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Abstract

In this paper, the Exp-function method is used for seeking solitary solutions, periodic solutions, and compacton-like solutions
of nonlinear differential equations. The combined KdV-MKdV equation and the Liouville equation are chosen to illustrate the
effectiveness and convenience of the proposed method.
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1. Introduction

Recently many new approaches have been proposed to solve exact traveling wave solutions of nonlinear differential
equations. For example, the variational iteration method [1-4], the homotopy perturbation method [5-10], the
variational method [11,12], the exp-function method [13,14] the tanh-method [15-18], the extended tanh-method [19-
23], the sinh-method [24,25], the homogeneous balance method [26-29], the F-expansion method [30-32], the
modified extended Fan’s sub-equation method [33,34], and so on. A complete review is given in Refs. [35,36]. Most
methods mentioned above belong to a class of methods called the sub-equation method. Especially the modified
extended Fan’s sub-equation method presents more general solutions using auxiliary ordinary equations, for example

¢'=A+¢

¢ = B¢ + C¢* + Dg*,
¢'> = A+ B¢® + Do,
¢' =r+pp+q¢°

and others.

In this paper we will apply the Exp-function method [13,14] to obtain solitary and periodic solutions from traveling
wave nonlinear differential equations. We will compare our solutions with those gained by the modified extended Fan’s
sub-equation method.
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2. Exp-function method [13,14]

The basic idea of the exp-function method is very simple; it is based on the assumption that traveling wave solutions
can be expressed in the following form:

d
> anexp(né)

n=—c

q
> byexp(mé)

m=—p

u(§) =

where ¢, d, p and ¢ are positive integers which are unknown to be further determined, and a, and b,, are unknown
constants.

Exp-function can be not only used directly, but also applied as a sub-equation method. To illustrate the basic idea
of the proposed method, we consider first the combined KdV-MKdV equation.

u,+,uuxu+8u2ux+u”x =0. (D)

The equation simultaneously exists in practical problems such as quantum field theory and fluid physics, and it
describes the wave propagation of bound particles, sound waves and thermal pulses.

According to the Exp-function method, we introduce a complex variation & defined as £ = kx + wt + ¢. Eq. (1)
thus becomes an ordinary different equation, which reads

ou' + kpuu' + kdu®u' + Ku” =0 )

where prime denotes the derivative with respect to &.
We suppose that the solution of Eq. (2) can be expressed in the following form:

uE) acexplcél + -+ + a_g exp[—dE] 3)
bpexp[p&]+-- -+ b_g expl—q&]

To determine the values of ¢ and p, we balance the linear term of highest order of Eq. (2) with the highest order
nonlinear term. By simple calculation, we have

W = crexpl(7p+c)§]+---

crexp[8p&] + - - “)
and
L = expl(p +3c)€1+ -+ caexp[(Sp +30)E] + - - 5
© coexpldpEl - cexp[8psl+--

Balancing highest order of Exp-function in Eqgs. (4) and (5), we have 7p + ¢ = 5p + 3¢, which leads to the result
p=c.
Similarly, we balance the lowest order in Eq. (2) to determine values of d and g:

u/// — C1l exp[_(7q + d)g] +

(6)
c2exp[—8¢&] + - -
and
L = exp[—(q +3d)E]1+---  c3exp[—(S5q +3d)E] + - - )
cyexp[—4gé] + - crexp[—8g&]+ -+
Therefore we can obtain the following relation
—(7g +d) = (—5q + 3d) (8)

which leads to the result ¢ = d.
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For simplicity, we set p = ¢ = 1 and ¢ = d = 1, then Eq. (3) reduces to
ai expl§]+ ap + a—1 exp[—£]
u(x,t) = .
by explé] + bo + b_1 exp[—£]
In case by # 0, Eq. (9) can be simplified as

€))

ay exp[&] + ag + a—1 exp[—£&]
_ , 1
U0 ) = lET + by + by expl—E] {10

Substituting Eq. (10) into Eq. (2), we have

1
Z[C3 exp(3§) + Caexp(28) + Crexp(§) + Co + C—yexp(—§) + Caexp(—2§) + C_zexp(—3§)] =0 (11)
where

A = (exp(§) + bo + b_1 exp(—£))*

C3 = —wag + ,uka%bo + Skafbo + k3a1bo — Ska%ao — pkaga; — k3ao + wa1bg

Cy = —28kayai — 2wa—y + pkaibl + 2pkaib_y + 2ukataoby — 8ka_y + 2warb_

—4k3a b3 + 2ukalb_y — pkal — 2waghy — 2uka_ya; — 28kata_y + 2wai b}
+4k>agby + 8k arb_y
C1 = —Swa_ibo + 8kata_iby + 58kataph_ + warby — pkalby + 6waibob_1 — Sk>a_1by
+2ukayb_yag — Skai — Kagbf + 3pkatbob_y + wkaibiag + 23k3agh—_y — 3uka_yag
—2pka_jarby — wagh—1 + Skadaiby — waobg — 68kayapa—1 — 18k>arbob_1 + k’a1by

Co = —dwa_1b_y +32k*a_1b_y — 323 arb* | — dpka_aphy — 48kaja_y — 2uka®,
—48kaya’ | — dwa_1b — 4k>a_1 b} + dwarbib_y + 2ukaib® | + 4skayaib_,
+dwarb? | + 4k3arbib_y + 4kata_1b_,

C_1 = —6wa_1bob—_y — 58kaga® | — wka_1bjag + 2uka_1b_ya1by + Skajb—y — 2uka_yaph—,
+ 18k a_1bob_1 — 3uka® by — kK>a_1b3 + wkadb_1bo + Sk>arbob* | — Skaja® by
—23k3agh? | + wagh? | + Kagb_1by — wa_1by + Swabob* | — Skata_1bo
+ a)aob_lb(z) + 3uka1b2_1ao + 68kaja_1apb_

C_2 = 2wagh? by + 2pkarb® ja_y + 4ka_1bgb_y — 2uka® b_1 — 2wa_1b* | — 2wa_1b3b_;
+2wa b | — 28ka® | + pkalb* | — pka* b — 28kaga’ by + 28ka* jarb_,
+28kada_1b_y — 4k3agh* |bo — 8k3a_1b% | + 8k3arb’ |

C_3 = Kagh® | + wagh® | + wkaoh* ja_y — pka® bob—_y — wa_1boh* | — 8ka> by — k>a_1bob*
+ Skazlaob_l.

Setting the coefficients of exp(n&) to be zero, we have

C3; =0, Cy,=0, C; =0
Co=0 (12)
C_3=0, C_,=0, C_1=0.

Solving the system, Eq. (12), simultaneously, we obtain two sets of solutions

bo(28a® + naj + 6k>
ay = 0(20aj + pay ), w:—kﬁalz—ukal—k3
28a) + 1
b b2(68k> + 48%a? + 48ayp + 1?) 3
- 4(482a% + 48ap + p?) (132)
61119(2)(65162 + 4526112 +48aipn + 12
a_ =
! 44523 + 45arp + 112)
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and

ay = (—ﬁ-i-k;&s), a_1=-b_ (ﬁ-i-k;&s)

26 ) (13b)

1
w:zyuﬂ+%ﬂx bp=0, ap=0.

By Eq. (13a), we obtain the following solution:

a1 exp(€) + bo(28a3+pai+6k>) | arbZ(68k>+482a}+48a p+u?)
1exp 25ay+it 4(45%a7 +48a1 %)

b3 (65K2+48%a3 +48a; 1+12) exp(—£)
4(482at+48ar p+u?)

exp(—§)

u —=
exp(§) + bo +

6bok?
28a1+p

b2[68k2+(28a1+11)?]
exp(€) + by + P exp(—§)

:a1+

(14a)

where & = kx + (—k&z]2 — ukay — k3)t + @, ay, by, ¢ are parameters, by # 0, and k is a free real number.
In case by = 0, we could obtain the following solution from Eq. (13a)

(—% n kvg“) exp [kx + A k(u? + 85K2)1 + ga} b (% T kvg“) exp [—kx — Ak(u? + 88K — <p] (14b)
u = .
exp [kx + 41—8]((;12 + 88k2)t + (/Ji| +b_1exp [7kx - ﬁk(;ﬂ + 88k2)t — w}

When £ is an imaginary number, using the transformation

k=1K
exp(iK&) = cos(K&) +isin(K§&)
exp(—iK§) = cos(K§&) —isin(K§).

Eq. (14a) can be translated into a periodic or compact-like solution:

—6boK?
u=a + a1 +ie (15a)
B[ —68 K2+(25a;+1)?] . BA—68K2+(28a1+1)?] \ .
14 105, 1) cos(§) +byg+i| 1 — 125 ) sin(§)

where £ = Kx — K(Ba% + pay — Kt + @, by, ¢ are parameters, by # 0, and K is a free real number.
The periodic solution, Eq. (15a), might have some potential applications. For practical use, we eliminate the
imaginary part in Eq. (15a), this requires

byl =68 K> + (28a1 + w)?*1

c2_ B = Har + 2
4(28ay + )2 B '

15
6b38

Eq. (15a) is reduced to periodic solution:

b2 — 4)(28a; +
v ar— (by 3(01 m2 (15b)
bo8(2cos(Kx — K (8aj + par — K2)t + @) + bo)

2_ 2
in which K = + w.
\ 6b25

BE[—68K>+(28a1+1)°]
4(28a14p)?
Similarly, Eq. (14b) can be translated into periodic or compact-like solutions as follows:

We can also set

= i to eliminate imaginary part in Eq. (15a).

[+ b0 + K520 b [eos® — i[5 = b)) +iK5E A+ b sin®) y
‘T (1+b1) cos®) + (1 — b_p) sin(é) (1o
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where £ = Kx + %K(MZ — 85K2)t + @, b_1, ¢ are parameters, b_1 # 0, and K is a free real number.
Elimination of the imaginary part in Eq. (16a) requires

u g N6
b_y=4+1, or b_y=4i, or b ==+2 s

£ °  andsoon.
% + iK A/ 565

Setting b_; = 1 for simplicity, we obtain the following periodic solution:
— 15 cos (Kx + %K(,u2 — 85K + (p) + K—V?S sin (Kx + %K(u2 — 8K + go)

"= . (16b)
cos (Kx + %K(uz — 88K2)t + go)

Exp-function method can not only be employed directly but also be used in a sub-equation way. Supposing that

a;ip' (k&),

n
u =

i=0

where ¢ satisfies the general Riccati equation

dp 2
— =r+ podp+qo-. (17)
d§

In case p = 0, it reduces to homogeneous balance method [26-29]; if p = 0,r = k,q = —k it becomes the tanh

method [15,16] (for tanh(k&) = k — k tanh?(k§)).
We assume that the solution of Eq. (17) can be expressed in the form

_ @ explk& 4 @] + ap + a_1 exp[—k& — ¢]
explké + @] + by + b_j exp[—kE — @]

By the Exp-function method, we can easily obtain

—p— 2_ 2_ _ 2_ 2_
P 227 4qr exp («/p2 4qrg__ + (,0) +by p+»\/25 4qr exp (_«/p2 4qrg__ - QD)
2_ 2_
o (T 1) h v (s

where ¢ is free parameter.
In case p> — 4gr < 0, we can use the following transformation

(18)

\/p2 —dgr = i\/4qr - p?
exp(ik§) = cos(k&) + isin(k§)
exp(—ik&) = cos(k&) — isin(k€).
Eq. (18) is reduced to periodic solutions:
1 [=pQi4bon) =2k — bop)lcos(kE +¢) +il—p(1 —b_1) = 2ik(1 +b_p)]sin(k§ +¢)
2q (1 +b_1)cos(ké + @) +i(1 — b_1) sin(k& + ¢)
s |:_ —2ik(1 — b_y) cos(k& + @) + 2k(1 + b_;) sin(k§ + (p)]
2q (1 +b-1) cos(ké + ¢) +1(1 — b_y) sin(k§ + ¢)

_ \/4qr—pz
where k = Y———.

We will prove that Eqgs. (18) and (19) can produce all periodic and solitary solutions obtained by Emmanuel
Yomba [33].
Let & = x + ct. Eq. (1) will be changed into

¢=

19)

cu' + pu'u + suu' +u" =0. (20)
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By balancing u”” and u?u’ in Eq. (20), we obtain n = 1. We further suppose that Eq. (20) has the following form
of solution:

u=ap+ap&). 21
In view of Egs. (17) and (21), we can easily obtain the following relations
W' =ai(r + pg +q¢?) (22)
" = ailp(r + pd +q¢°) + 20¢p(r + pp + qpH)] = 2a14°¢* + 3a1pqd” + ar(p® +2q1)p + arpr  (23)
and
u" = 6a1q°P*(r + pp + q*) + 6a1pg$ (r + pp +q¢%) + a1(p? +24)(r + pe + q¢°). 24)
Substituting the above results into Eq. (20) gives
Cap* + C3¢° + C29” + C19p + Co =0 (25)
where C4 = 6a1q°> + nafq

C3 = 12a1¢4°p + 28a0a12q + Safp + ,ualzq

Cy = dagaiq + 28apaip + 8air + paip + paiqao + caiq + a1 (p* + 2qr)q + 6aiq*r + 6ai p*q
C| = 6apqr + /Lafr + paypag + carp + (11([72 +2gr)p + 6a§a1p + 26a0a%r

Co=car + al(p2 + 2gr)r 4+ pajrag + Salagr.

Setting the coefficients of ¢ to be zero, we have

Cy =0, Cz =0, Cy =0,
{Cl =0, Co=0. (26)
Solving the system (26) we have
g — —u++/—65p
0= 25
a = Y% @7
6
¢ = L+ 48(p? — 4gn)]
468 ’
By Eq. (21) we have
u=ay+a¢
—p—~/P*—4qr N PP —4qr —p+/ P —4qr A/ P2 —4qr
vy g e (Y ) S g (S
= — X
» ° exp (” ”2“‘”&) + by exp (— Y
2_4 — 2_4 2_4 — 2_4
<_% + \/PZ qr ‘/868>exp|:\/p2 qr§:| —b_, (% + \/p2 qr \/568> exp [_vp2 qré]
(28)

2

exp [—@E} +b_jexp |:— ‘/’72_—4’”5}

where £ = x + [u? +48(p? — 4qr)lt + ¢.
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If weletk = —”7224(”, Eq. (27) becomes

(=4 + k552 Y exp [k + Jok(u® + 882 + 9] — by (45 + K352 ) exp[—kx — Jik(u® + 85k7)r — o]

u =
exp [kx + A k(u? + 85Kt + w] b exp [—kx — k(2 + 85Ky — (p]

(29)

It is interesting to note that Eq. (29) is the same as Eq. (16b), but we cannot find a solution like Eq. (15b) in this
way.

3. Liouville equation

Let us consider the Liouville equation

Uy = —et. (30)
Using the transformation v = exp(u#) and & = kx + wt + ¢, Eq. (30) becomes

kwvv” — kw(@')? 4+ v? = 0. (31)
Let M = kw, and Eq. (31) turns out to be

Mwv” — M) +v° =0. (32)
Supposing that the solution of Eq. (32) can be expressed as

u(e) = acexplcEl + -+ - + a_qg exp[—d&]
" byexplpEl+ -+ b_gexpl—q&]’

By balancing vv” and v? in Eq. (32), we obtain ¢ = p and d = q.
We can freely choose the values of ¢ and d, but we will illustrate that the final solution does not strongly depends
upon the choice of values of ¢ and d.

Casel. Letc = p = 1 and d = g = 1, and the solution of Eq. (32) can be expressed as
_arexp(§) +ao +a—p exp(§)

exp(§) +bo + b_jexp(§)

Substituting (33) into (32), we obtain a polynomial of exp(n&), equating the coefficients of exp(n§) to be zero, and
solving this system, we obtain

(33)

ao

u(x,t) =1In 5 (34)
a,
exp(kx + ot + @) + 75 + 257 exp(—kx — wt — @)
where ag, k, @ are non-zero free parameters.
We compare Eq. (34) with the solution in [15] by Wazwaz, which reads
_ i ©
u(x,t) =1In| K sech —2—(x —ct) ) |. 35)
c
We rewrite it in the following form:
K
u(x,t) =1In (36)
exp [2 _§T(X — ct)] + 2 4+ exp |:2 —%(x — ct):|
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It is obvious that if we let k = ,/—%, w= —,/—% x ¢, and ag = 2kw = K, Eq. (34) reduces to Eq. (36).

By using the transformation
w=iW k =iK
exp(iKx +1iWt) = cos(Kx + Wt) +isin(Kx + Wr) 37
exp(—iKx —iWt) = cos(Kx + Wr) —isin(Kx + Wr).

Eq. (36) can be also translated into a periodic solution

u(x, 1) =1In : 0 . (38)
<1 —|—4Kaz#>cos(l(x+Wt+¢)— ,?—°W+i<1 — #)sin(Kx+Wt+(p)
where ag, K, W, ¢ are free parameters.
For example, if we letag = 2KW
(5.0 =] ahid (39)
u(x,t) =1In .
| cos(Kx + Wt +¢) — 1
Let c = KW, and Eq. (39) will be
=] . (40)
u(x,t) =1In .
cos (Kx + £t +¢) — 1
Case 2. Letc = p =2 and d = g = 2, and we can assume the function to be
_axexp(28) + aj exp(§) +ao + a—1 exp(—§) + a—s exp(—2§) @1

exp(2£) + by exp(€) + by + b_1 exp(—&) + b_p exp(—2&)

Substituting (41) into (32), we obtain polynomials of exp(n&), equating the coefficients of exp(n€) to be zero, and
solving this system, we have three set of solutions:

a; =0; a; =0; a_; =0; a,=0

2
a0 al (42a)
by =0; by = ——: =0: b= 0
: " Yo ! 27 64k2e?
— O — a% . — a:l; _— O
=R T T T g T (42b)
ai b,=0:. b af
b1 =0; by =——5—5; -1 =0 2=
! 0= T k202 ! 27 Tok4ao?
4b_s (kw)? a_1(kwb_; —a_y)
az = 0; ap = ————; ap = ; ar=0
a_q kwb_»
160° , (kw)* + kwb_1a* | — a}
1= ; (42¢)
4a_y (ko)3b?,
by — 4a’ \b_1ko + 16b°, (kw)* — 3a*,
4a? | (kw)2b_p '
By (42a), we obtain
ao
u(x,t) =In (43a)

2
exp(2kx + 20t +29) + % + 3= exp(—2kx — 20t — 2¢)

because ao, k, w are free parameters, and Eq. (43a) is the same as Eq. (34).
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By (42b), we obtain

aj exp(kx + wt + ¢) — a)2 exp(—kx — wt — @)

u(x, 1) =In 4’<2 (43b)
exp(2kx 4+ 2wt + 2¢) — k2w2 + 16k4 7 exp(—2kx — 2wt — 2¢)
Simplifying Eq. (43b) yields
2
ay [exp(kx +wt +¢) + 4k2 5 exp(—kx — wt) — - — j|
u = In 2 2
[exp(kx +wt +¢) + 4k2 > exp(—kx — wt — @) — I%)] |:exp(kx + ot +¢) + 4k2 5 exp(—kx —wt — ¢) + I?TI)]
=In S . (43c)
| explkx + ot +¢) + 4/;% exp(—kx — wt — @) + ,'c%
It is also the same as the solution, Eq. (34), in Case 1.
By (42c), we have
(x, 1) =1 - (44a)
ux,t)=In(—1. a
B
where
b_s(kw)? _1(kwb_1 —a_
A= Lﬂ))exp(kx—i—wt—i—go) + a-1(kwb- —a-1) + a_1 exp(—kx — wt — @)
a—q kwaz
4a3 \b_1ko + 16b> , (kw)* — 3a*,
B = exp(2kx 4 2wt 4+ 2¢) + b_p exp(—2kx — 2wt — 2¢) + 5
4a* | (kw)*b_»
160° , (kw)* + kwb_1a* | — af « - - )
exp(kx + wt + + b_1 exp(—kx — wt — @).
4a,1(ka))3b32 p % 1 eXp @
We simplify Eq. (44a) as follows
A
u(x,t) =In 2 2 1
A x [a” | exp(kx + wt) + 4a_1kwb_s + 4b> k*w? exp(—kx — wt)] x TS
1 i 4k2w2a_1b_2
=1In
_ail exp(kx + wt) + da_ikwb_, + 4b2 Jk2w? exp(—kx — wt)
i 42wb_y
—In e (44b)
exp(kx + ot) + 4kwb =2 2 exp( kx — wt)

1

which is the same as Eq. (34) in Case 1.

Case 3. Supposing that v = )} a; ' (k&), where ¢ satisfies the general Riccati equation d¢p/dé = r + p¢ + g2,
we have

—p— 2 _4, 2_4 — 2_4 2_4
P «/25 qrexp<\/p2 qr$+(p)+b_1p+— WeXp(_—ME_(p)
[ /2
exp <”T4‘"é - <p> +b_jexp <—pT4”€ - w)

Let &€ = x + ct, and Eq. (32) will be changed into

va// _ C(v/)Z + v3 =0. (45)
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By balancing v"” and vv” in Eq. (45), we obtain n = 2, so we suppose that Eq. (45) can be expressed in the form

v =ap+a1pE) + ap )’ (46)

Substituting Eq. (46) into Eq. (45), we obtain a polynomial of ¢". Setting the coefficients of ¢" to be zero, and
solving this system, we obtain

ap = —2grc, a =0, a = —2cq?, p=0.
Sov = ap +a1p(§) + axp(€)’

— 2
_“/;exp(‘ 4qr§+<p>+b 15— exp( #f“ﬂ)

exp (@S + w) +b_yexp (—@S - <p>
—8cqrb_

= —2qrc — 26q2

= (47)
exp(v/—4qr (x + ct) +2¢) + 2b_1 + b | exp(—y/—4qr (x + ct) — 2¢)
and
—8cqrb_
u(x,t) =1In 3 (48)
exp(v/—4qr(x +ct) + 2¢) + 2b_1 + b7 | exp(—+/—4qr(x + ct) — 2¢)
If weletk = /—4qr, w = /—4qrc, § = 2¢ ap = 2kwb_1, Eq. (48) can be translated into
u=In 0 . (49)
exp(kx + ot + @) + 72 + 4k2 s exp(—kx — wt — @)

It is obvious that Eq. (49) is the same as Eq. (34).
4. Comparison between the Exp-method and the extended modified Fan sub-equation method

Yomba [33] has found 36 solutions for the generalized Riccati equation ¢’ = r + p¢ + g¢>. Now we can compare
Egs. (18) and (19) with the solutions obtained by Yomba [33]:

-1 v p?—4qr
¢{ = Z p ++/ p? — 4qrtanh (T§')j|

-1
2q

It is obviously that d){ is only a special case when b_; = 1 and ¢ = 0 in Eq. (18),
-1 2 _ 4
2 [p Y FEmm— (_qu s)}
2q 2
pHa/p2—4qr ex (\/I’ 4qré) (p— \/I’ —4qr) o (_ «/172—4qu>
—2q p p 2
exXp < p22_4q_r 3 ) — eXp (“ p22_4q_r 3 )
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and q&% is only a special case, when b_; = —1 and ¢ = 0 in Eq. (18)

¢§ — __1 p +M[tanh (m&) j:isech( pr— 4qr§)]i|

2q |
= ;—ql _p +/p? —4qr [tanh (\/p2 — 4qr§> j:isech( p? —4qré i|
-1 i exp (\/p2 — 4qr$) —exp (—\/p — 4qré‘§> +2i
=g | PV exp (/57 — 447 ) +exp (—y/p? — 4qrt)

-1
== |p+yp*—4qr
2q
B 2
|:exp <—” p224qr$> +iexp (— Y p224qrs):|
X
e R e

—1
=—|p+typ*—4qr
2q
exp <—V p224qré> +iexp (— v p224qrs>
exp <VP224qré ) Tiexp (v p224qr$>
v (s |z (/s
24 p 2 3 exXp 2
<VP24qu) (\/ p24qr€>
2 2

X

exp Fiexp

When b_; = +i and ¢ = 0, Eq. (18) reduces to qbg

¢}1 ;ql [p + 4/ p? —4qr [coth (,/p2 — 4qr§> =+ csch <,/p2 — 4qr§>i|:|

PN PP Agr <VP2—4qr€ ) 4 FrEy p24qr (—v p2—4qr%‘>
g p 2 24 p 2
= 2_ _ 2_
exp (VP 24qu> T exp ( VPZ 4qr§>

When b_; = £1 and ¢ = 0, Eq. (18) reduces to ¢}1

— /n2 _ 2 _
5 4—; 2p++/p?—4qr [tanh(pT%)—i—coth (%):H

-1

‘ (58) o (55)
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P/ PP —4gr exp <\/ ﬁ2—4qr5> _ p=/pP4gr exp (—v p2—4qré )
—2q 2 7

exp <\/ 172;4qu> —exp (-V p22—4qr§ )

q)é is only a special case in Eq. (18), when b_; = —1

¢I 1 \/(Az + B2) (p2 — 4qr) — A\/(p2 — 4qr) coth (m%‘)
° 2 Asinh (v/p? = 4qrg) + B

where A and B are two non-zero real constants, and satisfies B2 > AZ.

LetL = %,SOL >1lorL < —lincase A <0, —”Aiw = —+/1+ L2, andincase A > 0, Y A48 _ V14 L2

A
thus we have

1 +2/1+ L2 —exp (\/;72——4qr‘§) — exp <Mg>
$6 = 2|t \/m - (ME) —exp (—M&) +2L

In case A > 0, we have

. 1 2V1+ L2 —exp (ms) — exp <\/p2 - 4qr$)
b6 = 7 | —p++/(p? —4qr)

exp (M&) — exp (—MS) + 2L
exp (2\/p2 - 4qr$) — 21+ L2exp <\/p2 - 4qr$) +1

=3 | 7P m exp (2\/172—7451@) +2Lexp (M&) -1
Y

(exp (V7 —2qre) ~VIT 1) 11412
(exp (m&) + L>2 - L2—1

=—|-p—(pP*—4qr)

=—| —p—/(p?—4qr)

o (exo )
_Z_—P_ (p2_4qr)<exp< p? —4qrk +L+«/1+—L2>
=$_ » (»? 4qr)<exp( p? —A4qre —M)

where M = L ++v1+12, 500 <M <v/2—1, ot M >~2+1
(42552 e ()

—p—P?—4qr
2q (exp ( /p2;4qr§) + Mexp (_ /p2;4qrf>>
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<p+«/ p2—4qr ex (x/ p2—4qré ) _ NP Aar ex <_ A/ P2—4qré ))
—2q p 2 —2q p 2

oo () w5

It is only a special case in Eq. (18), when 0 < b_; < V2 —1,0r b_q| > V2 + 16—y > 0,and ¢ = 0.
In case A < 0, we obtain

. 1 i —2V1+ 12— exp (ME) — exp (—m&)
b6 = 5= | —p ++/(P* —4qr)
exp <\/pz——4qr§> — exp (—\/[72——4qr§> + 2L
exp (2‘/172 - 4qr$> +24/1+ LZexp (MS) +1
exp (2m5) + 2L exp (m&) -1

= | -p- WEGXP( L) i)
i

=—|-p—/(p*—4qr)

exp (V7 —4grg) + L— YT+ L)

_i ~ - exp(M&)—M)
"o | (U ) )

where M = L — 1+ 12, s01 =2 <M <0, or M < —v/2 — 1

It is only a special case in Eq. (18), when 1 — /2 < b_; <0,0rb_; < —/2—land g =0

L1 \/(BZ — A?) (p? —4qr) — A,/(p? — 4qr) sinh (\/p2 - 4qr§)
$p7=—|-pP—
2q A cosh <\/p2 - 4qr$) +B
where A and B are two non-zero real constants, and satisfies B2 > A?
, | i e ):I:Zs/Lz— 1+ exp (N/p2—4qr§) —exp <‘/p2—4qr$)
7= | —p— /(P —4qr
2q i exp (s/p2 —4qr$) + exp (—\/p2 —4qr§> +2L
B v B% — A?
where L = T in case A > 0, — = VL?—1;
/B2 — A2
incase A <0, ———— — =—vL2-1.

In case A > 0, we have

| 2L =T+ exp (Vi —dqre) —exp (Vo7 —4ar€)
¢£ =5 | 7P (p2 - 4qr)
2q i exp (mg—') + exp <_mg> +2L
_ 1 [ (eXp (M&) - M)
| ) W)
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where M =L —+vVL?2—1,300<M <1, orM < —1

(p+VP2—4qr ex («/pz—‘lqré) _ Mp—x/m ex (_ «/Mé))
—2q p 2 p 2

EESEES)

It is only a special case when 0 < b_j < 1,0rb_; < —v/2 — 1 and ¢ = 0.
In case A < 0, we obtain

. 1 = )—2m+exp (,/p2 —4qr.§) — exp (\/p2 —4qr§>
¢7=5-|—p—+(p”—4qr
i exp (v/p? — 4qr€) +exp (—/p? — dqrt) + 2L
<p+¢m exp (@s) B M”‘W exp (_ @s))
- —<q

(exp (@) + Mexp <_@))

where M = L++vVL2—1,soM>1,0or —1 <M <0.

It is only a special case when —1 < b_j; < 0,0orb_; > landgp =0

2r cosh (@)
I _

¢g = V/p* — 4gr sinh (@) _ cosh (@)

2rexp <@) +2rexp (_@>
= <\/p2—74qr—p)exp<@> _ (m-l-p)c%h(@).
Ifweletb_; = _p+% Eq. (18) reduces to ¢§

—2r sinh (@)

%

p sinh <—V p224qr5> —/p? — 4qr cosh (_@é)
2r exp <—‘ p224qr5> — 2rexp (— e B p224qr§>

(M_P>GXP<@> (\/—461’”+p)exp< */2—4‘”5)

Ifweletb_; = sy e I and ¢ = 0, Eq. (18) becomes d)é

—p+/p=4ar
2r cosh (ms)
VP = 4grsinh (V/p? = 4qre) - peosh (Vp? = 4qr) £iv/p? — 4qr
2r exp (Vp? = 4qr) + 2r exp (—/p? — 4qr€)

I
¢ =

(VP =4ar = p) exp (Vo —4qre) = (Voo —dar + p) exp (—v/p? — dqré) £2iV/p? — 4qr
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2r exp (2\/]72 — 4qrf;‘> +2r
(\/ p? —4qr — p) exp (2\/ P2 - 4qr$) +2iy/p? — 4qrexp (\/p2 - 4qr€) — (v P2 —4qr + p)
( / 2 4qr p) [CXP (2 4qr§) + 1]
/p2
exp (2\/p — 4qr§) :|:21( v p? 4qr ) exp (w/p — 4qr§> %
pT—agqr—p
(m B [exp (2\/p2 — 4qr$) + 1]

e ) sy o () - ()

€Xx
4qr p)

Lo (30 1] e (V)

-
—_

( Vi —4qr 4qr p
2

[exp(ms>ii(\/gp):| +< pzlfqrp>z

Ty Lo (V= dare) 1] [ow (Vi = 4are) =

=) ]
exp (V2 = dar f)ﬂi Ly [GXP( p? = dqre) +iLn Pz“WP]
(

( 2 —4qr—

[exp mé)
4NV PTAgrAp \/2—4‘”4—17

( 24qrp

eXp( p* —4qrs (Vr—ar—»)

)
v () (55
+

g =)

Ifweletb_ = i—ﬁlJ—wl and ¢ = 0, Eq. (18) turns outtobe¢

2r sinh (ME)
—p sinh (\/P2 - 46]’5) +/p? — 4qr cosh (\/p2 — 4qr) +/pr—4qr
S |:exp <—szz4‘]r§> (_V p224qr$):|

1o
o1 =

B ( p274qrfp) T exp
[ ()

Ifweletb_; = j::;__\/—_ ‘Z:Z: and ¢ = 0, Eq. (18) is equivalent to ¢},
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4r cosh (—W) sinh (—”’72;4‘”5)

¢l = — —
—2p cosh (%) sinh (M) + 2\/p2 — 4qr COSh2 <—w724—4qr§> _ [72 _ 4(]7‘
2exp (—" p2;4qr§) —2exp (__@g)
(v pr—dqr — p) exp (—‘pz;w) (\/p —4qr + p) exp ( V2 4‘”)
Ifweleth | = ——L=v P 2497 V2 dqr and ¢ = 0, Eq. (18) becomes qb{z

—pH+/ PP —4qr
1 Vagr — p?
¢113 = |:—p +/4qr — p*tan <#§>:| .
2q 2
If weletb_; = 1 and ¢ = 0, Eq. (19) leads to q)113
ol ! +./4 2 cot 4qr—p2§
= — r _ B .
14 2 p q p )
It is only a special case of Eq. (19) whenb_; = —1l and ¢ =0
1
$is = 5- 1 —p+/4qr — p? [tan <\/4qr - pzé) =+ sec <\/4qr - pzé)“

[ sin (Vagr — p%) £ 1
= — | —p++/4qr — p? COS( rr—;ﬂs)

X
A& N <M+172€>_sm(\/4qr ﬂ§>:|
| cos ( 4qr2—p25) + sin (\/46”2——172§>
= —{—p—+/4qr — p?
2 |:cos ( 4‘”2_’725) F sin (—V 4qr2_p2§>:|

If we let b_; = +i and ¢ = 0, Eq. (19) becomes ¢>{5.

ol % {—p +./4qr — p? [cot <,/4qr - p2§> +csc (‘/4qr - p2§>]}

1 cos (\/4qr - p2.§> +1
— | —p+/49r — p?
2 sin (v/gr = p)
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A 4qr—p? . N 4qr—p?
cos (%) sin (%)

1 1
=—\|-p+4gr—p>*———~ | or=—|-p—J4gr — pP———%
2q : («/4qr—p2$) 2q <v4qr—p2§)
sin 5 cos 5

It is obviously that ¢{6 is only special case of Eq. (19) when b_; = £1 and ¢ = 0.

Pl = 1 —2p + \Jagr — p? |:tan <—V4qr—p25> _ cot <—V4qr—ng>:|}

4 4

2 2
i (L) on (5
—2p +/4qr — p?
| ) e ()

| cos <—“ 4q2r_p2§)
= —{-2p—-2/4gr — p? | ————~
4q sin ( \ /4q2r_p25>

If weletb_; = —1 and ¢ = 0, Eq. (19) turns out to be ¢¥7

. 1 :t\/(A2 — B?) (4qr — p?) — Ay/4qr — p*cos (\/4qr - p2f;‘>
iz = 5 —-p+
q Asin <\/4qr - p2> +B
where A, B are two non-zero real constants, and satisfies A2 — B2 > 0, we re-write ¢{8 in the form

2
y 1 p 2:I:,/l - (%) — cos (\/4qr — p2§'>
8=5- )P +\/ qr —p
2 : B
sin <‘/4qr - p2> +4

q

Letsina = %, so that :I:—VAZ_B2
We further simplify d){ 3

1] \/i cos (o) — cos (,/4qr - pzé)
b3 = p+y/4qr — p= x
sin (\/4qr - p2§> + sin (a)

! sin <—” 4qr2_p25 + %) sin (—“’ 4qr2_p2§ — )
=—{—p+./4qr — p? x
2 [aar— Jdar—
1 sin (—4qr2 L %) cos <—4qr2 rE _ %)

= COS .

IR

: A 4qr—p’& o
1 S\ /72— 72
= — 1 —p++/4gr — p? x .
2q Cos<v4qr—p2$ _ g)
2 2

If weletp = —5,b_1 = 1, Eq. (19) becomes ¢{8

o 1 :I:\/(A2 - Bz) (4qr - p2) — A\/4gr — p%sin (w/4qr — p2§>
= — —p —
? Acos <‘/4qr - pz) +B

2q
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where A, B are two non-zero real constants, and satisfies A2 — B% > 0.
/A2 _R2
Letcosa = %, so that + YA =8

— o 1

) =sina, ¢4 becomes
- AHr—p*6
sin (T 2

1
blo == —p+/4qr — p> x
Y cos <«/4qrpzé B g)
2 2

If weletp = —%, b_1 = 1, Eq. (19) becomes ¢{9.
2r cos <—‘4qzr_pz§‘)

\/msin <—W§> + pcos (—@E) '

In view of Eq. (19), we have

1
¢20__

o= Ly [—p (14 b_1) = 2ik (1 — b_1)]cos (k& + @) +i[—p (1 — b_1) — 2ik (1 + b_1)] sin (k& + )

2q

_ «/4qr7p2
where k = ¥———.

_ p+i/4gr—p? _
Ifweletb_; = —p—im and ¢ = 0, Eq. (19) becomes

2
2( /4qr—p? 2)
)
1 pfi\/4qr7p2 2
¢ = x
2q

(I +b_y1)cos (k& +¢) +i(1 —b_y)sin (k€ + @)

p—in/4gr—p?

2r cos (—WS)
Jaqr = p7sin (—“/‘“’2—%) + peos <_~/4q2—1’g)

It reduces to qﬁ%o.

N 4qr—p? 2fagr—p2 . [ SAqr—p?
2p cos qzr pg + 4"~ gin qzr P £
p—in/4gr—p?

—_p2
2r sin (—*/4‘12” g)
¢%1 = :
/ —_pn2 / —_ 2
—psin <#é) ++/4qr — p?cos (%E)
i/ _ 2
It is only a special case when b_1 = —w andgp =0
p—in/dqr—p?
N 2r cos (,/4qr - pzé;‘)
22 = :
V4gr — p?sin (x/4qr - pzé) + pcos (\/461r — pzé) + /4qr — p?
/ _pn2
Let % = cosar so sina = 7.
Consider first the case
" 2r cos <\/4qr - pzé)
22 =

V4qr — p?sin (\/4qr - pzé) + pcos (\/4qr - pzé) +V4qr — p?
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1 cos <\/4qr - pzé)
29 cos a sin (w/4qr — p2$> + sina cos (w/4qr — p2$> +cosa
1 sin (% +4qr — p2§>
29 sin (,/4qr — pE + oe) +sin (3 — «)
) 231n< ‘4‘" P 5) cos (% ‘4q2r_p2§>

2q251n< v4qrpé)cos(”“‘”p§+oz—1>

)

| c0s< ”4'” P S) | cos( ”4(” ld é)

_qcos<—\/4qzr—_pz§+a—%) ) 2‘]_Sin<@§+a+%>

cos( m&)

% sin (—@E + %) cos o + cos (@5 + %) sino
2rcos< mf)

Vaar=psin (L5 Le 1 3) + peos (L5 1 7)

Consider the other case of ¢£2:

2r cos (‘/4qr - p25>
Vagr — p2 sin (\/4qr — p2€> + pcos (‘/4qr — p2§> —4qr — p2
2r sin (—Jzk,;—;ﬂg + %)

—psin <—‘4qzrp2«§ + %) + /4qr — p%cos <—‘4"2rp2§ + %)

1
¢22_

Setting b_| = £L2HNVHT P2 4 = Z in Eq. (19) results in
g 1 p*im @Y = q. ( ) ¢22

2r sin (\/WS)

ol = )
> —psin (\/4qr — p2§> + /4qr — p%cos (\/4qr — pzé) + /4qr — p?

Similarly, setting b_; = j:p"LI\/—_ ‘Z:i and ¢ = 0 in Eq. (19) yields q§23

4r cos <—W§> sin (—Ws)

$24 =
—2pcos(v4q pé)sm(“‘qr P §)+2\/4qr—p cosz(“W P 5)—/@
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2r sin (—‘/4(12’—_”25 )
—psin (@é) +/4qr — p? (cos (—WE) + 1) — Vaqr — p?
2r sin (—V“‘fz’“’z g)
—psin <—V4qzr_pzé) + /4qr — p%cos (—Wé) .

p+in/4gr—p?
p—in/4gr—p?
It is obvious that ¢]H to qﬁpz in [33] are only special cases in qﬂ to qﬁ{z when p? = —2¢r, so they are also special
cases in Eq. (18).
We can see that Egs. (18) and (19) have involved all solutions obtained by the extended Fan sub-equation method.

It is obvious that ¢£4 is same with ¢£1, o) ¢£4 is only special case in Eq. (19) when b_1 = — and ¢ = 0.

5. Discussion and conclusion

We give a very simple and straightforward method called the Exp-function method for nonlinear wave equations.
We make some important remarks on the method as follows.

(1) The method leads to both generalized solitonary solutions and periodic solutions.

(2) The expression of the Exp-function is more general than the sinh-function and the tanh-function, so we can found
more general solutions in the Exp-function method.

(3) The solution procedure, using Matlab or Mathematica, is of utter simplicity.

(4) The Exp-function method can be employed in both the straightforward way and the sub-equation way. But we
suggest that it is better to use this method directly, not only for its convenience, but also because it is sometimes
possiblt to lose some information and solutions if we apply it in the sub-equation way.

(5) From the comparison mentioned above, we can see that the Exp-function method is more convenient and effective
than the extended Fan sub-equation method.

The method might become a promising and powerful new method for nonlinear equations.
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