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Abstract

In this paper, a coupling method of a homotopy technique and a perturbation technique is proposed to solve
non-linear problems. In contrast to the traditional perturbation methods, the proposed method does not require a small
parameter in the equation. In this method, according to the homotopy technique, a homotopy with an imbedding
parameter pe [0, 1] is constructed, and the imbedding parameter is considered as a “small parameter”. So the proposed
method can take full advantage of the traditional perturbation methods. Some examples are given. The results reveal that
the new method is very effective and simple. © 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Until recently, non-linear analytical techniques
for solving non-linear problems have been domin-
ated by the perturbation methods, which have
found wide applications in engineering. But, like
other non-linear analytical techniques, perturba-
tion methods have their own limitations. Firstly,
almost all perturbation methods are based on small
parameters so that the approximate solutions can
be expressed in a series of small parameters. This
so-called small parameter assumption greatly re-
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stricts applications of perturbation techniques, as is
well known, an overwhelming majority of non-lin-
ear problems have no small parameters at all. Sec-
ondly, the determination of small parameters seems
to be a special art requiring special techniques. An
appropriate choice of small parameters leads to
ideal results, however, an unsuitable choice of small
parameters results in bad effects, sometimes
seriously. Thirdly, even if there exist suitable para-
meters, the approximate solutions solved by the
perturbation methods are valid, in most cases, only
for the small values of the parameters. It is obvious
that all these limitations come from the small para-
meter assumption. So it is very necessary to devel-
op a kind of new non-linear analytical method
which does not require small parameters at all.
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In 1997, Liu [1] proposed a new perturbation
technique which is not based upon small para-
meters but upon artificial parameters, which are
embedded in the equations. To illustrate Liu’s basic
idea, we consider the following example [1]:

dult) .
o two=1 1)

with initial condition u(0) = 0.
Embedding an artificial parameter  in Eq. (1)
results in

du(t)
- (I —u)(1 + Bu). (2)

In Liu’s method the embedding parameters are
considered as small parameters, as a result, Liu
obtained the following first-order approximation:

u(t, ) = uo(t) + Pus () = (1 —e™)
+ pe e+t —1) (3)

The substitution f§ = 1 results in a good approx-
imate solution of the original Eq. (1). In Liu’s
method, however, the artificial parameters are em-
bedded much artificially or technically. In most
cases, the method will fail to obtain a uniformly
valid approximation. For example, if we embed the
artificial parameters as follows:

du(t)
= (= +u) @
or

duft) o

AR =1 )

the approximate solutions obtained from Eq. (4) or
Eq. (5) will not be uniformly valid. The problem lies
on the fact that the artificial parameters can in no
way be considered as small parameters! It thus
becomes desirable to adjust the perturbation ap-
proach in such a manner that the embedding para-
meters are always small.

To this end, we will give a heuristical method
based on the homotopy in topology [2, 3]. The
homotopy technique, or the continuous mapping
technique, embeds a parameter p that typically
ranges from zero to one. When the embedding

parameter is zero, the equation is one of a linear
system, when it is one, the equation is the same as
the original one. So the embedded parameter
pe[0, 1] can be considered as a small parameter.
The coupling method of the homotopy technique
and the perturbation technique is called the
homotopy perturbation method. Details will be
discussed at below.

2. Basic idea of homotopy perturbation method

Homotopy is an important part of differential
topology. Homotopy techniques are widely applied
to find all roots of a non-linear algebraic equations
(see [2,3] and references cited therein). Here the
technique will be used to construct a perturbation
equation. To illustrate its basic ideas, we consider
the following non-linear algebraic equation:

f(x)=0, xek. (6)

We construct a homotopy # x[0,1] > % which
satisfies

A& p) =pf(E) + 1 =p)[f(O)—S(x0)] =0,

xeZ&, pel0,1] (7a)
or
H (S, p) =f(&) — f(xo0) + pf(x0) =0,

xeR, pel0,1], (7b)

where p is an imbedding parameter. x, is an initial
approximation of Eq. (6).
It is obvious that

H(E,0) =f(0) —f(x0) =0, t)
A (1) =[(S) =0, ©)

the changing process of p from zero to unity is just

that of (&, p) from f(&) — f(xo) to f(&). In topo-
logy, this is called deformation, and f (&) — f(xo),
f(&) are called homotopic.

Due to the fact that 0 < p < 1, so the embedding
parameter can be considered as a small parameter.

Applying the perturbation technique [4], we can
assume that the solution of Egs. (7a) and (7b) can be
expressed as a series in p

E=C¢o+pé+pE+pi+ (10)
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To obtain its approximate solution of Egs. (7a)
and (7b), we, at first, expand f(&) into a Taylor
series

JO=1Co) +[ )P +p*E + =)

+%f(éo)(pél +piat )
(11)

Substituting Eq. (11) into Eqgs. (7a) and (7b), and
equating the coefficients of like powers of p, we
obtain

P’ f(&o) —f(x0) =0, (12)

p't f(&)ér +f(x0) =0, (13)
1

p* f'(&) &+ ﬂf"(é‘o)éf =0. (14)

From Eq. (13), £; can be solved

g _ _f(xo)

TG (19

If, for example, its first-order approximation is suf-
ficient, then we have

_Pf(fo)
f(&o)

The substitution p = 1 in Eq. (16) yields the first-
order approximate solution of Egs. (7a) and (7b):

/(o)
1" (o)

Using Eq. (17) as an initial approximation in
Eq. (6) repeatedly, we have the following iteration
formula:

¢=¢<o

(16)

x=¢ —

(17)

S (&)
J'(&)
From Eq. (12), we can obtain one of its solutions

£y = Xxo, under this condition, iteration formula (18)
can be re-written down as follows:

)
S (xn)
which is the well-known Newton iteration formula.

By the same manipulation, from Eq. (14), £, can
be solved, and the following iteration formula can

(18)

Xp+1 = én_

(19)

Xn+1 = Xy

be obtained:

@) &) { f(&) } 2
fE 2@ &S

The iteration formula (20) is called the Newton-
like iteration formula with second-order approxi-
mation. The approximate solution obtained by the
above iteration formula (20) converges to its exact
solution faster than the Newton iteration formula
(18), for example,

fx)=x*+x—-2=0. (21)

(20)

Xp+1 = én

Supposing x, = 0 be one of its initial approxim-
ate solutions, from Eq. (12), we have &’ =0
and &§ = — 1. By Newton-like iteration formula
(20), we can immediately obtain its exact solutions
xXP=—-2 and x¥ =1 by only one iteration
step.

3. Basic ideas of the proposed method

To illustrate the basic ideas of the new method
for solving non-linear differential equations, we
consider the following general non-linear differen-
tial equation:

Aw)+fr)=0, reQ (22)
with boundary conditions
B(u, du/on) =0, rerl, (23)

where A is a general differential operator, B is
a boundary operator, f'(r) is a known analytic func-
tion, I" is the boundary of the domain Q.

The operator A can, generally speaking, be
divided into two parts L and N, where L is linear,
while N is non-linear, the Eq. (22), therefore, can be
rewritten as follows:

L(u)+ N(@u)—f(r)=0. (24)

We construct a homotopy v(r, p): Qx[0,1] > Z
which satisfies

A (v, p) = (1 — p)[L(v) — L(uo)]
+ p[A() —f ()] =0,
pel0,1], reQ (25a)
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or
H (v, p) = L(v) — L(uo) + pL(uo)

+p[N@) —f(] =0, (25b)

where u, is an initial approximation of Eq. (22).

Eq. (25a) or Eq. (25b) is called the perturbation
equation with an embedding parameter, and it can
be solved by the traditional perturbation tech-
niques using the embedding variable p as a “small
parameter”.

4. Numerical implementation

We illustrate the basic evaluation procedure of
the newly proposed method by three examples.

Example 1 (Liao [2,3]).

2y ,d%u du\?

— + o’u + 4q’u e +4qu<dt> =0, teQ
(26)

with initial conditions u(0) = A4, and u'(0) =0,
where w and g are known constants.

dt

We construct a homotopy Q x [0, 1] - £ which
satisfies

L(v) — L(uo) + pL(uo)

,d%v dv\?
d2+4q U<dt>}:0’ (27)

where Lu = d*u/dt* + w?u.
Assuming the initial approximation of Eq. (26)
has the form

+p {4q2

uo(t) = A cosawt, (28)

where a(gq) is a non-zero unknown constant with
o(0) = 1.

Supposing the approximate solution of Eq. (27)
has the form
v =vo+ pvy + pPo, + ool (29)
Substituting Eq. (29) into Eq. (27), and equating the
terms with the identical powers of p, we have

L(vo) — L(uo) =0, vo(0) = A4, v(0)=0,  (30)

L(vy) + L(ug) + 4q*v

25 om0

v1(0) = v,(0) = 0. (31)
We always set

vy = Uy = Acosat. (32)
Substituting Eq. (32) into Eq. (31) results in

L) +(—a*+1
—2¢%0*w?* A3 cos 3awt = 0. (33)

— 2q%0?A%) > A cos amt

The constant o« can be identified by various
methods such as the method of weighted residuals
(least-square method, method of collocation,
Galerkin method). Herein the Galerkin method is
used to determine the unknown constant, setting

/(@) d2
J sin ot {L(uo) + 4q¢%u} o
0 dr?

du
4q> %) Y4 34
a2V oo o

/()
J sinowt {( —o* + 1

0

or
— 2q%0? A*)w* A cos awt

—2¢*0*w*A4* cos et} dt =0 (34b)
leads to
o =1/y/T+24°4%. (35)
As a result, Eq. (33) reduces to
0, v1(0) = v4(0) =0
(36)

L(vy) — 2q*0*w?* A3 cos 3amt =

with o defined as Eq. (35).
The solution of Eq. (36) can be readily obtained
by the so-called variational iteration method [5, 6]:

vy(t) = éft sinw(t — t)

0

x (= 2q*0*w?A> cos 3uwt)dt
2 2 2A3
= 9q ;x (cos 3ut — cost). (37)
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We, therefore, obtain its first-order approxima-
tion:

2 2 2A3
Uy = vy + v, = Acosawt —%
X (cos 3ot — cost) (38)

with o defined as Eq. (35).
Its period can be approximately expressed as
follows:

2
Topp = E’T J1 124242 (39)

while the period obtained by the perturbation
method reads [4]

2n
Tpert = (1 + q2A2) (40)
(0]
and the exact one is [4]
T Jo

2 /2
T == J 1 + 4¢> A% cos?tdt (41)

Formula (40) is valid only for the case when
q*A* <« 1, while formula (39) obtained by the pro-
posed method is valid for a very large region
0 < q?A* < 0. Even in case g>A* — oo, we have

2 /2
—J 1 + 4g*A*cos*tdt

. ex . TJo
lim = lim
lgA|—» o Lapp  |gd]> w 1+ ZqZA2
2/2
= 2/2 = 0.900. (42)
n

Therefore, for any value of g>A4?, it can be easily
proved that

-T
Tex — Tapy| < 10%. (43)

0 < |Tex
Tapp

Example 2 (Nayfeh [4]).

d?u o*u

—+—= teQ,
de? + 1+ eu?

u@ =4, W0 =0, teQ. (44)

We construct a homotopy Q x [0, 1] - # which
satisfies

(1 = p)[L@©) — Lo + p[(1 + ev* " + 0*v] =0,
(45)

where Lu = d*u/dt* + w?u.
Assuming the initial approximation of Eq. (44)
has the form

uo(t) = Acosawt, (46)

where ¢(¢) is a non-zero unknown constant with
o(0) = 1.

By the same manipulation as the above example,
we have

L(vg) — L(ug) =0, v9(0) =4, vp(0)=0, (47)

L(vy) — L(vo) + L(uo) + (1 + evd)v§ + w?vy = 0,

v1(0) = v4(0) = 0. (48)
Setting vy = ug = A cos awt, the unknown « can

be determined by the Galerkin method:

/(@)
j sinowt {(1 + sud)ug + w’up}dt =0 (49a)
0

or

/(o) 3 ,AZ
j sin oot {wZA( B L )

0 4
A3
x cos ot — oa’w? ET cos 3awt } dt=0. (49b)

The unknown « therefore can be identified

o =1//1 + 3eA%/4. (50)

As a result, from Eq. (48), we obtain

VA2

3ed
L(vy) + w2A<— w2 =28

o? + 1> cos awt

A3
— 20?2 cos 3uwt = 0 (51a)
4

or

A3
V] + ooy — cxzwng cos 3ot = 0. (51b)
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By the variational iteration method [5,6], we
have

1 (" A3
v, (t) = - j sinw(t —t)( — azwst cos 3awt)dt
0]

a?w?eAd’

- _ 200~ 1) (cos 3at — cost) (52)

with o defined as Eq. (50).
If, for example, the first-order approximation is
sufficient, then we have

ul(t) =lim Uy ([) = Uo(t) + Ul(t)

2 2 3

40927 —1)

with o defined as Eq. (50).
The period of the solution can be expressed as
follows:

2

T=""/1+3:4%4 (54)
@)

while the approximate solution and its period ob-

tained by the traditional perturbation method read

2
(1 — 3s4?/8)

(35)

=Acosoawt — (cos3at —cost) (53)

u=4A4 COS(l — %8142) COt, Tpert =

It is also interesting to point out that Eq. (55) are
valid only for small ¢42, while Egs. (53) and (54) for
a very large region 0 < 4% < oo, furthermore the
approximations obtained by the proposed new
method are of high accuracy.

Now we turn back to Eq. (1), which can be
rewritten as follows:

du(t)

ar + pu(t) + u?(t) — Pu(t) =1, (56)

where f§ is a non-zero constant.
A homotopy can be constructed as follows:

d dug
( —p)<d—i+ﬂv—%—ﬁuo>

d
+p<d—1;+vz—1>=0. (57)

By the same manipulation, we obtain

dv,

du
5, T Bro——5, — Buo=0, u(0)=0, (58)

do dv
d—;+ﬁvl+<d—:+v§—1>:o, v1(0) =0, (59)

we set ug(t) =u(0) =0, in view of Eq. (58), we
obtain

vo=1—¢e" ", (60)
The substitution of Eq. (60) into (59) results in

d
TR (B2 M =0, (61)

In order to eliminate the secular term (te ~*'), we
set f =2, as a result, we get

vy =30 —e ). (62)

So we have following first-order approximation:

u=vot)+v,0)=1—e" 2 +3 *—e"%), (63)
while its exact one reads

1 _ e*2t
Uey(t) = Tro 2 (64)

So we can see clearly that its first-order approxima-
tion is of high accuracy.

5. Conclusions

In this paper we have studied few problems
with or without a small parameter with the
homotopy perturbation technique. The results
show that
(1) A perturbation equation can be easily construc-
ted by homotopy in topology, the embedding
parameter pe[0,1] is considered as a “per-
turbation parameter”. The novel method can
take full advantage of the traditional perturba-
tion techniques.

(2) The initial approximation can be freely selected
with unknown constants, which can be identi-
fied via various methods.



J-H. He | International Journal of Non-Linear Mechanics 35 (2000) 37-43 43

(3) The approximations obtained by this method
are valid not only for small parameters, but also
for very large parameters, furthermore their
first-order approximations are of extreme accu-
racy.

Although the examples given in this paper are
non-linear differential equations, it can be
applicable to non-linear partial differential
equations.
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