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Abstract

Some new exact solutions are obtained for the nonlinear dispersive K(m, n) equations using the exp-
function method. The results show that the method is straightforward and concise and its applications are

promising.
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1 Introduction

In this paper we consider the following
nonlinear dispersive K(m,n) equation:

ut+a(um)x+(u”)m:0 (1)

first proposed by Rosenau and Hyman [1]. For
certain values of m and n, the K(m,n) equation
has solitary waves which are compactly
supported. It was shown in Refs.[1,2] that Eq.(1)
presents compactly supported solutions with
nonsmooth fronts. A large number of methods
were suggested recently to study the nonlinear
equations, such as the variational iteration
method [3-8], the homotopy perturbation
method [9-13], the variational method [14] and
the parameter-expansion method[15], a complete
review on recently developed analytical methods
is available in Refs[16,17]. In this paper, we will
apply the Exp-function method[18-20] to
K(s+1,1) equation in the form [21].
u +au’u, +u, =0

)
2 Exp-function method
The Exp-function method[18-20] is widely

used to search for generalized solitary solutions
and periodic solutions[22-26]. To illustrate the

general solution procedure, we consider the
following general partial differential equation:

F (U, U, Uy, Uy, Uy,,---)=0. 3)

We aim at its wave solution, so we
introduce a complex variable, 77, defined as

n=kx+at. 4)

We, therefore, can convert the partial differential
equation, Eq.(3), into an ordinary differential
equation :

G(u, U’ kv, 0’u" k", ) =0. (5)

The Exp-function method is to search for
its solution in the form

ZLC a; exp( j)
Z?:_q b, exp(in)

where c,d,p and Q are positive integers

u(n)= (6)

unknown to be further determined , a; and b,
are unknown constants.

3 Solution Procedure

Using the transformation (4), Eq. (2) becomes

ou’ +kau®u' +k*u"” =0 7)
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Integrating (7), and setting the constant of
integration to be zero, we obtain

a)u+a—ksu '4Kku"=0 (8)

s+1

where the prime denotes the differential with
respect to 77.
Making the transformation

u=v", 9)
Eq.(8) becomes
s*(s+1D v’ +aks’v®
+k° (1- s.z)(v')2 +k3s(s+)w"=0 (10)

We assume that the solution of Eq.(10) can be
expressed in the form

aexp(n)+a,+a,exp(-7
V()= (7)+3 (

)
exp(n)+b, +b_ exp(-7) D

Substituting Eg. (11) into Eq. (10), we have
1
K{Co +C, exp(n7) +---+Cyexp(@)}=0 (12)

Equating the coefficients of exp(nz) in Eq.(12)
to be zero yields a set of algebraic equations:
¢,=0,C, =0,C,=0,C, =0,
C,=0C, =0C,=0C,=0C;=0
Solving the above algebraic system with the help

of symbolic computation system, we obtain the
following results

Case 1:
A+ A+B
= 0,a
&= 6sab_, B A= 6sa
b, :ﬂ, b, %0,
saa,
—k B
k=0, a):M; (13)
6s(s+1)b,

A-B A-B
= 0,a,=—-+,
%= 65ab &7 6sa
bO=A1+Bl, b, =0,
saa,
-k(A -B
k=0, w:M; (14)
6s(s+1)b,
where

A =4(s+1k’b, and B, = /A’ —6s*aa’b,

Cases 3 and 4:
B (s+1)k2AZ 4
15saB, = ° s
_ (s+Db k*A,
B 15saB,

b, = Z\Fb .(19B,-192b ,)
5

I+

3 1 g —1

(B,)?
4kbAC,
TR 35

where

A, =215b , +/145b% ,
B, = 23b_, +./145h7

C, = /145", (2641K* +6495s )

+5b_, (7579k” +16629s).
Cases 5 and 6
_(s+DK’A | aO:i(s+1)k B, |
15saB, S 15a°
_ (s+Dk’b A,
* 15saB, '

3b,(19B,-192b_
b __2\/; ( 3 - l)’

(B.):
4kb*C
RNTT 1e)
3
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Cases 9 and 10:

where

A, =215h , —/145b? ,
B, = 23b_, — /1457, ,

C, = /14507 (2641k” +6495s)

a1=A‘-’—C:3,a0: Bb CS’a ’%Cb ,
30 \ 15 30

(5x/§a+\/ﬂ)\/@

b():i lb,]_:b,l!
~5b , (7579k* +16629s). 1643
3
w=- a;;;l; : (18)
Cases 7 and 8 where
_AG L Bbi. , _AGH, 25a++1452°  _ 23a-v145a’
BTy BTy BT Ty 0 AS P 3 !
a’ a
(5v5a—+/292° )1/ B,b., oo Ba-Nusa® o 23a+i45a’
b=+ 16\/§ by=h,, a’ P a’ ’
aAk® C :M
= : (17) ’ s
30s For each case, we obtain the corresponding

solutions as follows:

1
s

+B,)e™ ! +6saaZh , +ah (A +B,)e ™
Ul(x’t): aO(Al l)kx-¢— t ao (Ai 2 )kx+w1t) ! (19)
6saagh e +6b, (A —B, ) +6saa,b’e
1
_ kx+aw,t 2 (xtant) \s
u, (x,t) = a, (A —B,)e™"™ +6saash , +ah, (A —B, )k | 20
Essa'a'ob—lekxmZt +6b—1(A1 + Bl)+GSaaob_21 oot
—k +B —k _B
1
2 kx+ant ~(kx+at)
U, (x,t) = J5(s+1) ak’A (B )2e +k’B;v15a” +ab_k*A, (B ) o
e 15sa’

3
J5(B, )7 et +24/3b , (19B, ~192b , )++/5b , (B ) (s ant)

[Z)

J5(s+1) ak’A,(B )2 et +k*aB715a° +ab_k’A, (B ) ~(kxragt) )

Ug e (X, 1) =

3
155" [5(B,)2 e**“ + 230 , (19, ~192b , ) + /5., (B, )2 & 1

where A, =215b_ ++/145b% , B, =230, ++/145b% , A, =215b, — /14507 ,

2
B, = 23b , —+/145b% , o0, =k — 41%;‘;% @, =
2

_4p2kC,

15sB;
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C, =/145b7 (2641k” + 64955 )+5b_, (7579k” +16629s),
C, =+/1450’, (2641K” + 64955 ) -5, (7579k* +16629s) .

o | =

8./3A,C.e"" +48,/6B,b ,C, +83A,C,b e

(23)
RS Py 36 +15(5v5a— V298" | [B/b., + 240V ¢ "
1
8\/§A3C3€kx+wzt +48 ISBSbilcs+8\/§’%C3bile*(kx+wzt)
U0 (X, 1) = (24)

2406 J_r15(5\/§a +/29a2 ) [B.b_, +240b e *)
25a ++/145a° 23a—+/145a2 25a —+/145a° 23a++/145a°

where A= BT AT o BE T
3 3 k?(s+1
a)1=—aA“k , Wy =— ank andc—g.
30s 30s S

When k is an imaginary number, the obtained solitary solutions can be converted into periodic
solutions [18]. Setting k =iK and @ =iQ, we obtain the following transformations:

e = cos[Kx + Qt]+isin[Kx+Qt], (25)
and
e ) = cos[Kx + Qt]—isin[Kx + Qt],. (26)

Substituting (25) and (26) into Eqgs. (19)-(24), respectively, leads to the following periodic
solutions:

w |

0y (%) a, (6, + 8, ) cos[Kx + O,t] + 3saa, @7
HAT 6saa, Cos[Kx +Q,t]+3(J, +6,)
1
0y (x,1) = 3, (6, — 3, ) cos[Kx + Q,t]+3saa; |° 28)
v 6saa, cos[Kx + Q,t]+3(5, - 5,)

-K (o, +0 -K (5, =9
where 61:4k2(s+1), 52:‘152 6a’a 24 QZMand Q,= 6(1 2)_

6s(s+1)

Uy (X,1) = 2/5(s +1)ak? 5( )2 cos[Kx+Qt]+5f(s+1 Jazk? 52 | 20

30v/5sa? (& )zcos[Kx+Qt]+30\/— sa® (195, -192)
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1 s
2/5(s +1)ak?5, (8, )2 COS[KX + Q,t] £ 5/3 (s +1)1/a’k?57

U516 (X' t) = 3 ' (30)
30/5sa? (5, )2 cos[Kx + Q,t] +30+/3sa? (195, —192)
where 8, =215++/145, 5, = 23+/145, 5, = 215-+/145, 5, =23—-/145, Q, =K — f;;; ,
4
Q,=K —iag, o, =~/145( 2641k’ + 64955 )+ 5( 7579k +16629s) and
15s06;
a, =~/145( 2641k’ +64955) —5(7579k* +16629s ).
1
ooy (01)= 164/36,6,, cOS[Kx + Q]+ 4858, 6, | @
TEET | 480vBcos[Kx + Qut] £15(5v5a —/29a° )\/E8 '
1
164/35,5,, Cos[Kx + Q. t] + 48./55,..5 S
Usg 20 (X,t) _ 9% 6 10911 ' (32)

480/3 cos[Kx + Q,t] i15(5\/§a+\/29a2 )Ja_m

where

25a ++/145a> 23a—+/145a° 25a —+/145a? 23a++/145a°
57:—2 ' 58:—3 J 59:—2 ' 5102—3 '

a a a a
k?(s+1 K3 K3
= —( ) , Q= 80, and Q, = 8%, .
S 30s 30s
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