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Abstract 

A brief introduction to amplitude-frequency formulae for nonlinear oscillators is given, an 
improved one is suggested.   
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We consider a generalized nonlinear oscillator in 
the form  

( ) 0, (0) , (0) 0u f u u A u′′ ′+ = = =   (1) 

We use two trial functions  

1( ) cosu t A t1ω=                   (2) 

and  

2 cosu A 2tω= ,                   (3) 

The residuals are  

1 1( ) cos ( cos )1R t t f A tω ω= − +          (4) 

and 
2

2 2 2( ) cos ( cos )2R t t f A tω ω ω ω= − +      (5) 

The original frequency-amplitude formulation 
reads[1-4]  

2 2
2 1 2 2 1

2 1

R R
R R

ω ωω −
=

−
                 (6) 

In my previous publications[1-4], I just used the 
following formulation  

2 2
2 1 2 2 2 1 1

2 1

( 0) (R t R t
R R

ω ω ω ωω = − =
=

−
0)      (7) 

Geng and Cai improved the formulation by 
choosing another location point[5]:  

2 2
2 1 2 2 2 1 1

2 1

( / 3) ( / 3)R t R t
R R

ω ω π ω ω πω = − =
=

−
  (8) 

Generally we can locate at  

1 2cos cost t kω ω= =             (9) 

  To illustrate this shortcoming, we consider the 
Duffing equation  

3 0u u uε′′ + + =              (10) 

Using trial functions  

tAtu cos)(1 =               (11) 

and  

2 cos2u A t=               (12) 

respectively for Eq.(1), we obtain the following 
residuals  

3 3
1( ) cos ,R t Aε= t             (13) 

and 

 3 3
2 ( ) 3 cos 2 cos 2R t A t Aε= − + t

k

.     (14) 

Locating at 1 2cos cos2t t= = , we obtain  

3 3 3 3
2 3

3 3 3 3

3 4 1
3
Ak A k A k A k
Ak A k A k

ε εω ε
ε ε

− + −
= =

− + −
2+ (15) 

Its approximate solution reads 
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2 2 1/ 2( ) cos (1 )u t A k A tε⎡= +⎣ ⎤⎦

3u

        (16) 

In view of the approximate solution, Eq.(16), we 
re-write Eq.(10) in the form  

2 2 2 2(1 )u k A u k A uε ε ε′′ + + = −      (17) 

If, by chance, Eq.(16) is the exact solution, then 
the right hand side of Eq.(17) is vanishing 
completely. Since our approach is only an 
approximation to the exact solution, we set  

/ 4 2 2 3

0
( )cos

T
k A u u tdtε ε ω−∫ 0= ,      (18) 

where ωπ /2=T . Substituting (16) in (18), we 
obtain   

2 3 / 4k =                  (19) 

Finally the frequency is obtained 

2

4
31 Aεω += .               (20) 

To improve its accuracy, we can use the 
following trial-functions:  

1
1

( ) cos
m

i
i

u t A tiω
=

=∑                (21) 

2
1

( ) cos
m

i
i

u t A t
=

=∑ iΩ ,              (22) 

or 

1
1

1

cos
( )

cos

m

i i
i
n

j j
j

A t
u t

B t

ω

ω

=

=

=
∑

∑
              (23) 

1
2

1

cos
( )

cos

m

i i
i
n

j j
j

A t
u t

B t

=

=

Ω
=

Ω

∑

∑
,            (24) 

Most useful trial-functions are  

1( ) cosu t A t=                   (25) 

2 cos ( )cos3u a t A a tω ω= + − ,     (26) 

and  

1( ) cosu t A t=                   (27) 

2
(1 )cos

1 cos2
A cu

c t
tω

ω
+

=
+

,             (28) 

where a and c are unknown constants.  
We can always set  in , and cos t k= 1u
cos tω =k in .  2u
 
Acknowledgement 

 This material is based on work supported by the 
Program for New Century Excellent Talents in 
University under grand No. NCET-05-0417.  
 
References 

 
[1] J.H. He, Some asymptotic methods for 

strongly nonlinear equations, Int. J. Mod. 
Phys. B, 20 (2006) : 1141-1199 

[2] J.H.He, Nonperturbative methods for 
strongly nonlinear problems, 
dissertation.de-Verlag im Internet GmbH 
2006. 

[3] J.H. He, Ancient Chinese algorithm: The 
Ying Buzu Shu (method of surplus and 
deficiency) vs Newton iteration method, 
Appl. Math. Mech. (English Ed.) 23 (2002): 
1407-1412  

[4] J.H. He, Solution of nonlinear equations by 
an ancient Chinese algorithm , Appl. Math. 
Comput., 151(2004) 293-297 

[5] L. Geng, X.C. Cai. He’s frequency 
formulation for nonlinear oscillators, 
Eur.J.Phys.28(2007) 923-931

 
 
 

 


	Ji-Huan He
	Abstract
	References


