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SUMMARY

Standard approximate tests of the difference of two probabilities have type 1 error
that can differ significantly from nominal, even for quite large sample sizes. There are
two modern methods of reducing type 1 error. One is to use so-called higher order
asymptotics (Reid, 2003) to provide an explicit adjustment to the likelihood ratio
statistic. The second is to replace the nuisance parameter in an exact calculation with
a null estimate (Young and Lee, 2005), which is a kind of bootstrap. The purpose of
this paper is to explain and evaluate these two methods, for testing whether a difference
in probabilities p; — py exceeds a pre-chosen non-inferiority margin —§. On the basis
of an extensive numerical study, we recommend bootstrap P-values as superior both in
terms of size accuracy and also power.
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1 Introduction

In a clinical trial comparing a new treatment to a standard treatment, one may want to
demonstrate that there is at most a practically irrelevant difference between the failure
rates of the two treatments. So-called non-inferiority studies seek to place a limit on
the possible inferiority of a new treatment, which may have safety and tolerability
advantages compared to the standard treatment. If p; is the probability of a positive
end-point with the new treatment and py the probability with the old treatment, then
the hypotheses under test are

Ho:p1—po <6 versus Hi:p; — po > 0,

for some pre-chosen non-inferiority margin ¢, often -0.1 or -0.2. The data will typically
comprise 1y responses from ng independent individuals with treatment not applied,
and y; responses from n; independent individuals with treatment applied. The same
hypotheses can be tested for matched binary data (Liu et al, 2002; Lloyd, 2008) but

this design will not be considered here.



Such tests were first considered by Dunnett and Gent (1977) who gave a chi-square
goodness of fit statistics with expected values estimated under the null by a method
of moments estimator. Obviously there is a huge literature on testing a difference of
binomial probabilities, which will not be reviewed here. The most recent improvements
and refinements are described in Munk et al (2005) who compare the LR test, a score
type test of Chan (1998) and tests based on an ordering method of Rohmel and Mans-
mann (1999), with distributional dependence on the unspecified nuisance parameter
handled by maximisation.

The problem with standard approximate test statistics for discrete models is firstly
that the sample space is discrete which can cause test performance to depend erratically
on sample size. Secondly, distributional approximations tend to break down on the
boundary which must be accounted for in any strict frequentist method. There is
ample evidence that these effects are serious even for quite large sample sizes, see
Berger and Boos (1994) and more recently Lloyd (2008). To put it simply, even for
sample sizes in the several hundreds a standard approximate P-value may seriously

mis-represent the exact significance of the outcome.

Example. A standard example for illustration is from the seminal paper of Dun-
nett and Gent (1977). They describe the Burlington study reported in Spitzer et
al. (1974) comparing patients given doctor based care (regime 0) with those given care
administered by nurses only (regime 1). The success rates, appropriately defined, were
Po = 148/225 = 65.8% for conventional care and p; = 115/167 = 68.9% for nurse based
care providing weak evidence that nurse based care was better than doctor based care.
However, the main interest was in establishing that nurse based care was not practi-
cally inferior to the doctor based care. For instance, can it be concluded that success
rates with nursing care exceed that of doctors based care minus 5%?

Using a non-inferiority margin of § = —0.05 we may calculate several standard ap-
proximate test statistics. For instance, the score and likelihood ratio statistics defined
later lead to respective P-values of 0.0453 and 0.0464. While these two P-values are
quite similar in this case, alternative standard methods can give practically different
answers in other examples and readers have no doubt experienced themselves. More
importantly however is that fact that both these ‘approximate’ P-values are quite in-
accurate. So-called exact P-values based on these are 0.0500 for Chan’s statistic and
0.0760 for the likelihood ratio statistic. So standard approximate P-values are quite
inaccurate even for these rather large sample sizes. Moreover their inaccuracy differs

for difference statistics in a manner which is difficult to predict.



At least two possible solutions to the erratic behaviour of standard approximate test
statistics have emerged over the past decade. The first alternative is so-called higher
order asymptotics which leads to an adjusted likelihood ratio statistic which is not only
closer to normally distributed but also respects conditionality, see Brazzale, Davison
and Reid (2007) for a readable account. The second alternative is the parametric
bootstrap, which involves replacing the nuisance parameter by a null estimate. Both
these methods have been shown to have order of error O(m~%/2) for continuous models.
For discrete models, the order of error is not clear, though it appears to be O(m™1),
where m is a measure of sample size, see DiCiccio and Young (2008) and Lloyd (2009).

The purpose of this paper is to describe and evaluate these two alternative methods,
for the specific but important case of testing the difference between two independent

binomial proportions.

2 First order test statistics

Denote the interest parameter by 6 = p; — po, the null value §y and the remaining
nuisance parameter by A = po. We will use subscript d to denote estimation under the
null hypothesis that p; — pg equals a specified value §. Details are in Appendix A.
There are two first order statistics in common use for this problem, both with
approximate normal distributions when min(ng, ny) is large and (pg, p1) is not on the

boundary of the unit square. The first is the signed root likelihood statistic
r(8) = sign(6 — 0) [2{£(8, }) — £(5, As) }]
considered by Munk et al (2005). An alternative statistic is the standardised estimator

(6) = y1/m1 — yo/no — 6

t -
s

of Chan (1998), where 02 = po(1 — po)/no + pi(1 — p1)/n1.
P-values based on a standard normal approximation to either of these statistics are
said to be first order accurate and suffer errors of O(m~1/2) for one-sided P-values.

Second order methods described below can give one-sided P-values with error O(m™1).

3 Second order test statistics

So-called second order likelihood inference is based on double saddlepoint approxima-

tions to the distribution of the ML estimator conditional on an approximate ancillary
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component. A readable account is Brazzale, Davison and Reid (2007). While the

general theory is complex it results in an modified likelihood root statistic

() = r(8) +r(d) " log{q(d)/r(9)} (1)
where ¢(d) is in general complicated. Letting w; = p;(1 — p;) and ¢; = logit(p;), the
adjustment statistic ¢(d) for the difference of two binomials has the simple form
(5) = {a15(P1 — P15) — Wos(Po — Pos) } o @)

2 32 Dos
\/nowo(; + nqwis WosW1s

q

This is derived in Appendix B. This generates a P-value p*(§) = 1 — ®(r*(J)) whose
computation does not depend on the sample size. However, the formula for r*(J)
diverges under two quite different circumstances. Firstly, saddlepoint approximations
are known to fail in the centre of the distribution and we see that r*(d) breaks down
when r(d) ~ 0. This is easily corrected by setting 7*(d) = r(9). These data sets are of
little interest anyway.

Secondly, the adjustment statistic ¢(0) ~ 0 whenever wyw; &~ 0 which occurs near
the boundary of the sample space. It is not widely appreciated that r* breaks down on
the boundary and that this can have quite perverse effects on the performance of the
test. This problem must be explicitly handled to define a proper frequentist test. Three
re-definitions of 7*(4) on the boundary will be tried. Again setting it equal to r(J) is a
simple alternative. A more complex approach is to add % to all counts, calculate 7*(9)
using the formulas above, and then half the resulting P-value, see Pierce and Peters
(1992). The third approach is to use the bootstrap statistic which we now define.

An entirely different approach to obtaining a more accurate test statistic or P-
value is to compute the P-value exactly but with the estimated nuisance parameter

substituted for the true value. This bootstrap P-value has the general close form

A

Ply,0)= > Pr(Y =y,0) (3)
y:T(y' ) =T (y)
For our application, y = (yo,y1) and Pr(Y =%’) is a product of binomial distributions
with parameters 0 = (pg,po — ). Notice that a different basic test statistic T'(Y)
generates a different bootstrap P-value, though the difference is often slight. The
simplicity of the formula suppresses the computational burden as the sample size grows,
as we must evaluate each element gy’ of the sample space to see if T(y') > T(y).
However, up to sample sizes of several hundred it can be computed quickly. Young

and Lee (2005) show that inferences from such P-values incur error of O(m=3/2) for
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continuous models. For discrete models the error rate is not clear though it appears to
be O(m™1), see DiCiccio and Young (2008). The bootstrap P-value does not require
any special modifications near or on the boundary.

Both p*(Y, dy) and P(Y, dp) are claimed to approximately respect any exact or ap-
proximate conditionality in the model. Both have error rates better than first order
statistics. What is not clear is how close to exact the implied tests are for discrete

models, and how they perform in terms of power.

Ezample ct’d. For the earlier mentioned Burlington study the P-value based on ¢(—0.05)
was P = 0.0453 with exact version p* = 0.0500 while using r(—0.05) the approximate
P-values was 0.0464 with exact version P* = 0.0760. The statistic r* here gives a
P-value 0.0466 but the exact P-value from this statistic is again 0.076. The bootstrap
P-values are 0.0474 for either the Chan or LR statistic and the exact versions of these
P-values are both 0.0475. For this example then, using the bootstrap P-value gives

virtually identical results for both basic statistics and both are close to exact.

4 Test size

All tests to be investigated are expressed in terms of an approximate P-value which
generates a nominal size « test by rejecting the null if P(y) < a. The relative size bias
of the test is

e(a,\) :=Pr(P(Y) <a);\,\—dy)/a — « (4)

where dependence on (ng,n1) and dy is suppressed. It is simple to show that if (ng, 1)
is replaced by (n1,m0) then e(a, A) is simply reflected in the interval As.

Since e(a, \) depends on A we will look at two criteria, namely e(a) = [ |e(a, A)|dA
and e*(a) = sup, e(a, A). The second measures the extent to which the P-value exag-
gerates the true significance and ignores parameter values for which e(a, \) is smaller
than «. This is consistent with Bickel and Doksum (1997), who define the size of a
test to be the maximum probability of rejection. It is also consistent with theory of
Rohmel and Mansmann (1999) and Lloyd (2008a) who show that P-values based on
maximising out nuisance parameters possess strong optimality properties. Both these
measures are unchanged when (ng,n1) is replaced by (nq,ng), so we will assume that
ny < ng without loss of generality.

I computed the curves e(a, \) exactly at an even grid of 101 values of A in As from
which I approximated é(«) and e*(«) by the simple average and maximum respectively.

There were five basic P-values and their bootstrap versions investigated. The five



basic P-values were Chan’s ¢(d), the likelihood root statistic r(d), and the modified
likelihood root statistic r*(0) with three different modifications on the boundary, as
mentioned in the previous section. The following parameter combinations were covered:
a =0.01,0.05,0.10; 69 = —0.1, 0. Initial sample sizes (4,4), (5,3) and (6, 2) were scaled
up by the factor m = 4,6, ..., 18, 20.
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Figure 1: Size bias of P-values from ¢(—0.1). Left panel. Ordinary P-values based
on normal approximation versus their bootstrap versions. Right panel. Tail probability
Pr(P < a; A) versus A € (0.1, 1.0).

Figure 1 gives results for the statistic ¢(—0.1) for sample sizes 18 x (5,3) = (90, 54),
but are typical of other sample sizes and statistics. The left panel plots the raw P-
values P(Y;—0.1) from the normal approximation to t(—0.1) against the bootstrap
versions, each point corresponding to a different possible data set of the 5005 in the
sample space. The bootstrap P-values tend to be slightly larger than the raw P-values,
correcting for the well know fact that Wald-type statistics tend to be liberal. There
are also some distinct differences in the way the two P-values order the sample space.
The right panel displays the function Pr(P < 0.05;\) against A € [0,1,1.0]. The
ordinary line is for the raw P-value and the bold line for the bootstrap P-value. The
tail probability is closer to nominal for the bootstrap versions (e = 4.7,¢* = 0.7) then
for the raw P-value (¢ = 5.9,e* = 5.4), especially when assessed by the worst case
measure e*.

To summarise a rather large amount of numerical evidence, I have taken the average

size bias for these six cases and tabulated these in Tables 1-3 for three starting sample



sizes (4,4), (5,3) and (6,2). The upper sections gives mean size bias € and the bottom
section maximum size bias e*. To aid interpretation, the top left figure 20.4 in Table 1
means that the size of Chan’s test for sample size (ng,n1) = (16,16) deviates from
nominal by an average of 24.5% of that nominal value as A varies. The bottom right
figure of 1.8% indicates that the bootstrap test for sample sizes (100, 60) has true size
which virtually never exceeds nominal; for the worst value of X it only exceeds nominal
by 1.8% of nominal.

The (5, 3) table has been unpacked into three separate tables for the three values of
a, but still averaged over the two values of dy. These are presented in Tables 4-6 and
display similar patterns, except that relative size bias tends to be larger for o = 0.01
than for @ = 0.10. The results have also been unpacked with respect to d, but averaged
over the three values of «, in Tables 7-8. Examination of these tables suggests very
consistent results, as listed below, and that the first table gives a reasonable summary

of typical results. The main patterns are as follows.

(1) Mean size bias decreases with sample size for all P-values. Amongst the basic
non-bootstrap P-values, 75, and 7} have somewhat smaller size bias for larger

sample sizes. The bootstrap P-values have similar mean size bias to 5.

(2) Maximum size bias tells a different story. All the basic P-values have large max-
imum size bias. The best of them are rj;; and we note that Chan’s statistic
performs much better than the likelihood root statistic. For all the bootstrap P-
values, maximum bias is at least an order of magnitude smaller. It is noteworthy
that maximum bias is hardly affected by sample size. For the basic P-values it

is large for all sample sizes and for the bootstrap it is small for all sample sizes.

On the basis of these results, one could not recommend any of the versions of r* if
the aim is to ensure that the true size is close to the nominal size. Any of the bootstrap
P-values are much better for this purpose. The simplest to calculate are based on the
ordinary likelihood root () or Chan’s statistic ().

5 Test power

It makes no sense to compare the power of competing tests of differing size, since power
can be increased by reducing size. To compare two competing P-values, both must be
corrected to have size as close to nominal as possible. There is a very clean theory of
exact P-values described in Rohmel and Mansmann (1999) and Lloyd (2008a). The



upshot of this work is that for a given approximate P-value P(y,dp), the maximised

P-value
P*(y,00) := Slip{Pr(P(Y, d0) < P(y,00); A, A —do)} (5)

is as small as possible amongst P-values that satisfy the size restriction and order the
sample space in the same order as P(Y,dy). In short, P*(Y,d) has a strong claim to
being the correct P-value, once the basic test statistic has been decided upon. We
therefore assess the power of competing approximate P-values by the power of their

exact versions, P*(Y'). Specifically the power function
B(6,A) = Pr(P"(Y) < P*(5): A, A — 3),
at the non-null parameter values 6; = dg + ¢/y/(non1)/? with ¢ = 1. The non-null

values are chosen so that the power is neither close to 0 or 1.

Table 9 summarises power for starting sample size (ng,n1) = (5,3). Each figure
gives the average of the powers of the exact tests with size 0.01, 0.05 and 0.10. The main
message from these figures is that the bootstrap based test appears to be uniformly
more powerful than the tests based on the basic statistics. Amongst non-bootstrap
tests, Chan’s test is more powerful than the other four, but not as powerful as any of
the bootstrap tests. There is evidence that the power of the bootstrap test based on
Chan’s statistic is very slightly more powerful than the other bootstrap tests, but the
starker message is that all bootstrap tests are almost equally good.

The averaging over three sizes does not suppress any anomalous behaviour. For
instance, Tables 10-12 give average power for the size 0.01, 0.05 and 0.10 separately,
but this time averaged over three sample size configurations. The main differences
are that the larger size tests have higher power, but the consistent superiority of the
bootstrap tests persists. I also investigated more remote alternatives with ¢ = 1.5 and

¢ = 2 and again find uniform superiority of the bootstrap test.

6 Varying the inferiority margin

It has been noted by Rohmel 2005) that exact P-values P*(Y, d) vary rather erratically
with the non-inferiority margin . In principle we would hope that as the non-inferiority
margin increases the P-value would decrease smoothly. Unfortunately this is not the
case for maximised P-values because the tail set whose exact probability is calculate
changes with 9.

Figure 2 shows the dependence of various LR absed P-values on ¢ for the specific
data set (yo,m0) = (34,70) and (y1,n1) = (21,30). Each plot shows the approximate
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P-value (as a line) and the maximised P-value (as points). For the left plot, the ap-
proximate P-value is standard normal approximation W(—¢(—d)) which is a continuous
function of §. The maximised P-values are much larger but also vary quite erratically
with 0. While it is not typical in practice to calculate P-values for a range of non-
inferiority margins, the erratic dependence is conceptually worrying. More practically,
it means that intervals obtained from inverting such P-values may be discontiguous.
The right plot is for the estimated P-value, which is in principle also a discontinuous
function of 9. However, we have found that usually the discontinuities are so small as
to be undetectable as is the case here. The maximised version is more clearly discon-
tinuous, but much less so than for the maximised P-value in the left plot. It is also
close to the estimated P-value.

This example is not special and it seems to generally be the case that estimated
P-values are close to continuous functions of § (though formally discontinuous) while
the maximised versions are more discontinuous but often not practically different to

the estimated P-values.
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Figure 2: Dependence of LR based P-values on ¢ for (yo,y1) = (34,21). Left
panel. Approximate P-value P(y;¢) (line) and maximised P-value P*(y;d)(points).
Right panel. Estimated P-value P(y;d) (line) and estimated then maximised P-value
P*(y; 6).points)



7 Conclusions

It has been found that the bootstrap adjustment to the basic P-values r(d) and %(6)
produce tests whose size is much closer to nominal and exceed nominal by a very small
margin. The maximum size bias of standard test statistics does not seem to decrease
with sample size, whereas the maximum size bias of the bootstrap based P-values is
extremely small for small or large sample sizes. For practical purposes, one can take
the bootstrap P-values based tests to be exact, even for the smallest sample sizes
considered.

Second order based P-values display somewhat smaller size bias than standard P-
values, particularly with the bootstrap adjustment on the boundary. However, their
maximum size bias is still an order of magnitude larger than bootstrap P-values.

The power of the exact tests based on the bootstrap P-values is more powerful than
the power of the exact tests based on any of the other basic test statistics, including the
second order P-values. Combined with the small size bias of bootstrap P-values, this
suggests that bootstrap P-values hardly exceed nominal size and have enhanced power
compared to alternative, and are recommended for general use for testing a difference
if probabilities.

Computation of the bootstrap P-value required computing the basic test statistic
for all possible samples which becomes difficult for sufficient large sample sizes. An
R-function is supplied by the author which takes ? seconds for samples sizes (200, 200).
For larger sample sizes, a simple simulation algorithm that uses importance sampling

is under development.
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Appendix A: First order statistics.

Denote the interest parameter by 0 = p; — pg, the null value §p and the remaining

nuisance parameter by A = py. The log-likelihood is
£(0, X5 9o, y1) = log(A)yo +1og(d + A)y1 + (no — yo) log(1 — A) + (n1 — y1) log(d + A) (6)

where A is restricted to the interval As = [max(—d,0), min(1 — ¢,1)]. The maximum
likelihood (ML) estimator As of A for fixed & satisfies the equation
o yo Yo No—Y 1 — Y1

N A S N T WL Sy

which re-arranges into a cubic with leading coefficient 1 and remaining coefficients
c2 =01+ fo) =1 —p,c1 =p— 20 fopo — 6 + 6% fo, co = fopod(1 — &)

where fo = ng/n, po = yo/no and p = t/n is the estimate under § = 0. When ¢ = 0,
this reduces to solving a quadratic since ¢g = 0 whose solutions are p and 1, while
0 is also a solution of the cubic. Cubics can be solved quickly and accurately using
the R-function polyroot. Except for boundary cases there is a unique real root within
the interval As. The cubic based estimator was first noted by Farrington & Manning
(1990). Dunnett and Gent (1977) used the simple unbiased estimators

- Yotun s

_ ’~ — D +5
DPos 7o + 11 1o + 111 P1s = Pos

however pos may violate the interval Ag.
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Appendix B: Second order statistic

So-called second order likelihood inference is based on a local decomposition of
the model into a sufficient and ancillary component. An approximate formula for the
conditional distribution is available (Bardorff-Nielsen & Cox, 1994) and the cumulative
tail probability of this distribution is further approximated (Lugannini & Rice, 1980),
see Reid (2003) for an extensive review. All the approximations are very accurate,
sometimes spectacularly so for continuous models. The theory is considerably simpler
for models that are embedded in an exponential family, see Brazzale, Davison and Reid

(2007). Suppose that the log-likelihood is of exponential family form

(0 y) = () v(y) — c(e(9)) (7)

where ¢(f) is the canonical parameter of dimension d and v(y) is the sufficient sta-
tistic. For our application, the canonical parameters are the log-odds parameters and
d = 2. The general formula requires derivation of an adjustment statistic, ¢(¢), that
depends on two quantities. The first is the observed information matrix in the (¢, \)
parametrisation which we denote j5. The second is the d x d Jacobian matrix @y of

the transform from ¢ to 6. Then the adjustment statistic is

16-pe 0@ i) 8
1) e DGy ®)

The notation ¢ — ¢, in the first matrix is shorthand for the column vector giving

the deviation of the canonical parameter ¢ when estimated under the general and null
models. When 1 is a component of the canonical statistic ¢ then the first term reduces
to ) — 1. The extent to which q(¥) and likelihood root (%) differ is a measure of
the extent to which the first order approximation to the log-likelihood is inadequate.

Second order inference is instead based on the modified likelihood root

r(¥) = r(¥) +r(¥) " log{q(y)/r(¥)} (9)

and its approximate standard normal distribution. The approximate one-sided P-value
is p*(¢) = ®(—r*(¢))). Note that r*(¢)) breaks down in the centre of the distribution
where 6 and é¢ are close so that r(¢) ~ 0. This is of little practical interest however
since there is, in this case, no statistical evidence against the value .

We now derive an explicit expression for ¢(¢)) for the binomial model. For future

work, and it turns out also for simplicity, we generalise to testing ¢¥» = h(p1) — h(po) for
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a general link function h and take the nuisance parameter as A = h(py). The inverse

transformation is
pr=h"" W+ A),po=h7H(N).
Let ¢ denote the logit transform which is also the canonical link. With abuse of

notation, we later denote the logit parameters logit(p;) by ¢;. The log-likelihood is
(W, X 90,01) = yoe{h (N} + b (¥ + A)}
+ molog (1= h' () +nylog (1=~ (¥ + \)) (10)
Since dp/0p = 1/(p(1 — p)), the score functions are given by

ol Y1 — nip1
Up(P,\) = — =
w(@b ) oY pl(l - p1>h/(p1)
Un(v,)) = ol _ Yo — N1Po Y1 — mpr

2 ol —po)l(po) il — o)l (o)

and we will denote henceforth w(p) = p(1 — p)h/(p). The restricted MLE py, satisfies
the equation

Yo —Mpo , Y1 — NP

= w(po) w(p1)

< 0= (yo — nipo)w(p1) + (y1 — nip1)w(po)

where p; = h™' (1) + h(po)). Solution requires numerical methods in general, but in
our case the equation reduces to a quadratic. When A is the identity link it redcues
to a cubuc. Munk, Skipka and Stratmann (2005) give some theory on restricted ML
estimation under this formulation.

Taking the covariance of the score functions gives the information terms
Jow = ViJw,jux = Vijwi, jan = Vijwi + Vo/wg

where for j = 0,1, we denote V; = n;p;(1 — p;) and w; = w(p;). Hence the non-
orthogonality term is
O A
ian(0y)] %w/w8¢ + Vw/wix;

It remains to find the first term in (8) which depends on the transformation

(1, A) = (p1,00) = (B + A), B(N))-
where 3(v) = p(h™(v)). The derivative of this function is
_{h ()} 1 1

- W{h (o)} p(L—p)W(p)  w(p)
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where p = h™'(v). Therefore the Jacobian matrix is

=[5 TG =

0 wy
with determinant 1/(wjwg) and so the first term in (8) is

o (0)| '@ — Dy oa(0y) | = wle{wO_q/}(@l — P1y) — wﬂj(@o — Poy) }
Multiplying this by the square root of (11) gives

{5y (81— 1) — @1 (P0 — Gou) 1Y VG
\/Vow/ﬁ](zw + Vw/w%w

q(v)

and a slightly cleaner form is

() = {14(1 — 1) — oy (B0 — Pous) }V Vi Vh

A A (12)
VVostony + Vigd,

q

For inference on the rate difference, h(p) = p and so w(p) = p(1—p). The formula is
parametrisation invariant though Davison, Fraser and Reid (2006) seem to only claim

invariance to linear transformations.
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Table 1: Size bias of 5 P-values and their bootstrap versions.

Each figure

summarises the average size bias for a = 0.01,0.05,0.1 and dy = —0.1,0 (expressed as
percentage). The upper section describes average bias € and the lower section maximum
bias e*. The multiplier m is applied to starting sample size (ng,ni) = (4,4).

Basic P-value

Bootstrap P-value

mo| t T TBr TR Tip t T Ty TLr Tip
4 204 29.2 164 21.6 24.5 | 19.5 23.3 19.5 269 21.0
6 14.2 183 13.1 16.7 20.0 | 16.8 19.8 174 187 184
8 13.2 179 115 15.0 179 | 13.6 14.2 139 142 14.3
10 | 10.7 14.3 10.0 11.3 156 | 12.0 13.0 124 126 13.3
12 | 9.6 11.9 9.8 11.2 14.6 9.8 10.0 9.6 9.7 104
14| 9.2 11.6 9.6 11.3 13.4 8.5 8.5 8.7 8.5 9.4
16 | 8.2 9.9 9.1 10.3 14.7 7.3 7.9 7.5 7.6 8.0
18 | 7.8 9.5 7.6 9.3 10.2 6.6 6.2 6.4 6.2 7.0
20| 7.3 8.4 6.9 7.9 10.6 6.9 7.0 7.2 7.0 7.5
4 31.2 1021 &85 1004 1201 3.2 -0.6 3.2 -45 29
6 128 61.6 16.1 616 1226 | 06 -21 0.0 -2.1 24
8 200 &9.2 173 &6.6 1266 | -1.7 -1.7 -1.3 -1.7 1.6
10 | 10.7 60.1 183 573 1260 -0.8 -2.1 -1.2 -0.8 2.2
12 |1 13.8 53.7 20.7 528 114.1 | 2.1 0.6 0.4 0.8 2.7
14 {11.8 609 206 63.1 103.6 | 1.0 1.0 1.0 1.0 4.4
16 | 14.5 51.6 25.0 55.2 1584 | 2.5 2.2 1.6 2.2 1.6
18 | 17.1  65.7 22.0 67.8 85.9 24 2.5 1.8 2.5 1.8
20 | 12.1 473 19.3 49.7 126.6 | 2.0 2.0 1.9 2.0 1.9
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Table 2: Size bias of 5 P-values and their bootstrap versions.

Each figure

summarises the average size bias for a = 0.01,0.05,0.1 and dy = —0.1,0 (expressed as
percentage). The upper section describes average bias € and the lower section maximum
bias e*. The multiplier m is applied to starting sample size (ng,ni) = (5, 3).

Basic P-value

Bootstrap P-value

mo| t T TBr TR Tip t T Ty TLr Tip
4 245 286 200 24.6 24.8 | 245 24.3 23.0 251 245
6 19.2 247 16.0 21.1 24.7 1164 171 164 16.8 17.2
8 159 16.8 12.8 14.0 186 | 13.9 153 14.8 15.0 16.7
10 | 13.1 129 10.1 11.2 145 | 119 12.1 11.8 114 14.0
12 | 11.5 124 9.7 10.2 14.5 | 10.8 11.0 10.1 9.7 11.1
14 | 11.0 10.8 8.7 9.4 12.7 9.2 8.6 8.6 8.4 9.8
16 | 10.1 9.6 8.4 8.9 12.3 8.3 8.4 8.4 8.2 8.9
18 | 9.0 8.3 6.8 7.5 10.2 7.1 7.0 7.1 7.1 8.1
20 | 9.2 7.9 6.9 7.0 10.8 6.8 6.8 6.8 6.8 7.6
4 52.2 114.3 158 113.0 77.7 0.2 0.5 0.2 0.3 0.2
6 41.8 143.7 30.7 141.7 1642 | 1.6 0.7 3.2 1.2 3.2
8 30.1 875 185 84.0 235.7| 3.5 2.3 3.5 1.2 1.8
10 | 23.5 122.8 142 113.6 165.3 | 0.6 0.6 0.6 1.9 1.8
121286 93.8 175 929 2074 | 1.8 2.0 0.8 4.1 0.8
14 (276 708 268 70.0 1851 1.4 3.7 2.2 3.7 0.6
16 | 25.7 64.7 31.1 69.0 130.0| 1.9 5.0 0.9 5.0 0.9
18 | 22.7 83.7 179 84.0 151.1| 24 3.7 3.0 3.8 2.0
20 |1 29.8 61.3 17.8 585 173.6 | 3.8 4.2 2.7 4.2 1.8
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Table 3: Size bias of 5 P-values and their bootstrap versions.

Each figure

summarises the average size bias for a = 0.01,0.05,0.1 and dy = —0.1,0 (expressed as
percentage). The upper section describes average bias € and the lower section maximum
bias e*. The multiplier m is applied to starting sample size (ng,ni) = (6, 2).

Basic P-value

Bootstrap P-value

mo| t T sy TLrR  Tip t T Ty TLr Tip
4 1322 399 39.9 39.9 39.9 [ 31.2 29.8 29.8 29.8 29.8
6 288 284 28.4 284 284 | 219 21.8 21.8 21.8 21.8
8 23.3 23.6 23.6 23.6 23.6 | 16.3 16.5 165 16.5 16.5
10 | 23.3 19.8 19.8 19.8 19.8 | 13.8 14.1 14.1 14.1 14.1
121 20.3 17.2 17.2 17.2 172 | 11.5 11.5 11.5 11.5 11.5
14 | 19.5 16.4 16.4 16.4 16.4 | 11.1 114 114 114 114
16 | 17.6 124 12.4 12.4 12.4 9.3 9.2 9.2 9.2 9.2
18 | 15.8 11.3 11.3 11.3 11.3 8.7 8.6 8.6 8.6 8.6
20 | 15.6 104 10.4 10.4 10.4 8.2 8.2 8.2 8.2 8.2
4 65.1 158.7 158.7 1587 1587 | -2.0 -0.8 -0.8 -0.8 -0.8
6 73.9 130.6 130.6 130.6 130.6 | 1.1 1.1 1.1 1.1 1.1
8 80.8 138.9 1389 1389 1389 | 2.8 3.1 3.1 3.1 3.1
10 | 73.7 129.3 129.3 129.3 1293 | 3.4 3.2 3.2 3.2 3.2
12 | 70.8 120.3 120.3 120.3 120.3 | 2.2 1.6 1.6 1.6 1.6
14 | 71.8 158.3 158.3 1583 1583 | 2.2 1.4 1.4 1.4 1.4
16 | 784 112.3 112.3 112.3 1123 | 2.9 2.5 2.5 2.5 2.5
18 | 69.8 102.6 102.6 102.6 102.6 | 2.3 2.2 2.2 2.2 2.2
20 | 69.8 78.2 78.2 78.2 78.2 4.0 2.1 2.1 2.1 2.1
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Table 4: Size bias of 5 P-values and their bootstrap versions. a = 0.01 Each
figure summarises the average size bias for §o = —0.1,0 (expressed as percentage). The
upper section describes average bias € and the lower section maximum bias e*. The
multiplier m is applied to starting sample size (ng,n1) = (5, 3).

Basic P-value Bootstrap P-value
*

t T TBr TR Tip t T Ty TLr Tip
386 39.0 28.0 32.0 31.2 | 35.2 35.2 352 37.8 352
32.2 388 227 30.5 296 | 209 24.6 20.8 246 20.8
276 252 16.1 19.8 25.0 | 17.3 20.3 20.2 21.2 222
10 |1 224 17.8 13.2 16.3 16.3 | 15,5 15.5 155 15.5 18.2
12 119.2 170 134 14.2 181 | 14.8 14.2 13.8 13.3 13.8
14 | 184 142 116 114 16.4 | 12.2 10.6 10.6 10.6 12.8
16 | 16.9 12.9 9.9 10.2 14.8 | 11.3 11.5 11.6 11.0 12.0
18 | 154 124 9.4 10.0 12.8 9.2 9.1 9.1 9.1 10.1
20 | 16.3 12.6 9.4 8.7 15.0 8.6 8.6 8.6 8.6 9.6
4 67.3 93.6 11.1 &9.9 111 | 4.2 -42 -42 -42 -4.2
6 352 1984 370 1945 1734 | 05 -3.2 -03 -3.2 -0.3
8 35.8 122.8 20.7 114.7 362.0 | 9.2 5.8 3.0 -1.0 -1.0
10 | 17.2 202.3 18.8 202.3 1228 | 0.2 0.2 0.2 0.2 -24
12 { 19.0 105.1 23.0 105.1 221.6 | -0.1 4.3 0.1 4.9 0.1
14 183 721 383 69.8 3089 | 1.6 5.1 5.1 5.1 0.3
16 | 15.9 753 353 70.9 154.4 | 4.0 6.5 -01 6.5 -0.1
18 | 18.0 1156 182 1124 189.8 | 3.8 1.6 2.0 2.0 2.0
20 | 20.2 694 223 61.0 2449 | 54 2.8 2.8 2.8 0.2

OOCT:»PS

20



Table 5: Size bias of 5 P-values and their bootstrap versions. a = 0.05 Each
figure summarises the average size bias for §o = —0.1,0 (expressed as percentage). The
upper section describes average bias € and the lower section maximum bias e*. The
multiplier m is applied to starting sample size (ng,n1) = (5, 3).

Basic P-value Bootstrap P-value

t T Ty TLrR  Tip t T Ter TLR Tip
204 256 172 228 19.7 | 21.2 204 19.2 204 19.2
14.6 195 109 154 19.8 | 14.7 122 157 122 17.2
11.6 14.6 140 124 158 | 151 16.3 151 144 16.3
10 | 10.2 124 102 8.8 152 | 11.2 11.1 11.1 9.6 126
12| 84 125 9.2 8.9 13.4 | 10.0 10.8 10.3 9.1 12.2
14| 86 100 8.6 9.3 128 | 94 94 92 88 98
16 | 7.6 9.6 8.8 9.2 122 | 81 78 81 7.8 88
18| 7.0 7.2 5.7 6.3 9.9 69 66 74 72 84
20 | 6.5 5.8 6.3 6.2 9.4 6.8 70 68 66 7.7
4 |34.6 118.2 199 1182 729 | 22 27 22 27 22
6 |27.5 1499 252 1477 1388 | 3.2 57 34 57 34
8 |12.1 824 115 80.0 1768 | 0.6 04 0.6 3.8 04
10 | 104 834 96 558 20461| 02 00 00 41 0.0
12 | 140 1156 152 1130 226.2| 39 04 04 54 04
141226 705 21.3 704 1498 | 1.3 48 0.1 48 0.1
16 | 88 63.0 314 772 1322 |-0.2 56 -02 56 -0.2
18| 86 836 134 836 1544 | 1.1 59 07 59 06
20 | 13.3 542 119 542 1618 | 3.2 59 14 59 14

OOCT:»PS

21



Table 6: Size bias of 5 P-values and their bootstrap versions. a = 0.1 Each
figure summarises the average size bias for §o = —0.1,0 (expressed as percentage). The
upper section describes average bias € and the lower section maximum bias e*. The
multiplier m is applied to starting sample size (ng,n1) = (5, 3).

Basic P-value Bootstrap P-value

t T Ty TLrR  Tip t T Ter TLR Tip
146 214 148 190 236 | 170 172 145 170 19.0
10.9 158 143 173 24.8 | 136 146 128 13.6 13.6
84 106 84 9.8 15.0 | 94 94 9.0 94 116
10 | 6.8 8.4 6.8 8.4 120 | 89 96 89 89 113
12 ] 7.0 7.8 6.6 7.5 121 | 7.7 82 6.2 68 74
14| 6.1 8.2 5.9 7.5 9.0 59 59 59 59 6.8
16 | 5.8 6.2 6.4 7.2 9.8 56 6.0 56 56 6.0
18 | 4.8 5.3 5.4 6.2 8.1 53 54 48 51 56
20 | 4.6 5.4 5.2 6.1 8.2 49 48 52 52 56
4 | 546 131.0 16.2 131.0 1492 | 26 3.1 26 2.6 2.6
6 |62.8 828 298 828 1806| 1.0 -04 6.6 1.0 6.6
8 | 424 572 232 572 1684 | 0.8 0.8 6.8 08 6.2
10 | 429 826 14.0 826 1685| 1.5 1.5 1.5 1.5 7.8
12 | 52.7 60.8 142 60.8 1746 | 1.4 14 21 21 21
141421 697 208 69.7 967 | 14 14 14 14 14
16 | 524 559 26.6 59.0 1034 | 20 28 28 28 28
18 | 414 52.0 221 560 1092 | 22 35 64 35 35
20 | 56.0 60.3 19.2 60.3 1143 | 27 38 38 38 3.8

OOCT:»PS
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Table 7: Size bias of 5 P-values and their bootstrap versions. § = —0.1 Each
figure summarises the average size bias for a = 0.01,0.05, 0.1 (expressed as percentage).
The upper section describes average bias € and the lower section maximum bias e*.
The multiplier m is applied to starting sample size (ng,n1) = (5, 3).

Basic P-value Bootstrap P-value
*

t r sy TLrR  Tip t T Ty TLr Tip
26.3 38.2 38.2 38.2 38.2 | 25,5 254 254 254 254
22.3 248 24.8 24.8 24.8 | 16.7 174 174 174 174
17.7  19.0 19.0 19.0 19.0 98 114 114 114 114
10 | 17.8 17.0 17.0 17.0 17.0 9.8 103 10.3 10.3 10.3
12 | 14.6 14.0 14.0 14.0 14.0 8.3 8.7 8.7 8.7 8.7
14 | 154 129 12.9 12.9 12.9 7.8 8.2 8.2 8.2 8.2
16 | 13.8 8.7 8.7 8.7 8.7 6.6 6.4 6.4 6.4 6.4
18 | 11.0 7.3 7.3 7.3 7.3 5.5 5.6 5.6 5.6 5.6
20 | 114 6.7 6.7 6.7 6.7 5.5 6.0 6.0 6.0 6.0
4 275 192.1 192.1 1921 1921 09 -1.7 -1.7 -1.7 -1.7
6 38.0 153.8 153.8 153.8 153.8 | 2.2 2.2 2.2 2.2 2.2
8 49.2 161.3 161.3 161.3 161.3 | 4.9 4.1 4.1 4.1 4.1
10 | 31.5 141.7 141.7 141.7 141.7 | 5.2 5.2 5.2 5.2 5.2
12 { 26.2 1199 1199 1199 1199 | 1.0 0.3 0.3 0.3 0.3
14 | 28.7v 1919 1919 1919 1919 | -0.3 -04 -04 -04 -04
16 | 404 115.3 115.3 115.3 1153 | 0.3 0.5 0.5 0.5 0.5
18 | 21.8 97.8 97.8 97.8 978 | -0.1 -03 -03 -0.3 -0.3
20 | 19.1 54.2 54.2 54.2 54.2 2.0 0.4 0.4 0.4 0.4

OOCT:»PS
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Table 8: Size bias of 5 P-values and their bootstrap versions. § = 0 Each figure
summarises the average size bias for a = 0.01,0.05, 0.1 (expressed as percentage). The
upper section describes average bias € and the lower section maximum bias e*. The
multiplier m is applied to starting sample size (ng,n1) = (5, 3).

Basic P-value Bootstrap P-value

* * * * * *
t r ™8T TLrR  Ti/2 t T TBr TLr Tij

381 416 41.6 416 416 | 36.8 342 342 342 342
352 319 319 319 319 | 271 26.2 262 262 26.2
29.0 282 282 282 282 |229 215 215 215 215
28.8 226 226 226 226 | 177 179 179 179 179
12 26.1 203 203 203 203 |14.7v 143 143 143 14.3
141 236 199 199 199 199 | 143 145 145 145 14.5
16| 214 160 16.0 16.0 16.0 | 12.0 12.0 12.0 120 12.0
18] 206 153 153 153 153 | 119 116 11.6 11.6 11.6
20 197 141 141 141 141 | 108 103 103 103 10.3
4 11028 1253 1253 1253 12563 |-49 0.1 01 01 0.1
109.8 10v.3 107.3 10v.3 107.3| 0.0 0.0 00 0.0 0.0
8§ | 1125 1164 1164 1164 1164 | 07 21 21 21 21
10 | 116.0 116.8 116.8 1168 1168 | 1.6 1.1 1.1 1.1 1.1
12 | 115.5 120.7 120.7 120.7 120.7| 3.5 3.0 3.0 3.0 3.0
14 | 1149 1247 1247 1247 1247 46 3.1 31 31 3.1
16 | 116.4 109.2 109.2 109.2 109.2 | 55 46 46 4.6 4.6
18 | 117.8 1074 1074 1074 1074 | 47 48 48 48 48
20 | 1204 102.2 102.2 102.2 1022 | 60 3.8 3.8 38 3.8

500@)4&3
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Table 9: Powers of exact tests. Each figure summarises the average power (expressed

as percentage) for « = 0.01,0.05,0.1 at the local alternative §; = dg + 1/4/(noni)/2.
The upper section describes the null g = —0.1, the lower section dg = 0. The multiplier
m is applied to starting sample size (ng,n;) = (5, 3).

Basic P-value Bootstrap P-value
*

t r TBr  TLrR "1/ t r Br TLR T2
36.0 355 355 355 355|387 384 384 384 384
38.0 34.7 34.7 34.7 34.7| 404 40.0 40.0 40.0 40.0
388 334 334 334 334 |41.0 40.8 40.8 40.8 40.8
10 | 394 32.7 32.7 3277 32.7|41.9 41.5 41.5 41.5 41.5
12 | 39.7 324 324 324 324|423 42.1 42.1 42.1 42.1
14 | 40.0 32.7 32.7 3277 32.7| 42,5 423 42.3 42.3 42.3
16 | 39.4 329 329 329 329|428 42.5 42,5 425 425
18 [ 39.6 32.9 329 329 329|428 42.7 42.7 427 42.7
20 | 38.0 329 329 329 329 |43.0 42.7 42.7 427 42.7
4 38.0 375 375 375 375|408 40.6 40.6 40.6 40.6
6 40.6 37.1 37.1 37.1 37.1 | 43.1 42.6 42.6 42.6 42.6
8 41.7 36.4 36.4 36.4 36.4|44.0 439 439 439 439
10 | 42.8 35.8 35.8 35.8 358|453 449 449 449 449
121434 359 359 359 359 |46.0 458 458 45.8 458
14 | 440 36.4 36.4 36.4 36.4 | 46.6 46.3 46.3 46.3 46.3
16 | 43.6 37.0 37.0 37.0 37.0|47.1 46.9 469 46.9 46.9
18 | 44.1 372 372 372 372|474 473 47.3 473 47.3
20 | 427 374 374 374 374|478 476 476 476 47.6

OOCD»&S
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Table 10: Powers of size a = 0.01 exact tests. Each figure summarises the average
power (expressed as percentage) over three samples sizes configurations (4,4), (5,3)

and (6,2) at the local alternative d; = dy + 1/4/(ngn1)'/2. The upper section describes
the null 65 = —0.1, the lower section dy = 0.

Basic P-value Bootstrap P-value
*

mo| t T Tr Tir Tip| U T Ty TLr Tip
4 16.1 185 185 185 185|194 20.1 20.1 20.1 20.1
6 189 184 184 184 184 | 226 222 222 222 222
8 21.3 195 195 195 195 | 23.7 23.3 23.3 233 23.3
10| 229 16.1 16.1 16.1 16.1 | 246 24.1 241 24.1 24.1
121231 214 214 214 2141|253 254 254 254 254
14 |1 241 214 214 214 214266 265 265 265 26.5
16 | 23.6 224 224 224 224|273 273 273 273 273
18| 24.6 22.0 22.0 22.0 220|275 275 275 275 27.5
20 | 25.0 194 194 194 194 | 28.0 28.2 282 282 282
4 152 179 179 179 179 19.1 19.1 19.1 19.1 19.1
6 19.4 20.1 20.1 20.1 20.1|21.8 215 21.5 21.5 21.5
8 20.3 20.6 20.6 20.6 20.6 | 227 226 226 226 22.6
10 | 20.9 20.5 20.5 20.5 20.5|24.0 239 239 239 239
12 1221 21.1 21.1 21.1 21.1 | 252 252 252 252 252
14 |1 229 20.2 20.2 20.2 2021|253 249 249 249 24.9
16 | 22.8 21.1 21.1 21.1 21.1| 259 257 25.7 257 25.7
181235 21.1 21.1 21.1 21.1]264 26.1 26.1 26.1 26.1
201239 215 215 215 2151 26.5 26.5 265 26.5 26.5
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Table 11: Powers of size o = 0.05 exact tests. Each figure summarises the average
power (expressed as percentage) over three samples sizes configurations (4,4), (5,3)

and (6,2) at the local alternative d; = dy + 1/4/(ngn1)'/2. The upper section describes
the null 65 = —0.1, the lower section dy = 0.

Basic P-value Bootstrap P-value
*

m t r TBr TLrR "1/ t r Br TLR T2
4 429 36.1 36.1 36.1 36.1 | 44.7 42.6 42.6 42.6 42.6
6 43.4 33.2 33.2 33.2 33.2|45.7 457 457 457 457
8 45.6 38.0 38.0 38.0 38.0|47.9 479 479 479 479
10 | 46.5 38.2 38.2 38.2 38.2|49.2 489 489 489 489
12 |1 47.0 38.7 387 38.7 38.7]49.8 49.8 49.8 49.8 498
14 (473 37.1 371 371 37.1|50.4 50.3 50.3 50.3 50.3
16 | 47.8 46.1 46.1 46.1 46.1 | 50.6 50.5 50.5 50.5 50.5
18 | 48.2 44.0 44.0 44.0 44.0 | 51.2 51.1 51.1 51.1 b51.1
20 | 48.7 45.0 450 450 450|514 51.1 51.1 51.1 51.1
4 1405 38.8 38.8 388 388|433 43.3 433 43.3 43.3
6 | 43.0 40.0 40.0 40.0 40.0 | 45.5 45.7 45.7 457 457
8 441 414 414 414 414|474 476 476 476 47.6
10 | 46.0 424 424 424 424|479 48.0 48.0 48.0 48.0
12 | 46.6 41.8 41.8 41.8 41.8 | 48.7 48.7 48.7 487 48.7
14 | 46.0 41.3 41.3 41.3 41.3 | 49.7 49.5 49.5 49.5 49.5
16 | 46.3 42.0 42.0 42.0 42.0| 499 49.8 49.8 49.8 49.8
18 | 46.4 42.1 421 42.1 42.1 | 50.1 499 499 499 499
20 | 46.8 42.5 425 425 425|509 50.5 50.5 50.5 50.5
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Table 12: Powers of size o = 0.10 exact tests. Each figure summarises the average
power (expressed as percentage) over three samples sizes configurations (4,4), (5,3)

and (6,2) at the local alternative d; = dy + 1/4/(ngn1)'/2. The upper section describes
the null 65 = —0.1, the lower section dy = 0.

Basic P-value Bootstrap P-value
*

m t r TBr TLrR "1/ t r Br TLR T2
4 58.8 494 494 494 494 | 58.8 58.6 586 58.6 58.6
6 | 59.3 52.2 522 522 522|604 602 60.2 60.2 60.2
8 61.5 50.6 50.6 50.6 50.6 |61.7 61.6 61.6 61.6 61.6
10 | 60.4 50.5 50.5 50.5 50.5|62.6 624 624 624 624
12 | 625 559 559 559 559|629 62.8 62.8 62.8 62.8
141 62.8 57.0 57.0 57.0 57.0]63.0 629 629 629 62.9
16 | 62.3 544 544 544 544 | 63.4 63.3 63.3 63.3 63.3
18 1 62.1 54.9 549 549 549 | 63.7 63.6 63.6 63.6 63.6
20 | 61.8 57.8 57.8 5H7.8 57.8|63.8 63.6 63.6 63.6 63.6
4 1525 50.3 50.3 503 50.3|59.1 581 581 581 581
6 | 54.5 51.1 51.1 51.1 51.1 | 587 585 585 585 585
8 55.4 49.3 49.3 49.3 49.3 | 59.8 59.5 59.5 59.5 59.5
10 | 554 49.6 496 49.6 49.6 | 61.1 61.0 61.0 61.0 61.0
12 | 56.4 49.3 49.3 49.3 49.3 | 61.8 614 614 614 614
14 | 56.6 50.2 50.2 50.2 50.2|62.0 62.0 62.0 62.0 62.0
16 | 56.9 50.4 50.4 50.4 50.4 | 625 625 62.5 62.5 62.5
18 | 57.1 50.6 50.6 50.6 50.6 | 63.0 63.0 63.0 63.0 63.0
20 | 55.8 50.8 50.8 50.8 50.8 | 63.3 63.2 63.2 63.2 63.2
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