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Abstract

In this paper, a new method, called Exp-function method, is proposed to seek solitary solutions, periodic solutions
and compacton-like solutions of nonlinear differential equations. The modified KdV equation and Dodd-Bullough—
Mikhailov equation are chosen to illustrate the effectiveness and convenience of the suggested method.
© 2006 Elsevier Ltd. All rights reserved.

1. Introduction

Recently many new approaches to nonlinear wave equations have been proposed, for example, tanh-function
method [1-6], F-expansion method [7-9], Jacobian elliptic function method [10-12], variational iteration method
[13,14], Adomian method [15-18], variational approach [19-21], and homotopy perturbation method [22-24]. All meth-
ods mentioned above have limitation in their applications. In this paper we suggest a novel method called Exp-function
method (or Exp-method for short) to search for solitary solutions, compact-like solutions and periodic solutions of var-
ious nonlinear wave equations.

2. Basic idea of Exp-function method

In order to illustrate the basic idea of the suggested method, we consider first the following nonlinear dispersive
equation of the form [13,25-27]:
u,+uzux+um =0. )

This equation is called modified KdV equation, which arises in the process of understanding the role of nonlinear dis-
persion and in the formation of structures like liquid drops, and it exhibits compactons: solitons with compact support.
Introducing a complex variation # defined as

n = kx + ot. (2)
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We have
ou' + ki + Eu" =0, (3)

where prime denotes the differential with respect to 7.
The Exp-function method is very simple and straightforward, it is based on the assumption that traveling wave solu-
tions can be expressed in the following form:

> n €XD()
u(n) = S b exp(mn)’ (4)
m=—p~m
where ¢, d, p, and ¢ are positive integers which are unknown to be further determined, a, and b,, are unknown
constants.

We suppose that the solution of Eq. (3) can be expressed as

_acexp(en) + - +a_gexp(—dn)
a,exp(pn) + -+ +a_gexp(—qn)

To determine values of ¢ and p, we balance the linear term of highest order in Eq. (3) with the highest order nonlinear
term. By simple calculation, we have

u(n) (5)

" = Cy exp[(7p + 0)71] +

= 6
crexp(8pn] + - - ©
and
o csexpl(p-+ 3+ esexpl(Sp+ 3]+ 0
caexpldpn] + - - caexpl8pn] -+
where ¢; are determined coefficients only for simplicity.
Balancing highest order of Exp-function in Egs. (6) and (7), we have

Tp+c¢ = 5p+3ec, (8)

which leads to the result
p=c. 9)

Similarly to determine values of d and ¢, we balance the linear term of lowest order in Eq. (3)

o +dyexp|—(7g +d
U = + lexp[ ( q+ )'7] (10)
<+ +dy exp[-841]
and
B — T dsexpl=(g +3d)n] _ -+ ds exp[—(5¢ + 3d)n] (n
-+ + dyexp[—4qn] - +dyexp[—8qn]

where d; are determined coefficients only for simplicity.
Balancing lowest order of Exp-function in Eqs. (10) and (11), we have

—(7q+d) = —(59 + 3d), (12)
which leads to the result

For simplicity, we set p=c=1 and ¢ =d =1, so Eq. (5) reduces to

_ arexp(n) +ao +a_y exp(—n)
)= exp(n) +bo + a_iexp(—n) o

Substituting Eq. (14) into Eq. (3), and by the help of Matlab, we have

1
7[C3exp(3n) + Crexp(2n) + Crexp(n) + Co + C-yexp(—n) + Crexp(=21) + Cyexp(dn)] = 0, (15)
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where
A = (exp(n) +b_rexp(—n) + by)’*,
Cs = wa by + kaby — kK'ay — way — kajay + K a, by,
Cy = 8Ka\b_y + 2kajb_ — 4kPa by — 2wa_; — 2kaydl + 2wayb_y + 4k’ aghy — 2kaja
+ 2kaiaphy + 2wa by — 2waghy — 8ka_y,
C\ = warby + 6warbob_, — wagh} — K agh} — 18k aybob_, — 6kayapa_y + karaiby — ka;
+ 23k agh_y — wagh_y — Swa_1by + kaiby — Sk’a_iby + kaja_by + Skajapb -,
Co = dwarb* | — dkaya® | +32k°a b, + dkaralb | — 32°a\b* | + dkPabyb | — 4wa b,
—4ida ,.bg —dkaja | — dwa b} + dkata by + dwa,bib
C_1 = 18ka_1bob_y — 6wa_1bob_ — K'a_ b} + kaph b} + waph?® | — Skapa® | + Swa byb? |
+ wagh_1by — wa_\by — kaya* by — 23k aph® | — kaga_1by + Sk>abob® | + kagh_,
+ 6kajapa_1b_,,
C 5 = 2waph* by — 2wa b | — 2ka* | + 2ka\a* b, + 2warb’ | — 4k’ agh® by — 2wa_1b3b_
+4k’a_byb_y — 8K a_\b* | + 2kaga_1b_ — 2kaga’ ;b + 8k ab’,,
C 3 = kayd® \b_ + wagh’ | — ka’ by + kK’aph® | — wa_1byb* | — Ka_1bob*,
Equating the coefficients of exp(n#) to be zero, we have
C;=0, C,=0, C; =0,
Co =0, (16)
C,=0, C3=0, C4=0.
Solving the system, Eq. (16), simultaneously, we obtain

b (3K +2a2)

_ 3k2bg _
ap = arby + a0 A=

2 (17)
by =" ) kP
1
where a; and by are free parameters.
We, therefore, obtain the following solution:
by explky — (ka} + k)] + ayby + %2 + ﬂ exp(—kx + (ka> + K*)1)
u(x,t) =
explkx — (ka; + k)t + by +k7+2a) exp(—kx + (ka; + k°)1)
by
=a + al . (18)

3k +2¢7 D)

explix — (ka® + k)] + by + 2 exp(—kx + (ka* + i)1)

Generally a,, by, and k are real numbers, and the obtained solution, Eq. (18), is a generalized solitonary solution.
In case k is an imaginary number, the obtained solitonary solution can be converted into periodic solution or com-
pact-like solution. We write

k=iK. (19)
Use the transformation

explkx — (ka} + i*)t] = exp[ikx — i(Ka} — K°)t] = cos[Kx — (Ka? — K*)f] + isin[Kx — (Ka? — K*)1]
and

exp[—kx + (ka® + k1] = exp[—iKx + i(Ka? — K*){] = cos[Kx — (Ka} — K*){] — isin[Kx — (Ka? — K*)t].
Eq. (18) becomes

_ 3K
u(x,t) = a; + 4 : , 20
0] = O ) coslKx — (Kal — K]+ bo 1 (1 — p) sinlRx — (Kai — K)] 20)
by (—=3k*+243)

2
Sul

where p =
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If we search for a periodic solution or compact-like solution, the imaginary part in the denominator of Eq. (20) must
be zero, that requires that

by(—3K* + 2a%)

=0. 21)
8a? (

l-p=1-

Solving by from Eq. (21) we obtain

/ 8

Substituting Eq. (22) into Eq. (20) results in a compact-like solution, which reads

2 8 2 2
F3K \ K22 F3K \ G2
—a (23)

2 cos[Kx — (Ka? — K*)t] + /ﬁm cos[Kx — (Ka? — K*)1] + Wzﬁaﬂa.

where a; and K are free parameters, and it requires that 2a? > 3K?.
To compare our result, Eq. (23), with that in open literature, we write down Zhu et al.’s solutions [28,29], which read

4V2kssin® (ke — 4k°t)

u(x,t) =a +

x,t) = . 24a
U0 = 3 G e — 4R) (24a)
and
42k cos? (kx — 4k
u(x,t) = v/2k cos’( 3t). (24b)
3 —2cos?(kx — 4k’t)
We re-write Eqs. (24a) and (24b), respectively, in the forms
6v2k
1) = —2V2k + 25
ulx,1) 2 + cos(2kx — 8k°1) (25a)
and
62k
1) = —2V2k + : 25b
ulx,1) 2 — cos(2kx — 8k°1) (25)
If we choose a; = —2+v/2k, our solution, Eq. (23), turns out to be Zhu et al.’s solutions as expressed in Egs. (25a) and
(25b).

So the suggested Exp-function method can obtain easily the generalized solitonary solution and compact-like solu-
tion for nonlinear wave equations. To illustrate its effectives and convenience, we consider in the next section the Dodd-
Bullough—Mikhailov equation.

3. An example

Now we consider the Dodd-Bullough—Mikhailov equation [4]
Uy +e'+e 2 =0. (26)

This equation plays a significant role in many scientific applications such as solid state physics, nonlinear optics and
quantum field theory. By the transformation « = Inv, Eq. (26) becomes

oy — 0, + U0 +1=0. (27)
Introducing a complex variation 5 defined as = kx + wt, we have
F(v) = koot — ko)’ + 0> +1 =0, (28)

where prime denotes the differential with respect to 7.
We suppose that the solution of Eq. (28), can be expressed as

u(x,f) = % exple(kx + ot)] + - - + a_g exp[—d(kx + ot)]

~ ayexplplkx + wt)] + -+ a_,exp[—q(kx + w1)]”

(29)
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By the same manipulation as illustrated in the previous section, we can determine values of ¢ and p by balancing vv” and
3 .
v’ in Eq. (28)

o = €l exp[(Sp + ZC)’Y} +-

crexp[Spn) + -+ (30

and

5o aexpBean +---  crexp((2p+3c)y] +--- G31)

caexp[3pn] + - caexp[Spn] + - -

Balancing the highest order of Exp-function in Eqgs. (30) and (31), we have

3p+2¢=2p+3c, (32)
which leads to the result

p=c. (33)
By a similar derivation as illustrated in the previous section, we obtain

d=gq. (34)

31. Casel:p=c=1d=q=1

We can freely choose the values of ¢ and d, but we will illustrate that the final solution does not strongly depends
upon the choice of values of ¢ and d. For simplicity we choose p = ¢ =1 and d = g = 1, the trial-function, Eq. (29),
becomes

@y exp(n) + o+ a1 exp(—n)
)= — (35)
exp(n) + by + a_y exp(—n)

Substituting (35) into (28), by help of Matlab, we have

%{C4 exp(4n) + Cs exp(3n) + Coexp(2n) + Crexp(n) + Co + C_yexp(—n) + Crexp(—2n) + C_3 exp(—3n)

+ C_gexp(—4n)} =0, (36)

where
A = (exp(n) + b1 exp(—n) + bo)"*,
Ci=d+1,
C; = 3a%a0 + kwaga; — kwa%bo + a‘;bo + 4by,
Cy = 3aa} +4b_, + dkwaja_y + 6b; — dkwalb_| + alb_y + 3 aghy + 3ala_,
C\ = aj — 6kwab_1ay + 6kwaybya_; + 12byb_y — kwaiby — kowaibyb_; + 6a;aga_
+ kwaga by + 3ayalby + 4b) + 3a3aph_ | + 3dPa_ by + koaga_,
Co = 3ala_1b_y + 6b* | + 12b3b_| — dkwalb_, + 3a1a* | + 3aia_; + 6ayapa_iby + b
+ 4kwa1a,1b§ + aébo + 3a1a(2)b,1,
C_1 =ab_y +3apd®, + 3aia by + koaya b} + 6kwa_ byaby + koagh* a; + 4b3b_,
— kwadh by + 6ayapa_1b_y — 6kwaga_b_, — kwa® by + 3a1a® by + 12byh? |,
C_, = 6bpb* | — dkwa* by +a’ | +3ala by +3a1a® by +4b° | + dkwa_ya,b* | + 3aga® by,
C 3 =3apa® by — kwd bob_y + a’ by + dbob’ | + kwa_aph’ |,
Cy=0b* +d b.
Equating the coefficients of exp(n#) in Eq. (36) to be zero, we have

Cy=0, Cy=0, C,=0, C, =0,

Co =0, (37)

C,=0, C,=0, C3=0,C4=0.
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Solving the system, Eq(37), simultaneously yields

—by by 3
=-1; =2by; a_;=—2; b =-2"; =-. 38
ai ;o do 0; d-1 4 14760k (38)
We, therefore, obtain
2
—exp (kx +31) + 2by — 2 exp (—kx — 3¢
o(x, ) = exp ( i) 0 h24 exp ( i) (39)
exp (kx +21) + by + 2 exp (—kx —31)
where k and b,y are non-zero free parameters
The solution of the Dodd-Bullough—-Mikhailov equation can be expressed as follows:
3b
u(x,t) =Inv=1In|—1+ — 2}. (40)
(exp (5x +51) +3 exp (—5x — 51))

Hereby it requires that by > 0 and In (3= 1\/—> < (,x+31) <In <% \/b—0>
To compare our result with the known ones in literature, we write down Wazwaz’s solution [4], which reads

v(x,1) = % <1 — 3tanh’ B \/j%(x - ct)}) (41)

We re-write it in the form

v(xt)—l . exp(%\/———xx—i- mxt>—exp(—%\/——%

2 exp(%\/—‘%xx : —3c><t>+exp(—%\/j‘%><x—% —3cxt>
_—exp<\/:v—x+ —30t>+4—exp \/-%x— —3ct> "
N exp<\/——;x+ —3ct>+2+exp( ﬁx— —3ct> ‘ )

It is obvious that in case by = 2, our solution reduces to Wazwaz’s.
As illustrated above that the obtained solitonary solution can be converted into periodic solution or compact-like
solution if & is chosen as an imaginary number. If k =iK, then Eq. (39) becomes

7<1 +§) cos [Kx — 1] fi(l 71%0> sin [Kx — 2.1] + 2bg

v(x, 1) = (43)
(1 +%‘2‘> cos [Kx — 1] + i(l 7%) sin [Kx — 21] + bo
Elimination of the imaginary part requires that
by = 2. (44)
Eq. (43) reduces to
- Kx—2t] +2
o, 1) = S8 K-k + S S (45)
cos[Kx——]+1 cos[Kx—;t]—i—l

We, therefore, obtain a periodic solution, which reads

3
t)=lnv=1 e 46
ulx,1) =lnv n( cos [Kx — 1] + 1)’ (46)

it requires that Kx — 3¢ % (2n + 1)m.
32. Case2: p=c=2,d=qg=2

As mentioned above the values of ¢ and d can be freely chosen, now we set p = ¢ =2 and d = ¢ = 2, then the trial-
function, Eq. (29), becomes

o(n) = 2P + a1 expln) + ay + -y exp(=n) + a exp(=2n)

47
exp(2n) + by exp(n) + bo + b1 exp(—n) + by exp(—1) “7)
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There are some free parameters in Eq. (47), we set by = b_; = 0 for simplicity, the trial-function (47) is simplified as
follows:

o(n) = a exp(2n) + ay exp(n) + ap + a—y exp(—1n) + a_, exp(—2n) (48)
1 exp(2n) + by + b_rexp(—n) '

By the same manipulation as illustrated above, we obtain

HS aA
ap = l; ap = %afy a_; = 3%,7 a, = 12‘96’ (49&)
b—2 - ﬁv w = %7
or
w=—1; =0, ay=2by a,=0, a,=—"1
2 b27 1 0 0y 1 -2 4 (49b)
bor=7; o= %.
Eq. (49b) leads to the following solution:
3
o) = —exp (2kx + 1) + ay exp (kx +31) fiiza +a246 exp (—kx —31) — ok ( 2kx — 1) . (50)
exp (2kx + 1) — T+ 15 (—2kx — $1)
Setting a; = 6a, Eq. (50) is simplified as follows:
[ oxp (2kx +81) + 6aexp (kx +31) — 10a* + 6a® exp (—kx — 1) — a*(—2kx — 1)
o) = exp (2kx + 51) — 2a + a* (—2hx — &)
 —[exp (kx +31) + a? exp (—hx — 31) — 2a] [exp (kx +31) + a® exp (—kx — 1) — 4a]
[exp (kx +31) + a® exp (—kx — %t)]z —4a?
—[exp (kx +21) + a* exp (—kx — 31) — 4d]
7 7 . (51a)
exp (kx +31) +a*exp (—kx — 1) + 2a
Substituting Eq. (49b) into Eq. (48) results in another solution, which reads
—exD (for 4 31) + 2be — 3
v(x, t) — exp( +kt) + 0 4 exp( kt). (51b)

exp (kx +321) + by +bT‘2’ exp (—kx —31)

It is interesting that we find the same solutions as those in the Case 1.
33. Case3: p=c=2,d=q=1

Now we consider the case p = ¢ =2 and d = ¢ = 1. Under such case, the trial-function can be expressed as follows:

(n) = ayexp(2n) + a; exp(n) + ap + a_; exp(—n) (52)
exp(2n) + biexp(n) + by + by exp(—n)

By simple calculation by Matlab, we have

= _1: — “% ayby 5b2. — “'f blzal b?
a=-bL a=—3+7 5o =%
2 2 3 2 3
_ 4 ab b —_ 4  ha b (53)
by = nt e T3 by = s T 3% T4
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So the solution can be expressed as

+Tb sz <1087%7g>exp(kaf%t)
) 2 3

Tvtrin- (5% DowChi

a1+b (kx

a?

exp (2kx +¢1) + by exp (kx +3 )——5

v(x,t) =

%) "_1_,_@_._21)%

+ U by — (1?8_17%3%_[5)_3)“1)(_1“_%0
36(a; + b1)(3exp (kx +31) —ay + 2by)
—exp (—hc—21) x (3exp (ke + 1) —ar +2by) x (6exp (kv +21) +ay + by)*
36(a; + b1) exp (kx +31)

-1+

= -1+

_ ) 54
(6exp(kx+%t)+a,+b1)2 (54)
If we set 6¢ = a; + by, Eq. (54) reduces to
6cexp (kx +31) 6¢
o(x,t) = -1+ k =1+ , 55
P B T T ) 9

which is same as those obtained in Cases 1 and 2.

4. Conclusion

We give a very simple and straightforward method called Exp-function method for nonlinear wave equations. The
suggest method has some pronounced merits:

(1) The method leads to both the generalized solitonary solutions and periodic solutions;
(2) The solution procedure, by help of Matlab, is of utter simplicity, and can be easily extended to all kinds of non-
linear equations.

The Exp-function method might become a promising and powerful new method for nonlinear equations.
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