A
L =3p,0,R oW,

R, = — D(Pyy) + 29,
= (1I/R)[D(rPy5) — RP |, (29)
R, = y1o- (30)

Now we expand P,,., ®,,., and y,,, in a series of powers
of Q. Thus, for example, we write

P, (r)y= Z, P (N “(31)
5=0
and solve for the coefficients P3,,; etc., by comparing the
coeflicients of O(Q°) in the governing equations. Since ®
and y satisfy (19), the functions ®;,, and y;,, are propor-
tional to the modified spherical Bessel functions k,, that, for
small (), -are proportional to exp[ — (» — R)/(QR)]/r.
Thus the radial derivatives of ® and y are much greater than
the values of these functions at » = R. From (26), (28), and
(30), we then see that the angular momentum condition is

. satisfied only if vy}, = O for all 5. The same result applies to

the other two components of the angular velocity, and thus
we deduce that W—0 as Q-0 faster than any algebraic
power of Q. As a consequence, the toroidal field y vanishes
and the problem reduces to determining the relation between
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@ and P, Now, the no-slip boundary condition for the angu-
lar components of the velocity is satisfied by choosing

RP,, —D(r®,,) =0, n>2, r=R, (32)

and substitution for ®,,,, in the no-slip condition for the ra-
dial component of the velocity yields another relation
between these functions,

D(P,,)=n(n+1)D,,.. n>2, (;_R. (33)

To eliminate @, from the above two equations, we make
use of the fact that ®,,,, being proportional to the modified
sphetical Bessel function &, near »= R behaves as
[DUD,) = = —{l/Q + [8(n+ 1)/2]Q
+ 00"}, (R). (34)

From (32)-(34), we see that ®,,,, is O(£}) and, upon solv-
ing for the first three corrections, we find

D(P,,) = —n(n+ 1)OQP,,,, n32, r=R, (35)
correct to O(0?). These equations are also satisfied by P,,,.
The conditions for # = 1, i.e., for P},, at r = R, are obtained
next by combining the no-slip and the force balance condi-
tions and solving the resulting equations for each power in £}

separately The results of the analysis up to O(}*) can then
be recast in the following compact forms:

®,,, = (@ —20%)[D(P,,) — P, ], r=R, (36)
Py, —p*D(Py,)
=2(1 —p*) Py,
=2(1 - p*)Q(1 - 2Q)[D(P,,,) — P, ], (37
where p* = p, /p. Finally, the velocity of the particle can be

calculated to O(?) from
R, = — D(Pyo) + 2Py,

= [Py — D(Py) /(1 —p*). (38%)
The expressions for — 8, and — 8; can be obtained by re-
placing Py, in the aboveexpression by, respectively, P;; and
Py.

Equations (35) and (37) represent the boundary condi-
tions for the pressure coefficients at the surface of the rigid
particles obtained by accounting for the pressure interaction
among the particles while neglecting the viscous interaction.
Note that the quantities in the right-hand sides are multi-
phed by  and therefore P3,,, the coefficient of the ° term
in the expansion (31) of P, (r), can be calculated by
spceessive approximations for suap to 2.

B. Free-slip boundary conditions

This case is more suitable for larger, but approximately
spherical, bubbles or bubbles in liquids less prone to' amphi-
philic contamination than water. Now the boundary condi-
tions are the usual kinematic and dynamic conditions at a
free-slip surface. For the present analysis, we shall take the
density of the bubbles to be zero, but we will allow them to
deform. The poloidal field P is now O(£}?) and, unlike the
previous case, the toroidal field is not exponentially small in
(), but rather O(£)*). Appropriate forms of the boundary
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conditions valid to O({)*) have been derived by Sangani,’
and are

@, =20°[D(P,.) — P,.], (39)

Po + (n—1)(n +2)0 *D(P,,,) '
= —204D*P,,) -

+n(n~ ) (r+2o *[P,, — D(P,.) ]} (40)

where ¢ * = o/ (pw*R *) denotes the nondimensional inter-
facial tension. The velocity component in the x, dlrecnon in
this ease is given by

RYy = — D(Pyp) + 20,y = — (1 —4Q°)D(Py),
(41)

where we have made use of the fact that P$, =0at r=R
since the surface tension term in (40) vanishes for == 1.

it may be noted that there is a relationship between the
problems of determining P}, of rigid particles withp* = 0
and for PZ, of 1mpur1t1es-free- bubbles with o * = «. For
large surface tension, the term involving two derivatives of
P, in (40) can be neglected for n»2 and, from (21), we
find that D(P,,,) — P,,, = — 3E;,R "? = — D*(P,,,)/2.
Consequently, comparing the two problems, we see th_ét
P2z for impurities-free bubbles with ¢ * == 0 is exacily
twice P of rigid particles with p* = 0. This observation
subsequently yields C, {p* =0) = C, (0 * = w0 ).

C. The multibubble interaction calculations
for the pressure

Having derived the appropriate boundary conditions
for P, at the surface of each bubble for the above two spe-
cial cases, the nexi step is to incorporate them into the multi-
bubble inferactions. The procedure for this is similar to the
orie described in Sangani and Yao.® Briefly, since 2 satisfies
the Laplace equation, and since the problem of N randomly
placed bubbles in the basic unit cell repeated throughout the
entire space is equivalent to a superposition of N randomliy
placed periodic lattices, we express P in terms of periodic
singular solutions of the Laplace equation'® as

N W m=n
P(i) =~“"G‘X+ E Z Zm—lc';n——rn(4"m m
a=lun=1m=0
+42,K,,)8 (x —x9, (42)
where d,=d /dx,, x* denotes the position of the center of

the bul;bla « in the basic unit cell,
4\ J\"
se=() ()"
%) \ay
AT A
s[5 -2
=t 3;) an) 1

E=0X Xy, N=x, —ixy, (44)
and S, is defined in Ref. 10. In the low-frequency acoustic
application we are considering here, the wavelength of
sound is large compared with the size of the basic cell and it
is therefore appropriate to approximate the mean pressure
field by a linear variation with position. For this reason, in
the abiove expression for P, we have assumed that there exists

(43)
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a mean gradient G. It should be noted that Eq. (42); as
written, is exact and is equivalent to a simultaneous multi-
pole expansion around each bubble.

To determine the unknown coefficients 4 %, and 4 2, in
(42) from the boundary conditions on the surface of the
bubbles, we equate the representation (42) with the repre-
sentations (20) valid in the neighborhood of each bubble. It
is found® that the coefficient E %,, appearing in the expres-
sion (21) for P¢,, is related to A E ' by

E¢ =(—1)"""n—m)45,,
andA"‘

(45)

with a similar expression for £ @ Similarly, from

Ref. 9,
Cen=[(—2)"/(146,)]
X[/ (n+m)1(3f~"A, P), _ ., (46)
where P (" is the part of Pregular in the neighborhood of x*,

ie.,

PV = —Gx+ }: 3 zzf—l(A +ALA)

y=1K=1j=0

(47)

Sya
( - )
x—x7

A method for the efficient evaluation of the derivatives of .S,

appearing in this equation is described in the Appendix. The
following step is to expand 4 §,,, etc., in a series in powers of
€} and, using the boundary conditions on P,,,, obtain the
relations among the coefficients C$% and E % of O(£)°)

with s = 0, 1, and 2. The resulting set of equations is linear
and can be solved after truncation to a finite number of equa-
tions containing 4,,,, and 4,,,, with n<N, in (42). The trans-
lational velocity of each bubble is evaluated by making use of
relations (38) and (41). The calculations are then repeated
for larger values of N, until the results converge. To calcu-
late 1, we also need to evaluate the average velocity of the
mixture. This is described next.

D. The average velocity of the mixture

To determine the average velocity of the mixture, we
need to evaluate the integral of the velocity field over the
volume occupied by the liquid within the basic unit cell. Let
us decompose the velocity in two components, @i = 6% + §®
with #f = — VP and 6% =3V XVX[(x — x*)®*]. The
integral of i over the liquid volume can be shown to be

f WAV =GVt 3
43

a=1

Pn dA, (48)
where V, is the volume occupled by the liquid, V is the
volume of the basic cell, S *is the surface of the bubble &, and
n is the unit outward normal at the surface of the bubble. The
surface integral in (48) can be related to P,,, and thus the
contribution to the average velocity due to this part can be
readily evaluated. Next, we note that the contribution due to
& is important only near the surface of the bubble . The
Stokes layer is O(QR) and the tangential velocity contribu-
tion due to ® in this layer is O(1). Thus the integral of &®
contributes an O(£)) quantity in the case of bubbles with a
rigid interface. The corresponding contribution for the case
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of impurities-free bubbles is O()?) as the tangential velocity
correction in this case is O(f), the Stokes layer being
O(RQ) thick in both cases. The contribution due to this
poloidal field near the bubble « can be shown to be

f PdV = 21TJ J(—(rq) )sin26+2<1>'{‘gcos26)

Xrsin 0d6dr

. 87R? _,
= -

Combining now the contributions from both parts, we ob-

(49)

" tain

—23%) + 0(Q%).

(50)
On using (36)-(38), it can be shown further that
fo —2@5 = — p*Ri}
Since the average velocity inside the bubble « is §%, the
average mixture velocity can now be evaluated from
(§,,) =G+ (1 —p*)(¥).
This result, with p*
ties-free bubbles.

J.uldV GIV—}-—Z(P
Ve

=1

(51)
=0, also applies to the case of impuri-

Iil. SPECIAL CASES

Before presenting the results for nondilute bubbly mix-
tures, let us examine a few special cases. The simplest one is,
of course, that of an isolated bubble. If we take G; = §,;, then
only P,, is nonzero and we can write

Po(r)y= —r4+A,/r% (52)

For the no-slip boundary condition case, the successive ap-
proximations satisfy [cf. (37)], at r =R,

PS —p*D(P$) =0,
Ply —p*D(Ply) =2(1—p*) [D(P%) — P%1,
P%, —p*D(P%) = 2(1 — p*){[D(Py) — Py ]

—=2[D(P%) ~ P} (53)
whereby 4, can be readily evaluated to be
Ao _ 1—p* (1—69———1_”*
R* 142p* 1 + 2p*
+ 1202 8= U —p *)>. (54)
(1+2p*)?

Actually, the O(Q®) and all of the subsequent corrections
vanish identically, so that (54) is an exact result for an iso-
lated sphere. Now, A, for an isolated rigid particle can be
readily evaluated to be

= (1m0 o
1+ 2p* 1+ 2p*
2 (4—-p*)(1—p*)

+ 12 (112097 . (55)

Setting F= Priwvy A, in (15), we see that the above
expression for an isolated rigid sphere agrees with (15) if we
takeC, =C, =C;=1. -
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Similarly, the calculation of 4, for an isolated impuri;
ties-free bubble with p* = 0 gives

A, = 3[1— 1207 + 0(Q]. (56)

This result is in agreement with (11) if we tfake
Ct! = Cd Ead I-

A. Dilute periodic arrays

Let us now obtain results for dilute cubic periodic ar-
rays. In this case, the basic cell contains only one bubble so
that N =1 and Bq. (42) for Pis

23S,

as;
+ 4 4
dx 1 20 3x§
It can be shown that 4,, contributes to A4, only at O( ')
and, therefore, we need only retain A4, to determine the first
few approximations to A,,. Now, S| canbe expanded near the
center of a bubble in the basic unit cell as™®

S, = U/r—c+2mr%/3V + 0™, (58)
where cis a constant that depends on the geometry. Since we
are presently interested only in the derivatives of S;, the

magnitude of this constant is not important. Thus P, can be
approximated now by

Po=r[ — 1 +B(A1n/R?) +O0(B)] — dyo/r% (59)

Substituting for P,y in (53), solving for 4, to O(Q?), and
determining the velocity of bubbles and mixture from (38)

_and (51), we obtain the following estimate of 1, for the
special case p* =0: :

P‘=' —xl +‘4107 (57)

A, =3/[14 28+ 6Q(1 —20)]1 + O(Q*B%).  (60)
This result can be alternatively expressed in terms of a force
coefficient C defined, on the basis of (15), via

Cc=C, +9QC, + Q*C},

+0(Q%) =2(p*4, — /(1 —4,). . (61)
Thus, upon substituting {(60) into (61) and taking p* =0,
we obtain '
o 1+28+6001—20)
1—-4—-30(1-2Q)
1428 1
= +90
1-F (1—p)*
1428
+ 90— + O(B97,07).
(1-5»
Although the above expression for C, which can readily be
related to C,, C,, and C}, via (61), is derived here for the
special case of p* = 0, it can be shown that the result is ac-
tually valid for arbitrary p*. The result for the added mass
coefficient, i.e.,

C, = (1+28)/(1 —pB) + OB, (63)
agrees with the widely used expression first given by Zuber!!

(62)

who derived it using a cell model, which is thus exact for-

periodic arrays to O(897).

The above results for Capply to periodic arrays of rigid
particles. For bubbles free of surface-active impurities, it can
similarly be shown that
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C =C, + 18Q0%C, + O(f1®)
= (14 28)/(1 — B) + 18[Q*/(1 — )?]

+ 0B, (64)

This result is independent of surface tension, which only af-
fects the boundary conditions for P,,, with n>2. The consi-
deration of this parameter is therefore only important in the
calculation of terms of order O(f ') and higher. -

B. Dilute random arrays

Let us now determine the O(8) correction to C for di-
lute random arrays. The procedure for calculating this cor-
rection from the pairwiSe interaction of particles is now well
established. In principle, it consists of determining the velo-
city of a particle (referred to as the test particle) placed at,
say, the origin, in the presence of a second particle sitwated at
S and then multiplying it by the probability of finding the
particle at S and integrating over all possible values of 8.
Since the disturbance created by the second particle modifies
the velocity of the test particle by an amount proportional ta
(R /8)? for large S, this direct method of calculating the
O(3) correction leads to a nonabsolutely convergent inte-
gral. Methods to overcome such difficulties have been de-
scribed in the literature (see, for example, Refs. 12~-15). Fol-

. lowing Hinch’s method, we split the calculation of the

average velocity of the test particle into two parts and write
(#) ={8.) +(%,), (65)

where {¥,) represents the contribution from pairwise inter-
actions and (9,) corresponds to the velocity of the particle
placed in an effective medium with a uniform disiribution of
dipoles (see Sangani' ). The strength of these dipoles is the
same as the dipole induced in an isolated particle and is refat-
edto d,, given by (54). Thus (¥.) can be shown to be given
by

(¥.) =A,0(1 +B4,,R ~ )G,

where G is the value of — VPat infinity and 4,, and 1, the
coefiicient of O(B°) in 4,, are given by (54) and (55), re-
spectively. The quantity G can be related to the average velo-
city of the mixture from the ensemble-averaged momentum
equation by

(8,) = [1 4B (1—p*)]G. (67)

The part {¥,) corresponds to the contribution from
pairwise interactions and can be written as—

(66)

-

@) = ] #(0|S)P(S]|0)d¥,
S»iR

o

(68)

where P(S]|0) is the probability of finding a particle at a
separation vector S from the test particle and ¥*(0O|S) is the
veloeity of the test particle in the presence of the second
pariicle minus the first two reflections of O [ (R /5)°] and
O [ (R /5)%] in the interaction of the two particles. The rea-
son for subtracting these reflections is that the calculation of
{¥,) already accounts for them (see Sangani' and Acrivos
and Chang'*). Now, because of the linearity of the govern-
ing equations, we can write
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¥*(0IS) =g, G + (8o1 — &1 [(G-8S)/S?%},  (69)

where g,, and g,, are scalar functions of /R to be deter-
mined by solving separately two problems with the separa-
tion vector between the two spheres aligned parallel and per-
pendicular to G. Both functions decay to zero as (R /8)6 as
S— . The force coeflicient C, given by [cf. (61)]

" A

C P ()

(@) — (D)
can now be determined correct to O(f3) by substituting for
(¥) and (i,,) from (65)-(69) to find

- 1 , Co+20* (f’p>

C= ot B2+ Co)? ==t
where C; =1 + 9Q + 902%isthe O(S°) term in C. In writing
(70) and (71), we have used the fact that, due to the isotropy
of the pair probability distribution function P(S|0), (i,,),
(¥,), and (¥) are all parallel to G.

We note that, for periodic arrays P(S|0) =0 for
S/R <O(B"?) so that (¥,) = 0 and the above result (71)
agrees with that derived in the previous subsection [cf.
(62)] to O(B). In fact, the result for periodic arrays is cor-
rect to O(f) for all well-separated random arrays, i.e., ar-
rays in which P(S|O) = 0 for § = O(R).

For well-stirred random arrays of nonoverlapping
spheres, we take P(S|0) = B /v, (S»2R) and, upon substi-
tuting C, = 1 4 9Q 4 90Q%in (71) and making use of (69),
we obtain

C =C, +9QC, 4 992C/,
=14 9Q + 902 + 38(1 + 69 + 150?)

_ G+ B

2(1 —p*) R?

The functions g,, and g;, can be determined by solving the

two sphere problems using the boundary conditions for P,,,

as given by (37) [or (53)] and for the two extreme values of
p*, the detailed calculations give

(70)

(71)

J (2g,; +801)S%dS. (72)
2R

C,=1+2768, C,=1+2.118,
Ch=1+3918, p*=0, (73)
C,=1+3328 C,=1+2283,
Ch=1+5948, p*=w. (74)

As explained in the previous section, in these calculations we
have assumed that the Stokes layers of the two particles do
not overlap. Although this is incorrect for separation dis-
tances given by S — 2R = O({QlR), it can be shown that the
error associated with this approximation is smaller than
0(Q?). Indeed, the integrand in (72) is affected by an
amount smaller than O(Q) when the Stokes layers of the
two particles overlap and this incorrect estimate is used only
for distances of O(£}R).
The result for C can be expressed as

C =14 3BC,, +9Q(1 +2BC,,) + 90Q?

X (1+58C5,) + O(Q*B%) (75)
so that C,,, C,,, and C%; are all unity for periodic arrays.
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FIG. 1. The O(3) coefficients [cf. (75)] in C,, C,,and C] as functions of

the nondimensional density p* of particles. Here, 8 denotes the particle
conceniration by volume.

These coefficients for well-stirred random arrays as func-
tions of p* are shown in Fig. 1.

The analysis for dilute random arrays of bubbles free of
surface-active impurities is presented in Sangani' and the
result is given by (6). The coefficients of O() in this case
change very little as o * is varied from infinity to about 0.15.
Below this value, large fluctuations appear owing to shape-
dependent resonances. In terms of C, (6) for o * = « canbe
written as

C,=142768, C,=14+2118 (0*=cw).  (76)

As mentioned earlier, C,; for impurities-frec bubbles with
o * = « equals C, for rigid particles with p* = 0 and thus it
is not surprising that the O(f3) coefficients in (73) and (76)
are identical.

'C. Velocity variance in dilute random arrays

In the situation envisaged here, the bubbles execute
steady oscillatory motions around a fixed center. The ampli-
tude and direction of these oscillations depend on the ar-
rangement of the other bubbles in each particular realization
and are therefore different for each bubble in general. It is
therefore interesting to calculate the variance in the ampli-
tude of the velocity of the bubbles from its mean. For dilute
random arrays, this quantity can be estimated from pairwise
interactions. The presence of a second particle situated at a
separation vector S from the test particle placed at the origin
changes the velocity of the latter by

¥*(0|S) —3/(1 +20")G =gh G + (g& —g%)
X [(G-SS)/8*], (17)
where
gh =20 +6(1—p*IR/[(1+20%)25°]
and
gh =gn —3(1—p")R*/[(1 +2p*)>S°]
arescalar functions of S /R including the O [ (R /S)?] reflec-
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tion in thé fwo-particle interaction problem. Now, variance
can be estimated to O(B8) from

Var = (19 = ()

{D)*

= | lehG+ (a8 — g1)GSS/SYPSION,
S>2R '
(78)
where the vertical bars denote the magnitude of the enclosed
vector and the mean amplitude of the bubble velocity is ap-
proximated by its O(3 °) estimate corresponding to the velo-

city of an isolated pamcle For well-stirred random arrays,
the above expression for the variance simplifies to

Var — /3_1_@__ JR (2812

9R*
+ g8 8*dS + O(B?). (79)
Detailed numerical calculations then yield
02758+ O(B%Q), p*=0,
Var = (80
ar {0.059/5 + 082, p*= w. (30)

Itisinteresting to note that the contribution from the leading
O(R /8)* terms in g}, and g to the O(f3) coeflicient equals
(1 —p*)¥/[4(1 + 2p*)?], or 1/4 and 1/24 for p* equal to O
and . The contribution from higher reflections is thus
rather small in magnitude. It should also be noted that, while
the mean velocity of the particles approaches zero as p* — o,
the variance defined above remains finite because both the
numerator and the denominator of (78) tend to zero at the
same rate,

V. ADDED MASS AND EFFECTIVE CONDUCTIVITY

There have been attempts in the literature to relate the
added mass coefficient C, in the inviscid case to the effective
conductivity of a composite material consisting of a matrix
containing inclusions with a different thermal (or electrical y
conductivity.»*'¢ While the calculation of both quantities
requires the solution of the Laplace equation, the boundary
conditions in the two problems are, in general, different. In

this section, we study this issue and we prove that, although .

no universal relationship exists in general, there are some
'special situations for which an exact connection can be es-
tablished. The first one, as noted by Biesheuvel and Spoel-
stra,* is when all the particles have equal velocities. In a
dispersion this would either occur in 2 periodic array or in
the limit in which the density of the particles is very large
compared with that of the suspending fluid. Both cases, if for
different reasons, are somewhat artificial for the application
of present concern. Another case is that of small-amplitude
oscillatory flow around bubbles with vanishingly small sur-
face tension.

Counsider the steady temperature field in a system con- -

sisting of a homogeneous matrix containing equal spherical
‘inclusions of a different material. This temperature field
satisfies the Laplace equation and can therefore be written in
' a manner analogous to (42) as
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N  m=n
Grx+ 3 3

a=lp=im=0.
X(B%, A, +B%, K )8, (x —x%), (81)

where G is the average temperature gradient. Similarly,
near the surface of a particle &, a representation analogous to
(20) is available

T(x) =

zm—la?——m

T = }E ¥ [T, () cos me
2 ) 1o e (3
+ T2, (r) sin mg] P (cos ), (82)
with 7°2,, and T'2,, having the form (21), e.g.,
T2 = F% ptp He p =83, (83)

It is readily shown that the continuity of temperature and
heat fluxes ai the surface r= R of the generic inclusion re-
quires

FﬁmR + Ty Hﬁm

— o} _.__.O’ (84')
with
T, = (K +n 4+ 1)/(k — L)n, (85)

and k = k,;/k, the ratio of the conductivities of the disperse
and continuous phases. As before, all the coefficients B2,

Be ,F= wm>and AT arelinearly related and, in particular, a
relation smular to (46) holds, namely

Fm ( al T( r} )
with T the regular part of T" defined as in (47).

The dimensionless effeciive conductivity &k * = k. /&,
can be obtained from the coefficients H ¢, according to!”

(86)

x = x%3

k*(e)y=1~3B(H, )R ~°, (Hm}--—— T HS, (87)

in which, due to the linearity and isotropy of the problem,
the A, are evaluated with 2 mean temperature gradient of
unit magnitude in the x, direction, (Gy), = §,.

Let us now turn to the flow problem. If the particles’ law
of motion (F) = iwp,v, (V) is substituted into the expres- "

sion (9}, we find

(p* +1C) (M) = (1 +4{C, )(h,.), (88)
or, from (51),
[p* +4C, —B(1—p*) (1 +1C,) ¥

= (1 +4C,)G. - (89)

Furthermore, with the neglect of viscous effects, we have

from (38)
B =3ERR T/ (1—p*), (90)
SO vthat,. for G, = — 5,-,‘ [where the minus sign is introduced

‘to compensate for the difference between the first terms in

the right-hand sides of (42) and (81) ], (89) gives

p* 413G, L 3
e (0 L

1
= {1 —uc,,),.
(1+3

Itis clear that, if a connection between (£, ) and (H,,) can

{91)
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be established, comparison of (87) and (91).will lead to a
relation between & * and C,,.

We consider the case of rigid particles first. Upon appli-
cation of the boundary conditions (35) and (37), the follow-
ing relation between the coefficients C,, and E¢,, appear-
ing in the expansion (21) of Py, is found

C2 R"4+7,E% R ""1=0, (92)
where

71 = (1+20*)/(1 —p*),

7= —(n+1)/n, n32. - (93)

Fork =0, 1}, = 7, for all n>2. In addition, for p* - = (i€,
for particles much heavier than the suspending fluid), also
7{—»7, so that, in this limit, 7, =+, for all #’s and
E$, = HY,. Hence, from (87) and (91), we find

1 1—k* 1
l+=—C, || ——=14+—C,, 94
P+B(~+2 J] 5 +5C 9
from which
C,(p*> o) =2{[1—k*(0)1/Bk*(0) — 1}.  (95)

This relationship can readily be verified for the case of
dilute random arrays, for which J. effrey!? obtained

k*(0) =1 — 38+ 0.58862% + O(B?). (96)
Upon substitution into (9§ ), one finds
C,(p*—> ) =1+43.3248+ O(B?), 97)

in agreement with (13) and (74). _ _

It is rather remarkable that Eq. (95) also holds for per-
iodic arrays irrespective of the value of p*. This result rests
on the fact that, in the periodic case, the coefficients B ¢,, and
B2, areall proportional to B %, which is itself proportional
to HY, (Ref. 9). The proof of this property requires the use
of Eqs. (84) with #52. From (86), one can then write

Ff=1+nHHR 73, (98)
with the specific expression of the proportionality constant
immaterial for the present purposes. A parallel argument
can be carried through for the flow problem to obtain "

C%h=1+7E%R ~2. (99)
The crucial point here is that, since 7, = 77, for n3»2 and

x =0, the two constants 7 in (98) and (99) are identical.
From (84) with k = 0 and (92), we also have

C% =[Qp*+ 1)/(p* —DIELR ~3,

F$ =2H%R 3, (100)
so that
R7EG =(p*—1)/[2p*+1—-75(p*—1)], -
R7HS =1/2—1n). (101)

Upon substitution of these expressions into (87) and 9D,
one finds

C,=2[(1+384+7)/2-38—-1)],
k*=1-—-38/(2—1), (102)

and, upon eliminatioii of 7, the relationship (95) is found,
now independently of the value of p*.

2965 Phys. Fluids A, Vol. 3, No. 12, December 1991

We now turn to the other situation mentioned before,
namely the small-amplitude oscillatory flow around mass-
less bubbles with vanishing surface tension. In this case, the
bubbles deform so as to maintain a constant pressure—and
therefore also a constant potential—over their surface.
Equation (40) can then be cast into the form (92) with

m=1=(=-D(n+2)0*]/ =
[1+n(n—1D(n+2)0*],
nx»l. ’ '

Thus, when o*=0 and x- «, once again we find

E;.,. =H?7,. Upon setting p* =0, we then obtain from
(87) and (91) .

C.(c*=0)=2{[k*(0) —1]/Bk*(0) — 1}~

- (103)

(104)
Again, for dilute random arrays, J eﬁ'rey”' obtained
k*(0) =1438+45182+0(8%. (105
Upon substitution into (104), we then find
C,(c*=0)=142.2458 + OB, (106)

in agreement with the results obtained using (6) in (11).
While this limit case is fairly realistic for relatively large
bubbles, it should be remarked that the limit o * = 0 is not
approached smoothly as A, goes through an infinite number
of discontinuities as shown in Ref. 1.

V. NAUMERICAL RESULTS FOR NONDILUTE MIXTURES
A. Simulation of random arrays and convergence tests

To obtain estimates of 4, or, equivalently, C, we gener-
ate a random configuration of N bubbles within a unit cell
making sure that there is no overlap between any of the bub-
bles in the cell nor with those in the adjoining cells that are its
exact replicas. Figure 2 shows the radial distribution func-

241 o -

L.O - L5 20 25 30 3.5 40

FIG. 2. The radial distribution function g for random arrays with a particle
volume concentration 8= 0.3 simulated with N = 16 particles (dashed
curve) and N = 32 (solid curve). The open circles are the corresponding
results from the Percus-Yevick equation as obtained by Throop and Bear-
man {Ref. 17). Here, ris the distance from the test particle, dis the diameter
of the particles, and g is normalized such that it approaches unity for large r.
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tion for a few selected configurations with #=0.3 and N
equal to 16 and 32. The correspondinig cell sizes are, respec-
tively, 3.0 and 3.8 times the diameter of the bubbles. The
numerical solution of the well-known Percus~Yevick equa-
tion for the pair distribution function of a random distribu-
-tion of nonoverlapping particles as obtained by Throop and
Bearman'® is shown in Fig. 2 by the open circles. Their re-
- sulty'are approximated quite well with only 16 or 32 parti-
cles, particularly for the smaller separation distances, which
are likely to be the most important ones in determining the
behavior of nondilute suspensions.

As mentioned earlier, the randomly generated configur-
ations of bubbles are not isotropic in general and therefore 4,
is actually a tensor of rank two. For each configuration, the

nine components of A, were determined for 2 mean mixture. .

acceleration or, more precisely, G, in three mutually perpen-
dicular directions. The off-diagonal elements of the tensor
were generally found to be much smaller (typically two
orders of magnitude) than the diagonal elements and a mean
of the three diagonal components was taken as the estimate
of a scalar value of A, applicable to isotropic configurations.
The results for A, thus obtained were checked for conver-
gence for various values of ¥ and of the highest order Ny of
singularity retained in Eq.  (42). The total number of un-

knowns used in the computations is given by N, (N, + 2)N. -

The convergence of the numerical results for a random con-
figuration with ¥ = 16, p¥ = 0, and 8 = 0.3 is illustrated in
Fig. 3, which shows the percent deviation of 4,, 4;, and A,
from their converged value as a function of Ns. These coeffi-
cients are defined by

A, =4, +Q4, +-0%,.
As shown in Fig. 3, the resulis have virtually converged for

N, of about 7. The percent deviations from the converged
values are quite low (a few percent) even for N, = 1. All

o
I

-

-1 § i } L i i

Percentoge Deviation in Ags Abond Ay

FIG. 3. Convergence of the numerical results for A,, A,, and 4, [ef. (107) ]
as a function of the order ¥, of singularities retained in the expansion (42).
The percentage deviation for each quantity is calculated from its value at
N, =7 Here, = 0.3, N = 16, and p* = 0. The total number of unknowns
used in the computation is N, (¥, + 2)N.
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(107)

subsequent ‘calcnlations were therefore carried out with
N, = 5 (where the deviations are less than 0.1%), except for
some calculations for higher # values for which ¥, = 6 was
used.

B. Details of the computations

The computation consists of first determining the ele-
ments of a square matrix of size ¥ N, (N, + 2), which are
related to various derivatives of S, [ef. (42)], for all the
separation vectors between the N(N — 1)/2 pairs of bub-
bles. The derivatives are evaluated by using an Ewald sum-
mation representation of S, as given by Hasimoto'® together
with an improvement over the method described in Sangani
and Behl'® (see the Appendix). The total CPU time for the
determination of all of the nine components of the tensors
Aa» Ay, and A, on the supercomputer at Cornell Theory Cen-
ter with V, == 5 and ¥ = 16 (a total of 560 unknowns) was
about 28 sec, of which 11 were used in the vectorized mode.
The calculation of the multiparticle interaction matrix ele-
ments required about 12.7 see, while solving a system of
32360 linear equations required about 5 sec. ( Here, the fac-
tor 3 corresponds to the calculation of the components of 4,
in correspondence of the three mutually perpendicular di-
rections of G.) This system of equations must be solved suc-
cessively three times corresponding to the calculation of
0(Q%, oY), and O(Q?), making the overall time of
12.7 + 3% 528 sec. More specifically, the system of equa-

Bisthe aforementioned multiparticle interaction matrix, X
is the nnknown 3 X 560 matrix of A,,, and 4,,, [cf (42)],
and Y is a 3560 matrix determined from the boundary
conditions on the bubbles. Since we are expanding the un-
knowns A4,,,,, ete., in powers of ) up to O(2?), we must solve
these systems of equations separately three times. The com-
putations of 49, and A9, are used in determining the ele-
ments of Y' and thoseof 4}, A L | etc., in determining the
elements of Y2, The matrix B remains unchanged.

In view of the rather modest computational require-
ments, we did not utilize the highly efficient software for
solving systems of linear equations that are now available on
supercomputer libraries, but we estimate that the present
computational fime can be reduced further, roughly by a
factor of 2, by taking advantage of such software and by
making the vectorization code for determining the coeffi--
cients of the matrix B more efficient. (Of the 12.7 sec used in
compuiing the coefficients of B, only 2 sec were utilized in
the vector mode. ) Finally, we note that the CPU time in the
calculation scheme presented here will roughly increase as
N?for larger N.

C. Numerical resuits

Figure 4 shows 4, as a function of ¥ for p* = 0 and
B =0.3 as determined by averaging over 8-10 configura-
tions. The computed values of the mean for ¥ = 8, 16, and
32 are shown by circles. These mean values are, of course,
related to the mean of § for each bubble; the standard devia-
tion of b from its mean is shown by vertical bars. More pre-
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FIG. 4. The leading-order term A, of the velocity ratio A, [c¢f. (1) and
(107)1 as a function of the number of particles in the basic cell N. Each
vertical bar represents two standard deviations of the amplitude of the bub-
ble velocity from its mean [cf. (108)]. Here, the particles are massless
(p* = 0) and their concentration by volume is 5 = 0.3.

cisely, the vertical bars are two standard deviations with the
standard deviation (s.d.) defined by

N
(s.d.)?=Var-(8)? =N ~! z (F74%) — (¥)=(¥). (108)
a=1
It should be noted that this standard deviation is primarily a
function of S for random arrays and should only weakly
depend on 4. Since the results for A, and its standard devia-
tion change very little with &, all the subsequent results were
made with N = 16. )

Figure 5 shows C, for p* = 0 as a function of . The
results for a random array are obtained by averaging over
12-15 configurations with N = 16, with each configuration
providing three estimates of C, corresponding to the three
mutually perpendicular directions of G. The results for the
body-centered cubic array are virtually indistinguishable
from those for the random arrays. For sufficiently small
B(=0.03), the coefficient of O(B) in C, as determined
from the numerical calculations for periodic arrays is slight-
ly greater than that for random arrays, in agreement with
our dilute-array theoretical results described in the previous
section. The difference in the values of C, for the two arrays,
however, remains very small for all values of Sup t0 0.5. (At
small B values, C, for the body-centered cubic array is
slightly larger whereas at larger 3 values the random arrays
have a slightly larger value.) Furthermore, it is interesting to
note that the analytical formula (63) for C, for dilute peri-
odic arrays also remains within 2% of the C, values for ran-
dom arrays for S up to 0.5. Since this formula agrees with the
well-known estimate given by Zuber!'! using a cell approxi-
mation, we conclude that this approximation is excellent.
The difference between C, for simple cubic and random ar-
rays is also relatively small, so that we may conclude that C,
is a very insensitive function of the geometry of the array (at
least for well-separated particle distributions).

The above calculations of C, were based on p* == 0. The
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FIG. 5. The added mass coefficient C, as a function of the particle volume
concentration 8 for p* = 0. The results for body-centered cubic arrays, ran-
dom arrays, and the cell theory approximation of Zuber (Ref. 10) are all
represented by the solid curve. The dashed curve is for simple cubic arrays.

dependence of C, on p* is also very weak, as shown in Fig. 6.
For small S values ($=0.03), the C,for random arrays
with p* = « was found to be greater than that of a periodic
array, and C, for random arrays with p* = O was found to be
smaller than that of the periodic array, in accordance with
our dilute theory analysis [cf. (62), (73), and (74)]. The
difference in C, values, however, remained small for larger B
values. The difference between the C, values for p* = 0 and
oo at B=0.3 is less than 8% and that at §=0.5 is even
smaller, 2.5%. Since different values of p* imply different
relative velocity distributions among the bubbles, we con-

5 - Tt 17T Hl T 1 117 :| LOm S i §
- B=05 —
)___O_—O——Q—O———O—O—-O—H
q1— ]
Co 3l _
&__O___O___(,_*—o—o—ﬁ:fo—‘#
Py - —]
| g=0i |
| | Il J_LL]‘IIL L edd L lJJ_LL | . u,ul
1 i 10 100

o
FIG. 6. The addéd mass coefficient C, as a function of the density ratio p*.
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clude that C, is a rather insensitive function of the velacity
distribution as well.

The magnitude of the fluctuations in the velocity of the
bubbles from its mean plays an important role in the stability
of bubbly flows. Figure 7 shows the variance of this quantity
fcf. (78)] as afunction of B for random arrays with p* =0
Theése results have been obtained with N = 16 and are aver-
aged over about 15 configurations for each 5. Unlike the

~case of C,, which exhibited only small variations among dif-
ferent configurations with the same 3, deviations in the var-
iance by as much as 50% among different configurations
were found to be common. Hence, it is important to average
over a sufficiently large number of configurations in order to
obtain reliable estimates of variance. The expression for the
varidnce of dilute random arrays derived in Sec. ITI [cf.
(80)] was verified from the detailed numerical calculations
with 8 equal to 0.01 and 0.02. At such small 3 values, the
variations among different configurations is particularly
large. In fact, we observed large fluctuations in the variance
even with N as great as 80 (with N, = 1 and 3). The calcula-

tions for the variance were carried out only up to #=0.5.

The dashed curve in Fig. 7 is an extrapolation based on the
assumption that the variance will become zero for S close to
0.62.

The effect of surface tension on C, and the variance for
random arrays with B = 0.3 is shown in Fig. 8. There is very
little variation in C, or the variance as the nondimensional
surface tension o * is decreased from « to about 0.2. For
smaller values of o *, C, begins to increase slowly and there
is a very rapid increase in the variance. In fact, the variance
becomes comparable {o unity by o * of about 0.12 so that the
very notion of an average added mass coefficient of the dis-
tribution becomes meaningless. As mentioned in the Intro-
,ductlon, such large variations in the bubble velocities arise
due to shape-dependent resonances in the pairwise interac-
tions of bubbles.

003}~ ! 1 i 7 T ]

ooz ]
vor

oot ]
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\,
-
N\,
0.0 I I | I N
a2 0.4 06

‘FIG. 7. The velocity vatianice [ef. (78)] as 4 function of B for massless
particles (p* =0). The solid line represénts the computed values, the
dashed line shows the theoretical results for small 5, and the dot-dashed
curve is an extrapolation based on the assumption that the variance ap-
proaches zero as £—~0.62.
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FIG. 8. The added mass coefficient and variance in the amplitude of the
bubble velocity as a function of the nondimensional surface tension o * for
impurities-free bubbles with £ = 0.3.

The results for the Basset force coefficient C,, for rigid
particles with p* = O are shown in Fig. 9. In accordance with
(73), the values for random arrays are slightly larger than
for periodic arrays for small 5. However, the difference
between the body-centered cubic array and the random ar-
ray is not great and, in fact, the formula C, = 1/(1 — 5
[cf. (62)] for dilute periodic arrays gives better than 10%
accurate estimates for 5<0.5. For simple cubic arrays, C, is

| i | | I

ol 03 05
B

FIG. 9, The Basset force coefficient C, as a functioniof # for massless parti-
cles (p* = 0}. The solid curve is for random arrays, the dashed curve is for
the body-centered cubic atray, and the dashed and dotted curve is for the
simple cubic array. Note that these results for C, also apply to the viscous
drag coefficient of impurities-free bubbles with o * greater than about 0.2.
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slightly lower than for random arrays at smaller 3 values
and begins to increase more rapidly for 8> 0.4. We note that
the difference in C;, among all the arrays is rather small for 5
values of up to 0.4. The variation of C, with p* was also
found to be very small. For example, the largest variation in
C,, values, which occurs for § = 0.5 and p* = 0 and oo, was
found to be less than 5%. Finally, it should be noted that the
results for C, with p* =0 also apply to the viscous drag
coefficient C; of impurities-free bubbles with o * greater
than about 0.2.

The results for the viscous drag coefficient C; of rigid
particles with p* = 0 are shown in Fig. 10. The C} of ran-
dom arrays is slightly lower than for periodic arrays for S
less than about 0.03. (The difference, however, is too small
to be seen in the figure.) For /8 greater than about 0.05, C
for random arrays becomes greater than for simple and
body-centered cubic arrays. Finally, C for the simple cubic
array begins to increase more rapidly for B greater than
about 0.35; beyond which point C, for random arrays be-
comes smaller than for the simple cubic case. The estimate
Ch = (1+42B)/(1 —B)* for dilute periodic arrays gives
correct estimates within 10% for simple cubic arrays for
B<0.3 and for body-centered cubic arrays for 8<0.45.

VIi. CONCLUSIONS

In summary, our detailed calculation of the coefficient

of added mass C,, Basset force C,, and viscous drag C, and
" suggests these quantities to be relatively insensitive func-
tions of the geometry of the array (at least for well-separated
particle distributions), the density ratio p*, and the surface
tension parameter o * (provided the latter is larger than

FIG. 10. The viscous drag coefficient C, for rigid particles with p* = Oasa
function of 8. The solid curve is for random arrays, the dashed curve is for
the body-centered cubic array, and the dashed and dotted curve is for the
simple cubic array.
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about 0.2). In particular, the simple estimates of these quan-
tities for dilute periodic arrays given by Eqgs. (61)-(64) in
Sec. III can be used with a reasonable degree of accuracy.

After the original submission of this paper, a paper by
Felderhof was published in which the added mass and drag
coeflicients of suspensions of particles undergoing small-am-
plitude oscillatory motion are also studied.® Felderhofs
expressions for C, and C, depend, in addition to the volume
fraction, on a single parameter ¥, which he evaluates analyti-
cally to order 8 for the case of dilute arrays by using the
pairwise interaction theory. For the nondilute case, esti-
mates of ¥ are obtained by relating it to two statistical para-
meters, the three-point correlation function £, introduced .
by Beran®! and recently evaluated by Torquato and Lado*
and Sangani and Yao,” and a constant s, related to the Kirk-
wood—Yvon integrals recently calculated by Cichocki and
Felderhof.>® With these estimates of £, and s,, Felderhof
calculates approximate values of C, for 0<S3<0.5 and
0<p* < . His results for the O(f3) correction to C, are in
perfect agreement with our Fig. 1. The numerical results for
nondilute arrays are also in good agreement. For example, at
B =0.5, the difference is 8%. This agreement, however,
does not constitute a very stringent proof of the correctness
of Felderhof’s approximations since, as was mentioned ear-
lier, even the simple cell model of Zuber (which amounts to
taking ¢, = s, = 0) also gives estimates of C, within a few
percentage points of our exact results.

Felderhof’s results for the viscous drag coefficient, on
the other hand, appear to be inconsistent with ours. Unfor-
tunately he does not present many details and it is therefore
difficult to determine the source of this discrepancy. As a
matter of fact, we believe that it is unlikely that C, and C,
can both depend on the single parameter . As our analysis
shows, the presence of the Stokes layer around the surface of
a particle affects the viscous pressure contribution on all the
other spheres in the suspension and thus the determination
of C, is rather involved. Felderhof’s paper does not mention
this important effect and we believe that this might be the
origin of the difference.
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APPENDIX: THE DERIVATIVES OF S,

The function S, and its derivatives appearing in Eq.
(42) are most efficiently evaluated by the use of the Ewald
sum representation as given by Hashimoto,’

Sl(x)=§—1/227(_i,f(i_l&)_2_)_,%
L

2 4
-+ £ z [*(0,7¢k %) cos(2mkex), (Al)
V o
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where ¥V is the volume of the basic cell, x;_are the lattice
vectors, k the vectors of the reciprocal lattice; and £ is an
arbitrary constant. Neither the value of S, nor those of its
derivatives depend, of course, on any particular choice of
this parameter. The value £ = k2, / being the side of the
basic eell, is found to be convenient for the numerical com;

) - 2 [(rn—m)/2] FATES 7 .
O S =Y S (_?) O

saQ

Xy ;.zl'j " BR f Cos m¢L. - _2},%; 5:;05»;0
Vizo

where [ (z — m)/2] denotes the integral part of (n — m)/2
and y;;, Ry, Py, K, and &, are defined by

P =% —Xip, Rpcos®y =x, —x,,
Ry sin®y =x; — X3, k, =Kcos Py,
k3 = K Sin (pk .
The formula for differentiation according to the operator A ,
is similar except that the cosine terms are replaced by sine
terms. We have found that these relations are computation-
ally more efficient than those used in Ref. 9.

" 'With the use of the above expression, we can also detet-
mine more complicated derivatives of S| . For example,

(A4)

AnAS =4, .S +323%A, _, S, for m>n

=48,,4,8) + (=P —nd{""VHA,, _,S,,
- (AS)

where use has been made of the fact that- d, d,
=}(V?—3?) and that V*S; =0.
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si(n—m — 253t

£ 32t — 217')"003[217(1:-): + TZ—)] T* (07 Ek 2 Yk T~ ™K ™ cos m®Py,,

putations. In Eq. (A1), '* isan incomplete gamma function

defined by

L3

exp( — xE)EH dE.

The above expression for §, may be differentiated in a

F*(u,x) =f (A2)
1

manner similar to that given in Ref. 19 to obtain

(o) e L, TE XY

(A3)
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