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Abstract

In this paper, a new method, called Exp-function method, is proposed to seek solitary solutions, periodic solutions
and compacton-like solutions of nonlinear differential equations. The modified KdV equation and Dodd–Bullough–
Mikhailov equation are chosen to illustrate the effectiveness and convenience of the suggested method.
� 2006 Elsevier Ltd. All rights reserved.
1. Introduction

Recently many new approaches to nonlinear wave equations have been proposed, for example, tanh-function
method [1–6], F-expansion method [7–9], Jacobian elliptic function method [10–12], variational iteration method
[13,14], Adomian method [15–18], variational approach [19–21], and homotopy perturbation method [22–24]. All meth-
ods mentioned above have limitation in their applications. In this paper we suggest a novel method called Exp-function
method (or Exp-method for short) to search for solitary solutions, compact-like solutions and periodic solutions of var-
ious nonlinear wave equations.
2. Basic idea of Exp-function method

In order to illustrate the basic idea of the suggested method, we consider first the following nonlinear dispersive
equation of the form [13,25–27]:
0960-0
doi:10

* Co
E-m
ut þ u2ux þ uxxx ¼ 0. ð1Þ
This equation is called modified KdV equation, which arises in the process of understanding the role of nonlinear dis-
persion and in the formation of structures like liquid drops, and it exhibits compactons: solitons with compact support.

Introducing a complex variation g defined as
g ¼ kxþ xt. ð2Þ
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We have
xu0 þ ku2u0 þ k3u000 ¼ 0; ð3Þ
where prime denotes the differential with respect to g.
The Exp-function method is very simple and straightforward, it is based on the assumption that traveling wave solu-

tions can be expressed in the following form:
uðgÞ ¼
Pd

n¼�can expðngÞPq
m¼�pbm expðmgÞ ; ð4Þ
where c, d, p, and q are positive integers which are unknown to be further determined, an and bm are unknown
constants.

We suppose that the solution of Eq. (3) can be expressed as
uðgÞ ¼ ac expðcgÞ þ � � � þ a�d expð�dgÞ
ap expðpgÞ þ � � � þ a�q expð�qgÞ . ð5Þ
To determine values of c and p, we balance the linear term of highest order in Eq. (3) with the highest order nonlinear
term. By simple calculation, we have
u000 ¼ c1 exp½ð7p þ cÞg� þ � � �
c2 exp½8pg� þ � � � ð6Þ
and
u2u0 ¼ c3 exp½ðp þ 3cÞg� þ � � �
c4 exp½4pg� þ � � � ¼ c3 exp½ð5p þ 3cÞg� þ � � �

c4 exp½8pg� þ � � � ; ð7Þ
where ci are determined coefficients only for simplicity.
Balancing highest order of Exp-function in Eqs. (6) and (7), we have
7p þ c ¼ 5p þ 3c; ð8Þ
which leads to the result
p ¼ c. ð9Þ
Similarly to determine values of d and q, we balance the linear term of lowest order in Eq. (3)
u000 ¼ � � � þ d1 exp½�ð7qþ dÞg�
� � � þ d2 exp½�8qg� ð10Þ
and
u2u0 ¼ � � � þ d3 exp½�ðqþ 3dÞg�
� � � þ d4 exp½�4qg� ¼ � � � þ d3 exp½�ð5qþ 3dÞg�

� � � þ d4 exp½�8qg� ; ð11Þ
where di are determined coefficients only for simplicity.
Balancing lowest order of Exp-function in Eqs. (10) and (11), we have
�ð7qþ dÞ ¼ �ð5qþ 3dÞ; ð12Þ
which leads to the result
q ¼ d. ð13Þ
For simplicity, we set p = c = 1 and q = d = 1, so Eq. (5) reduces to
uðgÞ ¼ a1 expðgÞ þ a0 þ a�1 expð�gÞ
expðgÞ þ b0 þ a�1 expð�gÞ . ð14Þ
Substituting Eq. (14) into Eq. (3), and by the help of Matlab, we have
1

A
½C3 expð3gÞ þ C2 expð2gÞ þ C1 expðgÞ þ C0 þ C�1 expð�gÞ þ C�2 expð�2gÞ þ C�3 expð4gÞ� ¼ 0; ð15Þ
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where
A ¼ ðexpðgÞ þ b�1 expð�gÞ þ b0Þ4;
C3 ¼ xa1b0 þ ka3

1b0 � k3a0 � wa0 � ka2
1a0 þ k3a1b0;

C2 ¼ 8k3a1b�1 þ 2ka3
1b�1 � 4k3a1b2

0 � 2wa�1 � 2ka1a2
0 þ 2wa1b�1 þ 4k3a0b0 � 2ka2

1a�1

þ 2ka2
1a0b0 þ 2xa1b2

0 � 2xa0b0 � 8k3a�1;

C1 ¼ xa1b3
0 þ 6xa1b0b�1 � xa0b2

0 � k3a0b2
0 � 18k3a1b0b�1 � 6ka1a0a�1 þ ka1a2

0b0 � ka3
0

þ 23k3a0b�1 � xa0b�1 � 5xa�1b0 þ k3a1b3
0 � 5k3a�1b0 þ ka2

1a�1b0 þ 5ka2
1a0b�1;

C0 ¼ 4xa1b2
�1 � 4ka1a2

�1 þ 32k3a�1b�1 þ 4ka1a2
0b�1 � 32k3a1b2

�1 þ 4k3a1b2
0b�1 � 4xa�1b�1

� 4k3a�1b2
0 � 4ka2

0a�1 � 4xa�1b2
0 þ 4ka2

1a�1b�1 þ 4xa1b2
0b�1;

C�1 ¼ 18k3a�1b0b�1 � 6xa�1b0b�1 � k3a�1b3
0 þ k3a0b�1b2

0 þ xa0b2
�1 � 5ka0a2

�1 þ 5xa1b0b2
�1

þ xa0b�1b2
0 � xa�1b3

0 � ka1a2
�1b0 � 23k3a0b2

�1 � ka2
0a�1b0 þ 5k3a1b0b2

�1 þ ka3
0b�1

þ 6ka1a0a�1b�1;

C�2 ¼ 2xa0b2
�1b0 � 2xa�1b2

�1 � 2ka3
�1 þ 2ka1a2

�1b�1 þ 2xa1b3
�1 � 4k3a0b2

�1b0 � 2xa�1b2
0b�1

þ 4k3a�1b2
0b�1 � 8k3a�1b2

�1 þ 2ka2
0a�1b�1 � 2ka0a2

�1b0 þ 8k3a1b3
�1;

C�3 ¼ ka0a2
�1b�1 þ xa0b3

�1 � ka3
�1b0 þ k3a0b3

�1 � xa�1b0b2
�1 � k3a�1b0b2

�1.
Equating the coefficients of exp(ng) to be zero, we have
C3 ¼ 0; C2 ¼ 0; C1 ¼ 0;

C0 ¼ 0;

C�2 ¼ 0; C�3 ¼ 0; C�4 ¼ 0:

8><
>: ð16Þ
Solving the system, Eq. (16), simultaneously, we obtain
a0 ¼ a1b0 þ 3k2b0

a1
; a�1 ¼

b2
0
ð3k2þ2a2

1
Þ

8a1
;

b�1 ¼
b2

0ð3k2þ2a2
1
Þ

8a2
1

; x ¼ �ka2
1 � k3;

8<
: ð17Þ
where a1 and b0 are free parameters.
We, therefore, obtain the following solution:
uðx; tÞ ¼
a1 exp½kx� ðka2

1 þ k3Þt� þ a1b0 þ 3k2b0

a1
þ b2

0ð3k2þ2a2
1
Þ

8a1
expð�kxþ ðka2

1 þ k3ÞtÞ

exp½kx� ðka2
1 þ k3Þt� þ b0 þ

b2
0ð3k2þ2a2

1
Þ

8a2
1

expð�kxþ ðka2
1 þ k3ÞtÞ

¼ a1 þ
3k2b0

a1

exp½kx� ðka2
1 þ k3Þt� þ b0 þ

b2
0
ð3k2þ2a2

1
Þ

8a2
1

expð�kxþ ðka2
1 þ k3ÞtÞ

. ð18Þ
Generally a1, b0, and k are real numbers, and the obtained solution, Eq. (18), is a generalized solitonary solution.
In case k is an imaginary number, the obtained solitonary solution can be converted into periodic solution or com-

pact-like solution. We write
k ¼ iK. ð19Þ
Use the transformation
exp½kx� ðka2
1 þ k3Þt� ¼ exp½iKx� iðKa2

1 � K3Þt� ¼ cos½Kx� ðKa2
1 � K3Þt� þ i sin½Kx� ðKa2

1 � K3Þt�
and
exp½�kxþ ðka2
1 þ k3Þt� ¼ exp½�iKxþ iðKa2

1 � K3Þt� ¼ cos½Kx� ðKa2
1 � K3Þt� � i sin½Kx� ðKa2

1 � K3Þt�.
Eq. (18) becomes
uðx; tÞ ¼ a1 þ
� 3K2b0

a1

ð1þ pÞ cos½Kx� ðKa2
1 � K3Þt� þ b0 þ ið1� pÞ sin½Kx� ðKa2

1 � K3Þt�
; ð20Þ
where p ¼ b2
0ð�3k2þ2a2

1
Þ

8a2
1

.
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If we search for a periodic solution or compact-like solution, the imaginary part in the denominator of Eq. (20) must
be zero, that requires that
1� p ¼ 1� b2
0ð�3K2 þ 2a2

1Þ
8a2

1

¼ 0. ð21Þ
Solving b0 from Eq. (21) we obtain
b0 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8

ð�3K2 þ 2a2
1Þ

s
. ð22Þ
Substituting Eq. (22) into Eq. (20) results in a compact-like solution, which reads
uðx; tÞ ¼ a1 þ
�3K2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8

ð�3K2þ2a2
1
Þ

q
2 cos½Kx� ðKa2

1 � K3Þt� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8
ð�3K2þ2a2

1
Þ

q
a1

¼ a1 þ
�3K2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ð�3K2þ2a2
1
Þ

q
cos½Kx� ðKa2

1 � K3Þt� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
ð�3K2þ2a2

1
Þ

q
a1

; ð23Þ
where a1 and K are free parameters, and it requires that 2a2
1 > 3K2.

To compare our result, Eq. (23), with that in open literature, we write down Zhu et al.’s solutions [28,29], which read
uðx; tÞ ¼ 4
ffiffiffi
2
p

k sin2ðkx� 4k3tÞ
3� 2 sin2ðkx� 4k3tÞ

. ð24aÞ
and
uðx; tÞ ¼ 4
ffiffiffi
2
p

k cos2ðkx� 4k3tÞ
3� 2 cos2ðkx� 4k3tÞ

. ð24bÞ
We re-write Eqs. (24a) and (24b), respectively, in the forms
uðx; tÞ ¼ �2
ffiffiffi
2
p

k þ 6
ffiffiffi
2
p

k

2þ cosð2kx� 8k3tÞ
ð25aÞ
and
uðx; tÞ ¼ �2
ffiffiffi
2
p

k þ 6
ffiffiffi
2
p

k

2� cosð2kx� 8k3tÞ
. ð25bÞ
If we choose a1 ¼ �2
ffiffiffi
2
p

k, our solution, Eq. (23), turns out to be Zhu et al.’s solutions as expressed in Eqs. (25a) and
(25b).

So the suggested Exp-function method can obtain easily the generalized solitonary solution and compact-like solu-
tion for nonlinear wave equations. To illustrate its effectives and convenience, we consider in the next section the Dodd–
Bullough–Mikhailov equation.
3. An example

Now we consider the Dodd–Bullough–Mikhailov equation [4]
uxt þ eu þ e�2u ¼ 0. ð26Þ
This equation plays a significant role in many scientific applications such as solid state physics, nonlinear optics and
quantum field theory. By the transformation u = lnv, Eq. (26) becomes
vvxt � vxvt þ v3 þ 1 ¼ 0. ð27Þ
Introducing a complex variation g defined as g = kx + xt, we have
f ðvÞ � kxvv00 � kxðv0Þ2 þ v3 þ 1 ¼ 0; ð28Þ
where prime denotes the differential with respect to g.
We suppose that the solution of Eq. (28), can be expressed as
uðx; tÞ ¼ ac exp½cðkxþ xtÞ� þ � � � þ a�d exp½�dðkxþ xtÞ�
ap exp½pðkxþ xtÞ� þ � � � þ a�q exp½�qðkxþ xtÞ� . ð29Þ
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By the same manipulation as illustrated in the previous section, we can determine values of c and p by balancing vv00 and
v3 in Eq. (28)
vv00 ¼ c1 exp½ð3p þ 2cÞg� þ � � �
c2 exp½5pg� þ � � � ð30Þ
and
v3 ¼ c3 exp½3cg� þ � � �
c4 exp½3pg� þ � � � ¼

c1 exp½ð2p þ 3cÞg� þ � � �
c4 exp½5pg� þ � � � . ð31Þ
Balancing the highest order of Exp-function in Eqs. (30) and (31), we have
3p þ 2c ¼ 2p þ 3c; ð32Þ
which leads to the result
p ¼ c. ð33Þ
By a similar derivation as illustrated in the previous section, we obtain
d ¼ q. ð34Þ
3.1. Case 1: p = c = 1, d = q = 1

We can freely choose the values of c and d, but we will illustrate that the final solution does not strongly depends
upon the choice of values of c and d. For simplicity we choose p = c = 1 and d = q = 1, the trial-function, Eq. (29),
becomes
vðgÞ ¼ a1 expðgÞ þ a0 þ a�1 expð�gÞ
expðgÞ þ b0 þ a�1 expð�gÞ . ð35Þ
Substituting (35) into (28), by help of Matlab, we have
1

A
fC4 expð4gÞ þ C3 expð3gÞ þ C2 expð2gÞ þ C1 expðgÞ þ C0 þ C�1 expð�gÞ þ C�2 expð�2gÞ þ C�3 expð�3gÞ

þ C�4 expð�4gÞg ¼ 0; ð36Þ
where
A ¼ ðexpðgÞ þ b�1 expð�gÞ þ b0Þ4;
C4 ¼ a3 þ 1;

C3 ¼ 3a2
1a0 þ kxa0a1 � kxa2

1b0 þ a3
1b0 þ 4b0;

C2 ¼ 3a1a2
0 þ 4b�1 þ 4kxa1a�1 þ 6b2

0 � 4kxa2
1b�1 þ a3

1b�1 þ 3a2
1a0b0 þ 3a2

1a�1;

C1 ¼ a3
0 � 6kxa1b�1a0 þ 6kxa1b0a�1 þ 12b0b�1 � kxa2

0b0 � kxa2
1b0b�1 þ 6a1a0a�1

þ kxa0a1b2
0 þ 3a1a2

0b0 þ 4b3
0 þ 3a2

1a0b�1 þ 3a2
1a�1b0 þ kxa0a�1;

C0 ¼ 3a2
1a�1b�1 þ 6b2

�1 þ 12b2
0b�1 � 4kxa2

0b�1 þ 3a1a2
�1 þ 3a2

0a�1 þ 6a1a0a�1b0 þ b4
0

þ 4kxa1a�1b2
0 þ a3

0b0 þ 3a1a2
0b�1;

C�1 ¼ a3
0b�1 þ 3a0a2

�1 þ 3a2
0a�1b0 þ kxa0a�1b2

0 þ 6kxa�1b0a1b1 þ kxa0b2
�1a1 þ 4b3

0b�1

� kxa2
0b�1b0 þ 6a1a0a�1b�1 � 6kxa0a�1b�1 � kxa2

�1b0 þ 3a1a2
�1b0 þ 12b0b2

�1;

C�2 ¼ 6b2
0b2
�1 � 4kxa2

�1b�1 þ a3
�1 þ 3a2

0a�1b�1 þ 3a1a2
�1b�1 þ 4b3

�1 þ 4kxa�1a1b2
�1 þ 3a0a2

�1b0;

C�3 ¼ 3a0a2
�1b�1 � kxa2

�1b0b�1 þ a3
�1b0 þ 4b0b3

�1 þ kxa�1a0b3
�1;

C�4 ¼ b4
�1 þ a3

�1b1.
Equating the coefficients of exp(ng) in Eq. (36) to be zero, we have
C4 ¼ 0; C3 ¼ 0; C2 ¼ 0; C1 ¼ 0;

C0 ¼ 0;

C�1 ¼ 0; C�2 ¼ 0; C�3 ¼ 0;C�4 ¼ 0:

8><
>: ð37Þ
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Solving the system, Eq(37), simultaneously yields
a1 ¼ �1; a0 ¼ 2b0; a�1 ¼
�b2

0

4
; b�1 ¼

b2
0

4
; x ¼ 3

k
. ð38Þ
We, therefore, obtain
vðx; tÞ ¼
� exp kxþ 3

k t
� �

þ 2b0 �
b2

0

4
exp �kx� 3

k t
� �

exp kxþ 3
k t

� �
þ b0 þ

b2
0

4
exp �kx� 3

k t
� � ; ð39Þ
where k and b0 are non-zero free parameters
The solution of the Dodd–Bullough–Mikhailov equation can be expressed as follows:
uðx; tÞ ¼ ln v ¼ ln �1þ 3b0

exp k
2
xþ 3

2k t
� �

þ b0

2
exp � k

2
x� 3

2k t
� �� �2

" #
. ð40Þ
Hereby it requires that b0 > 0 and ln
ffiffi
3
p
�1

2

ffiffiffiffiffi
b0

p� �
< k

2
xþ 3

2k t
� �

< ln
ffiffi
3
p
þ1

2

ffiffiffiffiffi
b0

p� �
.

To compare our result with the known ones in literature, we write down Wazwaz’s solution [4], which reads
vðx; tÞ ¼ 1

2
1� 3tanh2 1

2

ffiffiffiffiffiffiffi
� 3

c

r
ðx� ctÞ

" # !
ð41Þ
We re-write it in the form
vðx; tÞ ¼ 1

2
1� 3�

exp 1
2

ffiffiffiffiffiffiffi
� 3

c

q
� xþ 1

2

ffiffiffiffiffiffiffiffiffi
�3c
p

� t
� �

� exp � 1
2

ffiffiffiffiffiffiffi
� 3

c

q
� x� 1

2

ffiffiffiffiffiffiffiffiffi
�3c
p

� t
� �

exp 1
2

ffiffiffiffiffiffiffi
� 3

c

q
� x� 1

2

ffiffiffiffiffiffiffiffiffi
�3c
p

� t
� �

þ exp � 1
2

ffiffiffiffiffiffiffi
� 3

c

q
� x� 1

2

ffiffiffiffiffiffiffiffiffi
�3c
p

� t
� �

2
64

3
75

20
B@

1
CA

¼
� exp

ffiffiffiffiffiffiffi
� 3

c

q
xþ

ffiffiffiffiffiffiffiffiffi
�3c
p

t
� �

þ 4� exp �
ffiffiffiffiffiffiffi
� 3

c

q
x�

ffiffiffiffiffiffiffiffiffi
�3c
p

t
� �

exp
ffiffiffiffiffiffiffi
� 3

c

q
xþ

ffiffiffiffiffiffiffiffiffi
�3c
p

t
� �

þ 2þ exp �
ffiffiffiffiffiffiffi
� 3

c

q
x�

ffiffiffiffiffiffiffiffiffi
�3c
p

t
� � : ð42Þ
It is obvious that in case b0 = 2, our solution reduces to Wazwaz’s.
As illustrated above that the obtained solitonary solution can be converted into periodic solution or compact-like

solution if k is chosen as an imaginary number. If k = iK, then Eq. (39) becomes
vðx; tÞ ¼
� 1þ b2

0

4

� �
cos Kx� 3

K t
� �

� i 1� b2
0

4

� �
sin Kx� 3

K t
� �

þ 2b0

1þ b2
0

4

� �
cos Kx� 3

K t
� �

þ i 1� b2
0

4

� �
sin Kx� 3

K t
� �

þ b0

. ð43Þ
Elimination of the imaginary part requires that
b0 ¼ 2. ð44Þ
Eq. (43) reduces to
vðx; tÞ ¼
� cos Kx� 3

K t
� �

þ 2

cos Kx� 3
K t

� �
þ 1

¼ �1þ 3

cos Kx� 3
K t

� �
þ 1

. ð45Þ
We, therefore, obtain a periodic solution, which reads
uðx; tÞ ¼ ln v ¼ ln �1þ 3

cos Kx� 3
K t

� �
þ 1

 !
; ð46Þ
it requires that Kx� 3
K t 6¼ ð2nþ 1Þp.

3.2. Case 2: p = c = 2, d = q = 2

As mentioned above the values of c and d can be freely chosen, now we set p = c = 2 and d = q = 2, then the trial-
function, Eq. (29), becomes
vðgÞ ¼ a2 expð2gÞ þ a1 expðgÞ þ a0 þ a�1 expð�gÞ þ a�2 expð�2gÞ
expð2gÞ þ b1 expðgÞ þ b0 þ b�1 expð�gÞ þ b�2 expð�gÞ . ð47Þ
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There are some free parameters in Eq. (47), we set b1 = b�1 = 0 for simplicity, the trial-function (47) is simplified as
follows:
vðgÞ ¼ a2 expð2gÞ þ a1 expðgÞ þ a0 þ a�1 expð�gÞ þ a�2 expð�2gÞ
expð2gÞ þ b0 þ b�2 expð�gÞ . ð48Þ
By the same manipulation as illustrated above, we obtain
a2 ¼ �1; a0 ¼ � 5
18

a2
1; a�1 ¼

a3
1

36
; a�2 ¼ �

a4
1

1296
;

b�2 ¼
a4

1

1296
; x ¼ 3

k ;

8<
: ð49aÞ
or
a2 ¼ �1; a1 ¼ 0; a0 ¼ 2b0; a�1 ¼ 0; a�2 ¼ � b2
0

4
;

b�2 ¼
b2

0

4
; x ¼ 3

4k :

8<
: ð49bÞ
Eq. (49b) leads to the following solution:
vðx; tÞ ¼
� exp 2kxþ 6

k t
� �

þ a1 exp kxþ 3
k t

� �
� 5

18
a2

1 þ
a3

1

36
exp �kx� 3

k t
� �

� a4
1

1296
�2kx� 6

k t
� �

exp 2kxþ 6
k t

� �
� a2

1

18
þ a4

1

1296
�2kx� 6

k t
� � . ð50Þ
Setting a1 = 6a, Eq. (50) is simplified as follows:
vðx; tÞ ¼
� exp 2kxþ 6

k t
� �

þ 6a exp kxþ 3
k t

� �
� 10a2 þ 6a3 exp �kx� 3

k t
� �

� a4 �2kx� 6
k t

� �
exp 2kxþ 6

k t
� �

� 2a2 þ a4 �2kx� 6
k t

� �
¼
� exp kxþ 3

k t
� �

þ a2 exp �kx� 3
k t

� �
� 2a

� �
exp kxþ 3

k t
� �

þ a2 exp �kx� 3
k t

� �
� 4a

� �
exp kxþ 3

k t
� �

þ a2 exp �kx� 3
k t

� �� �2 � 4a2

¼
� exp kxþ 3

k t
� �

þ a2 exp �kx� 3
k t

� �
� 4a

� �
exp kxþ 3

k t
� �

þ a2 exp �kx� 3
k t

� �
þ 2a

. ð51aÞ
Substituting Eq. (49b) into Eq. (48) results in another solution, which reads
vðx; tÞ ¼
� exp kxþ 3

k t
� �

þ 2b0 �
b2

0

4
exp �kx� 3

k t
� �

exp kxþ 3
k t

� �
þ b0 þ b2

0

4
exp �kx� 3

k t
� � . ð51bÞ
It is interesting that we find the same solutions as those in the Case 1.

3.3. Case 3: p = c = 2, d = q = 1

Now we consider the case p = c = 2 and d = q = 1. Under such case, the trial-function can be expressed as follows:
vðgÞ ¼ a2 expð2gÞ þ a1 expðgÞ þ a0 þ a�1 expð�gÞ
expð2gÞ þ b1 expðgÞ þ b0 þ b�1 expð�gÞ . ð52Þ
By simple calculation by Matlab, we have
a2 ¼ �1; a0 ¼ �
a2

1

4
þ a1b1

6
þ 5

12
b2

1; a�1 ¼
a3

1

108
� b2

1a1

36
� b3

1

54
;

b0 ¼ �
a2

1

12
þ a1b1

6
þ b2

1

4
; b�1 ¼ �

a3
1

108
þ b2

1
a1

36
þ b3

1

54
;

x ¼ 3
k :

8>>><
>>>:

ð53Þ
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So the solution can be expressed as
vðx; tÞ ¼
� exp 2kxþ 6

k t
� �

þ a1 exp kxþ 3
k t

� �
� a2

1

4
þ a1b1

6
þ 5

12
b2

1 þ
a3

1

108
� b2

1a1

36
� b3

1

54

� �
exp �kx� 3

k t
� �

exp 2kxþ 6
k t

� �
þ b1 exp kxþ 3

k t
� �

� a2
1

12
þ a1b1

6
þ 1

4
b2

1 �
a3

1

108
� b2

1a1

36
� b3

1

54

� �
exp �kx� 3

k t
� �

¼ �1þ
ða1 þ b1Þ exp kxþ 3

k t
� �

� a2
1

3
þ a1b1

3
þ 2

3
b2

1

exp 2kxþ 6
k t

� �
þ b1 exp kxþ 3

k t
� �

� a2
1

12
þ a1b1

6
þ 1

4
b2

1 �
a3

1

108
� b2

1a1

36
� b3

1

54

� �
exp �kx� 3

k t
� �

¼ �1þ
36ða1 þ b1Þ 3 exp kxþ 3

k t
� �

� a1 þ 2b1

� �
� exp �kx� 3

k t
� �

� 3 exp kxþ 3
k t

� �
� a1 þ 2b1

� �
� 6 exp kxþ 3

k t
� �

þ a1 þ b1

� �2

¼ �1þ
36ða1 þ b1Þ exp kxþ 3

k t
� �

6 exp kxþ 3
k t

� �
þ a1 þ b1

� �2
. ð54Þ
If we set 6c = a1 + b1, Eq. (54) reduces to
vðx; tÞ ¼ �1þ
6c exp kxþ 3

k t
� �

exp kxþ 3
k t

� �
þ c

� �2
¼ �1þ 6c

exp kxþ 3
k t

� �
þ 2cþ c2 exp �kx� 3

k t
� � ; ð55Þ
which is same as those obtained in Cases 1 and 2.
4. Conclusion

We give a very simple and straightforward method called Exp-function method for nonlinear wave equations. The
suggest method has some pronounced merits:

(1) The method leads to both the generalized solitonary solutions and periodic solutions;
(2) The solution procedure, by help of Matlab, is of utter simplicity, and can be easily extended to all kinds of non-

linear equations.

The Exp-function method might become a promising and powerful new method for nonlinear equations.
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