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Abstract

The conventional view that product heterogeneity limits the scope for collusion among
oligopolists has been challenged in recent theoretical work. This paper provides an
argument in support of the conventional view by emphasising the role of uncertainty.
I introduce the idea that, with stochastic demand, an increase in the heterogeneity
of products leads to a decrease in the correlation of the firms’ demand shocks. With
imperfect monitoring, this makes collusion more difficult to sustain, as discriminat-
ing between random demand shocks and marginal deviations from the cartel strategy
becomes more difficult. These effects are illustrated within a Hotelling-type duopoly

model.
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1 Introduction

Does heterogeneity of products limit the scope for collusion among oligopolists, or is
it rather a facilitating factor? Many economists would hold the former to be true,
arguing that heterogeneity, in some sense, makes the firms’ coordination problem more
complex. A recent surge of interest in this question', however, has led to numerous
game-theoretic models which, owing to their particular specifications, predict that
cartel stability increases with the degree of product differentiation.

In contrast, this paper argues that uncertainty, neglected in both the informal liter-
ature and the new theoretical contributions, alters the problem of sustaining collusion
in a fundamental way and plays in a crucial role in determining the effect of product
differentiation on the scope for collusion. I introduce the idea that an increase in the
heterogeneity of products leads to a decrease in the correlation of the demand functions
for the goods. In an environment where a firm cannot observe its rivals’ actions but has
to infer from observable signals whether another firm has deviated, this in turn makes
collusion more difficult to sustain, as discriminating between random demand shocks
and marginal deviations from the cartel strategy becomes more difficult. These effects
are illustrated in a modified version of the Hotelling-type model with taste heterogene-
ity due to de Palma et al. (1985). The results stand in sharp contrast to those in the
recent theoretical literature. At the same time, the model provides a simple analytical

foundation for the traditional view that heterogeneity limits the scope for collusion.

According to the traditional view, heterogeneity impedes cartel behaviour because,
in some sense, firms face a situation of “higher complexity”. For example, while with

homogeneous products firms merely have to agree on one price, with heterogeneous

! For horizontal product differentiation focused on here, this includes the papers by
Deneckere (1983), Wernerfelt (1989), Chang (1991), Ross (1992) and Héckner (1993),
and the discussion in Martin (1993, p. 116). The case of vertical product differentiation
is studied by Héckner (1994). In contrast, the papers by Jehiel (1992) and Friedman
and Thisse (1993) study the effect of collusive conduct on firms’ effort to differentiate
products, and Zhang (1995) can also be counted to this strand of literature.



goods a whole array of prices has to be negotiated. This problem “grows in complexity
by leaps and bounds” (Scherer and Ross 1990, p. 279) with the number of character-
istics in which the goods can differ. Similarly, firms may have difficulty in monitoring
the policies of their rivals in complex situations (Clarke 1985, p. 60).2

Though intuitively compelling, it is difficult to pin down analytically an appropriate
interpretation of this argument. For example, one could argue that with heterogeneous
goods, the relevant space of product attributes becomes very large and may not even be
specifiable in advance, and thus would render both cartel negotiations and subsequent
enforcement increasingly difficult. This may be true, but will be difficult to capture
in standard models of product differentiation, since in these models products are usu-
ally symmetrically positioned in a relatively simple space of characteristics. Here, it
is harder to see in which sense differentiation could lead to a situation of increased
complexity.? Put differently, if the intuition that heterogeneity has something to do
with complexity is correct, then product differentiation has implications not captured

by the standard models.

The traditional view that heterogeneity hinders collusion has been recently chal-
lenged. Following Deneckere (1983), several theorists have analysed the effect of prod-
uct differentiation on cartel stability within game-theoretic models. All models that
have been studied are deterministic models in which deviations from a cartel strategy
are detected immediately and precipitate retaliation. Therefore, sustainability of collu-

sion only depends on the tradeoff between the benefit from collusion (equivalently, the

2 Posner (1976, p.60) is more precise, but also makes specific explicit assumptions
about the information structure and the nature of cartel agreements: “... the detection
of cheating by members of the cartel will be complicated by the difficulty of knowing
whether a competitor’s price is below the agreed level or is simply a lower price for a

lower grade or quality of the product.”
3 Similarly, Tirole (1988, p.240) notes that while the role of detection lags as a

factor hindering collusion is well understood, “efforts to formulate the second factor
[asymmetries, as which he counts the case of differentiated products] have not been as

successful”.



severity of punishment), and the gain obtained by deviating from a cartel strategy. In
this literature, cartel stability is measured by the critical discount rate below which the
joint profit maximising price can be sustained with a trigger strategy (in most cases a
simple grim trigger strategy; for an exception, see Wernerfelt [1989]). For this case, the
critical discount rate is simply the ratio of the collusive benefit to the defection gain
(cf. Martin 1993, p.104). A decrease in the critical discount rate is then interpreted as
a decrease in the scope for collusion.

Under these circumstances, both the benefit of collusion and the gain of deviating
from a cartel strategy are likely to be smaller for differentiated goods than for homoge-
neous goods. Hence, there would be little reason to expect any systematic relationship
between the critical discount rate and the degree of product differentiation, and indeed
there are several results showing an ambiguous relationship.* Nevertheless, there are
some models in which the critical discount rate increases as products become more dif-
ferentiated. This has led some authors to question the validity of the traditional view
that heterogeneity hinders collusion (cf. Ross 1992), and has even led to the emergence
of a new conventional wisdom among theorists.

A serious problem with this research programme is the disregard of any uncertainty
which might play a role. In particular, it is implicitly assumed that any deviation from
collusive behaviour is detected with certainty. With this information structure, firms
can only choose between two extremes: either to adhere to the cartel strategy, or to cut
the price (or increase the quantity) by a large amount so as to maximise the current-
period profit, in anticipation that retaliation will follow with certainty. In contrast, as
Stigler (1964) argued, one would more realistically expect firms to consider increasing
their profits by cutting their price only slightly, in the hope that such a deviation will go
unnoticed by the other firms. In addition, even if firms have excess capacity, capacity
constraints will, in the short run, in general not allow firms to take over substantial

market shares from other firms in the first place.

Empirical evidence on the relationship between product differentiation and cartel

4 E.g. Deneckere (1983), Ross (1992), Wernerfelt (1989).



stability is usually drawn from antitrust sources.® Here, the conventional wisdom that
homogeneity eases collusion may induce a “selection effect”: the authorities may focus
on homogeneous goods industries.®

A different and perhaps more convincing kind of support for the traditional view can
be found in case studies which emphasise the role of strategic product standardisation.
For example, in his study of the US electrical industry, Sultan (1974, p.28-29) points
out that the main purpose of an “organized industry effort to standardize the designs of
most products” during the 1920s was to reduce price warfare by increasing the visibility
of price-cutting.

Overall, the available evidence for the traditional view that heterogeneity hinders
collusion is rather weak. On the other hand, I am not aware of any evidence supporting

the opposite conjecture that differentiation facilitates collusion.”

In this paper, I add a new dimension to the analysis of cartel stability, viz. uncer-
tainty and, hence, the probability of price wars being triggered in the first place. The
static model is a variant of the Hotelling-type model due to de Palma et al. (1985). In
Section 2, it is shown how a combination of random “macro” shocks on the demand
side, affecting the density of consumers along the line, and heterogeneity in tastes
among consumers, generate positively correlated demand functions for the two goods,
such that the correlation coefficient depends positively on the degree of substitutabil-
ity between the goods. Intuitively, if the two goods are similar, they attract the same
groups of customers. Shocks on the demand side, are then reflected in the firms’ de-

mand functions in largely the same way. On the other hand, if goods are differentiated,

5cf. Hay and Kelley (1974), Fraas and Greer (1977).
6In fact, Hay and Kelley (1974) find that “virtually all of the entries [in their sample]

would read ‘high’ product homogeneity.”

" This assertion is consistent with an important observation made by Fraas and Greer
(1977): where the environment is most conducive to collusion, firms can collude tacitly,
whereas under less favourable conditions firms may require formal cartel arrangements
to sustain collusion. In this sense, collusion will tend to be most visible when colluding

is more difficult.



the lower is the correlation of the demand functions because the firms attract customers
from different populations.

In Section 3, we analyse collusion between the two firms. Each firm cannot observe
either the shocks or the other firm’s price, but can observe its own and the rival’s
realised demand, and infers from these whether the other firm has deviated from the
cartel strategy. Firms collude using trigger strategies of a generalised Green-Porter
(1984) type. With the uniform distribution of the density shocks used here, optimal
strategies in this class take a particularly simple form: a price war is only triggered
if one firm has deviated for sure, i.e. when a quantity vector is observed which could
not be observed if both firms adhered to the cartel price. In this case, firms play the
static Bertrand equilibrium forever. On the other hand, a deviation is of course not
necessarily detected.

We determine the minimum discount factor above which collusion can be sustained
using a trigger strategy. It turns out that this critical discount factor is decreasing in
the degree of substitutability of the goods. In this sense, collusion is less sustainable
the more differentiated the goods are.

The effect of product differentiation on the correlation of the demand functions de-
creases the scope for collusion, since with a lower correlation, discriminating between
cheating and exogenous random fluctuations in demand is more difficult. More pre-
cisely, it is the increase of the probability of retaliation if a firm deviates that matters
for the sustainability of a certain strategy. Now, the more differentiated the products
are, the lower is the correlation, and therefore the smaller is the effect of a deviation on
the probability of a price war. So the retaliation phase loses its deterrent effect, which

undermines the stability of the cartel.®

8 More precisely, while the set of events that trigger a price war is itself endoge-
neous, adjusting this set cannot cancel the described effect. Rather, cartel stability is
undermined because with more heterogeneity, optimally designed strategies must be

more lenient than in the case of homogeneous goods.



2 The static model

In this section, I discuss the stage game of the model. In particular, I will show how
demand shocks give rise to demand functions, the correlation between which depends
on the degree of product differentiation.

The model is a modified version of the well-known Hotelling model with taste
heterogeneity due to de Palma et al. (1985). Two firms are located symmetrically on
a line [0,1]. Firm 1 is located at ¢/2 and firm 2 at 1 — /2, where 0 < ¢ < 1. Thus
o measures the degree of product substitutability: for ¢ = 1, we have homogeneous
goods, and for 0 = 0, maximal differentiation.

Consumers are distributed along the line. The utility of a consumer located at z

who purchases firm ¢’s product is given by
wi(2) =y +a—pi— (2 — 2)* + e,

where y denotes income, a is the utility derived from consuming the most preferred
good, p; is firm ¢’s price and z; its location (for simplicity, the parameter for the “travel
costs” is set to 1).

Heterogeneity of tastes is introduced by means of the random variables 1, and &5,
which are assumed to be i.i.d. double exponentially distributed with zero mean and
variance p?72/6 (cf. Anderson, de Palma and Thisse 1992, p.363). In effect, through
this random utility specification a second dimension of product differentiation (mea-
sured by the paramater p) is introduced into the model, in addition to differentiation
along the Hotelling line.® The significance of this specification, however, is that it leads
to an overlapping of the firms’ market areas in a natural way, as I will discuss in detail
below.

With the distribution of ;. as specified above, the probability that consumer z
buys at firm 1 is then given by the logistic function

Pi(z) = {1+exp UL (pr—p2+ (1 —0)(22 — 1))”1. (1)

9 For an extensive discussion of this formalisation of product differentiation, see

Anderson, de Palma and Thisse (1992).



In contrast to de Palma et al. (1985) and other models, I assume there are “macro”
shocks affecting the density of consumers in different parts of the Hotelling line. More
specifically, the consumers fall into two groups, group 1 in the interval [0, 1/2) and group
2 in (1/2,1]. The densities of consumers in both intervals, u; and g, are independent
and uniformly distributed over [1 — d, 1 + d], with d € [0,1].1° These density shocks
can be thought of as being caused by taste changes, business cycles, or other reasons,
affecting groups 1 and 2 in different ways. Other things equal, consumers in group 1
have a preference for good 1, and similarly for group 2. But with taste heterogeneity,
there is always a positive probability that a consumer will purchase the “other” product,
where this probability depends both on prices and the similarity of the products. This
is obviously a very crude and simple way of introducing uncertainty into the model;
many other specifications are conceivable. The parameter d measures the degree of
demand uncertainty. Maximal uncertainty obtains if d = 1, whereas for d = 0, the
model converges to the deterministic model studied by de Palma et al. (1985).

The description of demand has two salient features. First, the random utility ap-

1. e., even with differentiation,

proach used here implies a “cross-over” of market areas
both firms attract consumers from the entire Hotelling line. Second, the density shocks
(i.e. market size shocks) in both halves of the line imply that the correlation of the
firms’ demands depends on the proportions of customers each firm draws from each
half of the line, and therefore depends on the degree of product differentiation.

The firms’ demand functions ¢; and ¢s are obtained by integrating the purchase

probabilities P (z) and 1 — Py(z), respectively, over the entire line, taking the densities

u; and us Into account:

q(k,u) =g (F)ur + ¢ (k)uz ~ and  go(k,u) = gy(k)ur + g5(K)uz,  (2)

10 The assumption of independence simplifies calculations but is not necessary; any
degree of positive correlation would leave the qualitative features of the results unaf-

fected.
11 Cf. Archibald et al. (1986) and de Palma et al. (1994).



where k = p; — pa, u = (uy,uy) and

qll _ 10f/2P1(z)dz _ 2(16 > log 1 —1—16—(;::::)//1’
@ = 13/“2P1(z)dz = 2(1'{ o) log 1 :;&ffﬁi)/uv
G = 17}2 Py(z)dz = 2(16 ) log 4 +1ef;;:)/ﬂ

(the superscrips ‘1" and ‘v’ stand for ‘left’ and ‘right’). The firms’ demand functions
are correlated random variables, since they are functions of the same random vector u.
Before we go on to analyse noncooperative and collusive pricing in this game, let us
first look at what determines the correlation of the firms’ demand levels. For simplicity,
consider the case where both firms charge equal prices, i.e. k& = 0. From (2) we have

q1 = uymy + usms and g = u1mo + usmy, where

Iu 1 —+ 6(1_0)/M /’L 2

1 d my= 1 .
21-0) % 2 W TS0 — o) B L e -a/n

my, =

Since u; and wus are independent, the correlation between ¢; and ¢ is then given
by pu = 2mima/(m? + m2). How this correlation depends on the substitutability
parameter o and on y is depicted in Figure 1.

For o close to one, the correlation is close to unity: since the products are virtually
identical, consumers buy either of the two goods with almost equal probability. On
the aggregate level, the demand functions become more or less identical (i.e., both
my and my are close to 1/4). In contrast, for larger degrees of differentiation, group-
1 consumers will buy good 1 with a higher probability than good 2, and vice versa
for group-2 consumers. On the aggregate level, this implies that firm 1 will draw its
customers to a larger extent from group 1 than from group 2 (formally, m; > ms), and
therefore will be more affected by the shock m; than by ms. Since the reverse holds for
firm 2, this implies a lower correlation between the two firms’” demand functions. Thus,
the model precisely captures the idea discussed in the Introduction that the correlation

of demand functions depends on the degree of product differentiation.



Figure 1: Correlation p, between ¢; and g¢o.

The correlation is increasing in the heterogeneity parameter u: for small pu, i.e.
little heterogeneity, even slight differentiation along the Hotelling line will suffice to
effectively separate the firms’ market areas into the two halves of the line. In contrast,
with large pu, the correlation of the firms’ demand functions will be considerable even
with maximal differentiation along the Hotelling line.

The degree of product differentiation affects not only the correlation of the firms’
demand functions, but also their variance: with heterogeneous goods, the variance of
each firm’s demand is larger than with more similar goods. This relationship, too,
seems economically very plausible: a firm that targets a specific group of customers is
mainly affected by variations of demand by that particular group, whereas a firm that
offers a standard product purchased by different customers is less vulnerable to shocks

affecting a particular group.

I follow Green and Porter (1984) and related papers in the tradition of Stigler

(1964) in assuming that in each period, firms set prices before the shocks u; and wus are



realised. Hence, the firms’ pricing decisions are determined by their expected demand,
which is obtained by setting u; = us = 1 in (2).

Assume that the firms produce at constant marginal cost, which in this Hotelling
framework can be set to zero without loss of generality. Then firm 1’s expected profit is
given by 71 = p1[qt (k)+¢;(k)]. Firm 2’s expected profit 7, is defined analogously. Given
the symmetric locations of the firms, it is easy to establish that the Nash equilibrium
in prices is unique and symmetric. This Bertrand equilibrium price p® is obtained by

expressing m; as (k + p?)[¢} (k) + ¢} (k)] and solving the first-order condition

=T =g (k k — g7 (k (k)] =0
o0~ Ok (k) + (k+ ") 5 (k) + i (k)]
for p* at k = 0, which gives
e(l=o)/m 4 1

b —_— —_— —
p=( U)e(l—a)m -1

For ;o — 0, this price converges to (1 — o), the equilibrium price in the standard model
of d’Aspremont et al. (1979). Moreover, p° increases with p, reflecting a larger degree

of product differentiation due to more taste heterogeneity.

3 Collusion

[ now turn to the analysis of collusion. As argued by Stigler (1964), in a world of
imperfect information, collusion among oligopolists is threatened by the possibility of
secret price-cutting on part of some cartel members. A firm considering a deviation
from an agreed cartel price faces a trade-off between additional profits to be gained,
and the risk of detection and punishment of such price-cutting by the other cartel
members. It is this trade-off, which relates to the effects of marginal price cuts, which
I am going to analyse in this paper. The analysis is therefore closely related to papers
which have formalised Stigler’s argument, notably, Green-Porter (1984).

In contrast, in the literature initiated by Deneckere (1983) which analyses how
cartel stability depends on product differentiation (cf. Introduction), there is no un-

certainty, and therefore deviations from the cartel strategy are immediately detected

10



and punished. Hence, firms deviate, if at all, not marginally, but by a large price cut
(or quantity increase) in order to maximise their current-period payoff.

The analysis below shows that the sustainability of collusion with respect to marginal
deviations leads to a restriction on the cartel price which, to some extent, also rules
out the profitability of large price cuts. For rather homogeneous goods, however, it is
not necessarily true that if marginal deviations are not profitable, large deviations are
not profitable either: marginal deviations may be deterred by large marginal increases
in the probability of detection. Still, it may be worthwhile to cut the price by a large
amount and maximise the current-period payoff even if this leads to retaliation for sure.
In this situation, for a collusive strategy to be sustainable, two incentive constraints
must be satisfied, one for marginal and one for large price cuts.

Large price cuts are discussed in detail in Appendix A. Here, the procedure of
analysis, and to some extent the predictions, are quite similar to those of other papers
which deal with deterministic models. Hence, by simultaneously considering marginal
and large price cuts, the analysis synthesises two strands of literature: deterministic
models such as Deneckere (1983) and related works (cf. footnote 1), and models with
imperfect information such Green-Porter (1984). I analyse the conditions under which
the sustainability of collusion is constrained by marginal deviations rather than large
price cuts. It turns out that there are three important determining factors: first, the
level of uncertainty, parameterised by d, obviously matters for the relevance of marginal
deviations, since for d — 0, the model converges to a deterministic Hotelling model
in which any deviation is detected with certainty. Second, the closer the collusive
price is to the Bertrand price, the less profitable are large deviations, and hence the
more relevant are marginal deviations. Finally, capacity constraints, too, limit the

profitability of large price cuts.

3.1 Information structure

Following the literature in the tradition of Stigler (1964), I assume that a firm cannot
observe its rival’s price. Moreover, I assume that it can observe both its own and the

rival’s realised demand in each period.

11



Suppose, for a moment, that a firm could observe only its own demand but not
the rival’s (as Stigler assumed). Price wars might then be initiated by either of the
firms on grounds of - not verifiable - unusually low sales due to cheating on part of the
other firm. But given that own demand is private information, a firm would ex post,
after observing a very low demand, never have an incentive to lead the firms into a
costly price war, even if it were certain that the other firm had indeed deviated.!? As a
result, collusion could never be sustained in an ordinary Nash equilibrium. An analysis
of such a game with imperfect private information would therefore require the use of a
different equilibrium notion, and would lead to severe technical complications.'® Such
problems are circumvented if we assume that the occurence of price wars is conditioned
on realisations of a public signal, in our case, the vector of quantities.

Moreover, an economic argument in favour of this assumption is that both for tacitly
colluding firms and for organised cartels, shipped quantities are likely to be better
observable than the accompanying monetary flows (according to Ulen’s [1978, p.128§]
description of the Joint Executive Committee, this cartel made an effort to monitor

both shipments and billing, although apparently cheating remained a possibility).

3.2 Optimal collusive strategies

The trigger strategies considered here have the following structure: in the first period,
the game is in a “collusive” mode, in which both firms set a cartel price p®. There is a
set of quantity vectors T, called the trigger set. If in any period the realised quantity
vector q, which is observed by both firms, belongs to the trigger set, then a “punish-
ment phase” is triggered, otherwise the game remains in the collusive mode. I do not
make any assumptions on how exactly firms behave during such a punishment phase,
apart from the basic requirement that the firms follow the path of some sequential

equilibrium. All that is needed for our purposes is the assumption that the continua-

12 Cf. the discussion in Fudenberg and Levine (1991).

13 On the analysis of games with imperfect private information, see Fudenberg and
Levine (1991) and Lehrer (1992). An oligopoly model with private but perfect infor-

mation (arising due to localised competition) is studied by Verboven (1995).

12



tion payoff at the beginning of a punishment phase be smaller than the continuation
payoff in the collusive mode. Formally, if the continuation payoff in collusive mode is
v, let the continuation payoff at the beginning of a punishment phase triggered by
the occurence of q be given by n(q)v°, with n(q) < 1 for all q € T'. For simplicity I
assume that the worst punishment is given by firms playing the Bertrand equilibrium
indefinitely.

Thus, for the strategies considered here there is no claim of global optimality, in
contrast to Abreu’s (1986) stick-and-carrot strategies for deterministic models and the
strategies analysed by Abreu, Pearce and Stacchetti (1986) for models with imperfect
information. On the other hand, the strategy set here clearly includes the trigger
strategies of Green and Porter (1984), which specify the same kind of punishment for
each signal that triggers a retaliation phase.

It now turns out that if firms use strategies which maximise their expected dis-
counted profit, then, due to the specific nature of the demand shocks introduced in the
previous section, the optimal collusive strategies have a particularly simple structure.
To state this result, denote by ¥ the set of all possible quantity vectors (for any price
vectors), and by S(0) the support of gq(u) in case both firms adhere to the cartel price
p¢, i.e. where k = 0.

Proposition 1 Any optimal collusive strategy is characterised by some cartel price p°
and the trigger set T = ¥ — S(0). Upon observing any quantity vector q € T, firms

play the static Bertrand equilibrium forever.

Proof: see Appendix B.

This result has two sides to it: first, it is clear that it is optimal to punish the
occurence of every vector outside S(0), i.e. one that can only be observed if a firm has
deviated for sure. Moreover, since in equilibrium such events are never observed, it is
optimal to punish them maximally. Thereby, maximal compliance is achieved without
involving any cost for the cartel.

Second, according to Proposition 1, the occurence of a vector q € S(0) should never
trigger a punishment phase. This feature, which is in contrast to strategies considered

by Green and Porter (1984) or Abreu, Pearce and Stacchetti (1986), results from the

13



particular distribution of the demand shocks considered here: including any vectors in
S(0) in the trigger set is costly since this implies that a punishment phase occurs with
positive probability. Therefore, this can be optimal only inasmuch as it serves to deter
deviations from the cartel price. Any deterrence effect can only result from an increase
in the probability of a price war in case a firm deviates. The proof of Proposition 1
now shows that due to the rectangular shape of the density of the demand shock u,
the marginal change in the probability of the event {q € T'N S(0)} is zero or even
negative. Hence, nothing is gained by including vectors inside S(0) in the trigger set.

It immediately follows from Proposition 1 that with optimal strategies, in this
setting, price wars never occur in equilibrium. Related to this, the fact that a price
war can only occur if a firm deviates implies that the price war probability is equal to
the probability of detection of a deviation (whereas in Green-Porter, there are always
type I and type II errors in the inference of deviant behaviour).

Now the analysis may look rather like that of the standard deterministic models:
find the conditions under which collusion is sustainable (or find the maximal sustainable
cartel price) given that firms use a simple grim trigger strategy. But this is still an
imperfect-information environment in a fundamental sense. First, the fact that a price
war can only occur if a firm in fact deviates is not a simplifying assumption but is
derived as part of an optimal strategy, given the particular demand shocks used here.
Second, and more importantly, while a price war can only occur if a firm deviates, this
of course does not imply that any deviation will indeed be detected. Rather, marginal
increases of the price war/detection probability (from zero) will have to suffice to deter

marginal deviations.

3.3 The sustainability of collusion

We can now derive our main result, viz. the characterisation of how the sustainability
of collusion depends on the degree of product differentiation. We have seen above
that an optimal strategy is simply characterised by the cartel price p¢. A price war
occurs if any vector q € X — S(0) is observed, which leads to maximal punishment,

i.e. breakdown of the cartel. Given that the demand functions are functions of the
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price difference k, the probability of a price war is a function of k£ as well. Denote this
probability by a(k) = Prob{q(k) € ¥ — S(0)}, where a(0) = 0.

Assuming that firm 2 adheres to the cartel price p¢, let us denote firm 1’s expected
per-period profit by 7 (k, p¢). Moreover, let ¢ = (0, p¢) = p°/2 and ©° = p®/2 denote
the collusive and Bertrand profits, respectively. Firm 1’s expected discounted payoff

from an infinitely repeated game is characterised by the Bellman equation

k1) = 7k, 1)+ (L~ aR)]6n () + (k)"

(cf. Green and Porter 1984). This equation can be be solved explicitly for v;:

. b m(k,p¢) — 7
ulh D) = 75 T Coath) (3)

b

For collusion to be sustainable, marginal deviations from p¢ must not be profitable.
By differentiating (3) with respect to k and considering the value & = 0 (where «
vanishes), we obtain the condition

87T1 (0, pc)
ok

0a(0)
ok

(1-9) > §(n¢ — n°) or

- om1(0, p°)/ 0k
— (9m(0,p°)/0k) + (m¢ = 7*)(Da(0)/OF)

= (50. (4)

This constraint, of course, is familiar from Green and Porter (1984) and related
works: the marginal gain of deviating from p® must be counterbalanced by an expected
loss in payoff due to an increase of the price war ( = detection) probability « in order
to deter deviations.

Where (4) is binding, v must be concave in k for £ = 0 to be an optimum. If (4)

holds with equality, the second-order condition is

ok? (5)

A first important result is that in this model, the sustainability of collusion as
determined by (4) does not depend on the cartel price p°. To see this, first notice
that 7¢ — 7 is simply (p¢ — p)/2. The derivative O /0k, evaluated at k = 0, is 1/2 +
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p°(0G/0k). On the other hand, p® was determined by the equation 1/2+p°(9G/dk) = 0.
Therefore, we have 9, /0k = —(p¢ — p*)/(2p%), and thus

1
1 —p*(0a/Ok) (6)

dp =

The important implication is that here, the first-order condition (4) relates to the
sustainability of collusion as such, and not only with reference to a particular collusive
price. This can be shown to be a general property of any model in which demand is
a function of the difference of prices and is therefore a consequence of the Hotelling
framework. In contrast, in some other models, an incentive constraint analogous to (4)
relates to the sustainability of a particular price p°. There, if for example the joint profit
maximising price cannot be sustained, a lower collusive price might be sustainable.!4
A consequence for the analysis here is that in order to analyse the sustainability of of
collusion, we need not determine the joint profit maximising price, which in this model
would pose some problems.'® As I will discuss further below, however, the analysis of
the second-order condition (5) does lead to an upper bound for a sustainable cartel
price.

The calculation of the price war probability « is relegated to Appendix B. There,

it is shown that

Oa 0) — 1—0 ) 4 -1
0= dp ( 08 = | eﬂﬂ)/#) '
Combining the above results, we obtain

4 —17-1
" ll o <10g 2+ ell=/u+ e—(l—U)/M> 1 ' (7)

14 Cf. the representative-consumer model discussed in Raith (1996, p.108-121).

15 In a standard Hotelling model, full market coverage is optimal provided the con-

sumers’ valuation for the good is sufficiently high, and then the joint profit maximising
price is found by setting the utility of the worst-off consumer to zero (cf. Chang
1991). Here, this procedure does not work, since due to the unbounded support of the
noise terms ¢;,, the probability of a purchase is positive, and less than unity, for every

consumer and for any price.
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56 Figure 2: Critical discount factor 9
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This expression is depicted in Figure 2 for different values of 1 and for the case of
maximal demand uncertainty, i.e. d = 1. The figure illustrates how dy depends on o

and p. This is stated formally in the following result.

Proposition 2 (a) g is decreasing in o and p and increasing in d.
(b) For 0 — 1 or p — 00, 0y converges to zero, and for u — 0, &y converges to

d/(1+d).

Proof: see Appendix B.

According to (4), collusion is sustainable if § exceeds dy. Since Jy is decreasing
in o, we obtain the result that collusion is less sustainable for differentiated goods
than for homogeneous goods. More precisely, while for larger discount factors collusion
is always sustainable, for not too large discount factors there exists a critical level of
differentiation such that for more homogeneous goods, collusion is sustainable, whereas
it is not for more differentiated products. This result is consistent with the traditional
view on the sustainability of collusion as a function of product differentiation, and

states the opposite of what is often found in recent theoretical work.
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To understand this relationship, consider the case of homogeneous goods. Here, the
marginal gain from deviating may be rather large, but this is outweighed by an even
larger (in absolute terms) increase of the detection probability. The reason for this is
that, according to our assumption that the demand functions are highly correlated for
equal prices, a deviation is relatively likely to lead to realisations of the demand vector
outside the permissable region S(0). This relative undesirability of marginal price cuts
for large o is reflected in a low value of dy.

Conversely, for more differentiated goods, the deterrent force of an increase of «
vis-a-vis the increase of current-period profits is weaker, since a lower correlation of
the demand functions corresponds to a larger set of demand vectors that occur with
positive density. A price cut, therefore, is less likely to result in a realised demand
vector outside this region.

The price and cross-price elasticities of demand, which of course vary with o as well,
play a double role, in such a way that in this model they do not affect the incentive
constraint (4) at all: with a high elasticity in the case of homogeneous goods, marginal
deviations may be tempting. But precisely a firm’s ability for a firm to capture a large
share of the market by cutting the price only by a small amount implies that such a
deviation is likely to be detected. In this model, now, these two effects exactly cancel
each other. This can be seen by considering the limit case y — 0, which corresponds to
the case that the demand functions are uncorrelated. Since according to Proposition
2, this limit does not depend on o, this verifies that the negative relationship between
0o and o indeed results from the correlation of the demand functions.

The comparative-statics properties of §y with respect to u and d are as follows: an
decrease in p means that the correlation of the demand functions decreases faster as
products become more differentiated. This is reflected in an upward shift of dy(0), i.e.
a decrease of cartel stability. An increase an d has a similar effect, but for a different
reason: while d does not affect the correlation of the demand shocks, it determines
their variance. A more noisy environment is reflected in a decrease of « for any given

o and thus renders deviations more profitable, which is reflected in an upward shift of

50(0’).
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As noted above, where the first-order condition is binding, the payoff function must
be concave. Since m(k,p) is concave, concavity of v would follow immediately if «
were convex. This, however, is not the case: at k = 0, « is concave (see below). Thus,
(5) places an upper bound on the sustainable price p°, for which we can obtain a simple
expression: with « as calculated in the Appendix it follows that

’a(0) (1—0)* P*K—2(1+d?)
k2 Ap2d?(ph)? K2 ’
where K = log[4/(2 4+ exp((1 — 0)/p) + exp(—(1 — 0)/u))]. Inserting this result and

0?11 (0,p°)/0k?* = —1/p® into (5) and eliminating K by rephrasing the first-order con-
dition (4) as K = —d(1 — 0)/((1 — §)uud), we obtain

Sud

S T e s ®)

The sustainability of collusion can now be described more precisely as follows: for
d < do(0=0), a critical o(d) is uniquely defined by (7). For o < o(9), collusion is not
sustainable at any price because the first-order condition is violated. At o(¢), any cartel
price which does not exceed the upper bound given by (8) can be sustained. Since the
payoff function is analytically intractable for arbitrary k& < 0, and in particular since the
optimal value of k for a deviating firm cannot be explicitly derived, it is not possible to
determine analytically how the maximally sustainable price varies with o for o > o ().
We may conjecture, however, that there exists a monotonic relationship: if a price
p¢ is sustainable at some o, then it will presumably be sustainable for any o > o,
at least as long we restrict attention to price differences k£ for which v < 1. If such
a relationship holds, the maximally sustainable cartel price would be an increasing
function of ¢ for o > ¢(0). As noted above, however, this reasoning does not rule out
the possibility that a firm might want to deviate by a large price cut, even if retaliation

follows with certainty. This possibility is discussed in Appendix A.

4 Concluding remarks

I have argued in this paper that a satisfactory analysis of whether heterogeneity fa-

cilitates or hinders collusion should respect the importance of situations where firms
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undercut a collusive price only slightly (in the hope that this is not noticed). This re-
quires a framework with uncertainty and imperfect monitoring. Moreover, uncertainty
also provides an essential link between product heterogeneity and collusion: more het-
erogeneity leads to a decrease in the correlation of the firms’ demand shocks. This
implies an increase in uncertainty which in turn undermines the stability of collusion.
This effect of product differentiation on the demand system is also likely to be a rea-
son why firms producing heterogeneous products may find it difficult to reach a cartel
agreement in the first place.

In his textbook, Tirole (1988, Chap. 5) describes product differentiation and col-
lusion as two possible ways to escape the Bertrand paradox. The results of this paper,
however, suggest that these two solutions are mutually exclusive: where the degree of
differentiation is a choice parameter, firms can either raise margins by differentiating
their products, or seek to abolish price competition, in which case products must be

standardised. '©

Economists have long believed that product heterogeneity is a factor hindering
collusion among oligopolists, because it entails a situation of higher “complexity” than

prevails with homogeneous goods. An analytical formulation of this argument, however,

16 A quite different theory of why firms may want to standardise their products has
been suggested by Klemperer (1992). In his model, customers demand an entire line of
products and incur “shopping costs” for each of their suppliers. Firms have an incentive
to offer standardised product lines such that each firm can satisfy a customer’s demand.
This relaxes price competition between the firms since, due to the switching costs,
customers have an interest to maintain links with only one supplier. This theory is very
elegant and convincing, but its application is restricted to markets in which customers
demand a variety of products and incur sufficient switching costs (e.g., airlines” demand
for aircraft). In contrast, the theory presented here seems applicable to a broader range
of markets. While the two theories are complementary to some extent, it should be
noted that the reasons for firms to standardise their products are very different in the
two models: in Klemperer’s model, firms standardise in order to relax noncooperative

price competition, whereas here, standardisation serves to facilitate collusion.
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has not been available. The purpose of this paper is to fill this gap in theory, i.e.
to suggest a precise formulation of one kind of complexity that heterogeneity brings
about. The conclusions of the present analysis suggest that it would be unwise to
reverse the traditional view that heterogeneity hinders collusion by appealing to those

recent theoretical models which rest on a deterministic structure.

21



A Cartel stability with large price cuts

A.1 A second incentive constraint

In this section, I will discuss the sustainability of collusion with respect to large price
cuts. Sustainability of the cartel price p® requires that v; as given by (3) has a global

maximum at k = 0 (i.e. p; = ps = p°), or

c__ b c\ __ b
-7 > m(k,p°) — 7 vk
1—-0 1 -9+ da(k)
which leads to the general incentive constraint
k,p¢) — m° )
ik p) — alk) vk 9)

me—mb T 1-9§
This general incentive constraint includes as a special case an incentive constraint which
relates to marginal price cuts. This is the constraint (4), obtained by differentiation of
v at k = 0, which has been emphasised in this paper and was analysed in Section 3.
Now, for not too large values of o, the optimal value £ < 0 which maximises the
current-period profit of a deviating firm lies within the range where a(k) < 1, since in
the case of differentiated products, deviations are not detected very easily. For high
values of o, however, a(k) = 1 is reached already for high (in absolute terms, small)
values of k. In this case, the value of k which maximises 7(k,p°), denoted k?(p°),
might be lower than the one where a(k) = 1. Since in this range of k, the price
war probability remains fixed at unity, the payoff v;(k, p°) must be decreasing in k.
Consequently, v has another local maximum at the optimal deviation price difference
k%(p°) in the region where o = 1. This situation is depicted in Figure 3. A second
constraint, therefore, relates to the case where a deviating firm sets k = k?(p°) at a
level where the deviation is detected with certainty. If we denote the resulting defection
profit by 7%, the incentive constraint now becomes

d __ ¢
s> T _i5. (10)

Td —

This is the incentive constraint familiar from the theoretical literature discussed in the

Introduction. For larger values of o for which large discrete price cuts become relevant,
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Figure 3: Payoff function vy (k, p°)
U1 (ka pC)

sustainability of a price p° requires that both incentives constraints (4) and (10) are

satisfied, i.e.

d > max{dy, o1 }.

Thus, the magnitude of §y compared to d; determines whether the sustainability of
collusion is restricted by the threat of marginal deviations, as emphasised in this paper,
or by large price cuts, as analysed in other theoretical papers. The values for d;
presented below should therefore be compared with the corresponding values of d
depicted in Figure 2.

Clearly, an important factor determining the profitability of marginal price cuts, and
hence the magnitude of dy, is the degree of uncertainty, parameterised by d. The larger
d, the more important are marginal price cuts vis-a4-vis large price cuts. Conversely,
as d converges to zero, all uncertainty vanishes, any deviation from p° is detected with
certainty, and the sustainability of collusion is only determined by (10).

In the following, however, I will be concerned with the factors determining the

profitability of large price cuts, and hence the magnitude of the critical discount factor
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1.

A.2 Evaluation of the critical discount factor J;

The optimal deviation profit 7¢ cannot be determined analytically. Most of what
follows is therefore based on numerical simulations.

A first important observation is that 0; depends on p° both absolutely and in
comparison to the Bertrand price p®. More precisely, the relative gain from deviating
7d/m¢ is increasing in p° (independent of p°), while the benefit of collusion, 7¢/x?,
equals p¢/p°. As p°¢ approaches the Bertrand price, §; approaches zero. This means
that the incentive contraint (10) can be satisfied for any discount factor o provided
the cartel price is not too high above the Bertrand price. Conversely, as p¢ approaches
infinity, the deviation profit 7@ converges to 27¢, and hence §; converges to 1/2. The
sustainability of collusion as a function of product differentiation will therefore depend
on how both p¢ and the ratio p¢/p® vary with o. This question is dealt with in Section
A2.1.

In addition, capacity constraints limit the profitability of large price cuts and lower
the critical value ¢;. This effect is illustrated in Section A.2.2. In the simulations

presented below, I have fixed p at the level 0.1.

A.2.1 Evaluation of §; without capacity constraints

Constant cartel price: A natural starting point is to analyse how the critical discount
factor ¢, varies with o if the cartel price is held constant. It turns out that 6; depends
on ¢ in a way familiar from previous theoretical papers, as depicted in Fig. 4. That is,
01 is increasing in o, implying that a given price p° is less sustainable if products are
more homogeneous. While 7¢ does not depend on o, the Bertrand profit 7° is decreasing
in o, which, other things equal, would also imply a negative effect on ;. The deviation
profit 7, however, is increasing in o. The shape of §;(c) in Figure 4 reflects the fact
that the latter effect dominates, which leads d; to increase with ¢. This means, as the
goods become more homogeneous, the gain from deviating grows relatively faster than

the benefit of colluding (or equivalently, the severity of punishment).
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Figure 4: Critical discount factor é; for constant p*

0.3+ -

As mentioned above, a decrease in p° shifts the schedule 6;(c) downwards (in the
figure, the curve corresponding to p® = 1/2 is only meaningful for sufficiently large
values of o where p¢ > p®).

Holding p¢ constant implies that the ratio p¢/p® increases with . This raises the
question whether the fact that the difficulty in sustaining a certain price increases with
the substitutablity of the goods, is to be attributed simply to the increase in the gap
between the cartel price and the Bertrand price. To answer this question, therefore,

we analyse how d; depends on o if p¢/p® is held constant.

Cartel price as a multiple of the Bertrand price: 1f the cartel price to be sustained is
a constant multiple of the Bertrand price (which implies that p°, too, is decreasing in
o), a quite different picture compared to the previous case emerges.

It turns out that ¢§;, calculated in this way, varies only little with ¢ and is in
fact decreasing in 0. The reason is that not only the ratio 7¢/n® is constant (by
construction), but also 7 is a multiple of 7° which varies only little with o. This is

due to two opposite effects which approximately cancel each other out: on one hand,
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for a given cartel price, an increase in o leads to an increase of 7¢. On the other hand,
not only 7 itself, but also the ratio 7¢/7¢ is increasing in p®; and since p° is decreasing
in o, the same holds for 7¢. Two examples: if p¢ = 2p°, then ;(c) is around 0.2, and

if p° = 1.5p°, then §,(o) is approximately 0.11.

Sustainability of p™**(0): In Section 3, we derived an upper bound for a sustainable
cartel price for the case where the incentive constraint for marginal deviations (4) holds
with equality, i.e. where o = ¢(J). Moreover, we conjectured that this price (or even a
higher price) is sustainable for more homogeneous goods, i.e. ¢ > o(d). The question
arises whether at this threshold price, the second incentive constraint relating to large
price cuts is satisfied.

To answer this question, we proceed as follows: for any given discount factor 4,
calculate the corresponding critical degree of substitutability ¢(d) and then the upper
bound for p¢ according to (8). Using this value of p°, we can compute §; at o = 1,
where the maximum of §; (o) is attained. Then, if §; thus computed is below the actual
d we started with, the cartel price given by (8) can be sustained also with respect to
large price cuts. The simulations suggest that this is indeed the case; in fact, for any

given 0 the corresponding d; obtained by the procedure described above is always well

below 6.

A.2.2 Capacity constraints

As argued in the Introduction, the possibility for deviating firms to capture a large
share of the market in the short run is in practice limited by the presence of capacity
constraints. Consequently, where such constraints play a role, the sustainability of col-
lusion is largely determined by the incentive constraint relating to marginal deviations:
a slight price cut which attracts some additional demand (that can still be satisfied)
might be profitable, while a large price cut which leads to a price war for sure might
not be considered a worthwhile option if the attainable short-run profit does not exceed
the collusive profit by very much.

To get an idea how capacity constraints affect the two incentive constraints (4)

and (10), consider the case d = 1 and assume that each firm has a capacity of one.

26



With this capacity, each firm can satisfy its random demand for any realisation of the
density vector u, provided both firms adhere to the cartel price, i.e. k = 0. This follows
from my + my = 1/2 (cf. Section 2) and a maximum value of 2 for the densities u;
and uy. For a firm deviating marginally from p©, the capacity constraint only has a
second-order effect on expected profit and the price war probability. Hence, at this
level of capacity, the incentive constraint for marginal deviations is not affected at all.
For a firm deviating by a discrete amount, in contrast, the capacity constraint can be
binding.

While it is straightforward but cumbersome to calculate precise expressions for a
deviating firm’s expected demand as a function of k, it is easy to establish that the
expected demand can never exceed 5/6, as opposed to 1 without a capacity constraint:
suppose k = —oo and therefore ¢¢ = ¢ = 1/2, which clearly maximises firm 1’s
demand. Then firm 1’s demand is (u; + ug)/2 if u; + us < 2, and 1 otherwise, hence

we have

Bay= [ "2 jwdas [ 1 fu)du=

UL+ Uy < 2 UL+ ug > 2

This lower level of expected demand compared to a situation without capacity
constraints is reflected in a lower deviation payoff 7% and hence also in a lower critical
discount factor ;. For example, while without capacity constraints §; reaches a level
of around 0.35 at ¢ = 1 and p® = 1, it amounts to 0.26 with a capacity of 1. For
p¢ = 2p®, &, is below 0.14 rather that around 0.2, i.e. by a third lower.

These results confirm the assertion stated above: where capacity constraints play a
role, the incentive constraint relating to marginal deviations becomes relatively more

important vis-a-vis the constraint for large price cuts.
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B Proofs

Proof of Proposition 1: 1. Consider a collusive strategy with trigger set 7. Assum-
ing that firm 2 adheres to the cartel price p¢, the expected discounted payoff for firm

1 is given by the Bellman equation

ok ) = mk,p) +dui(k,p) [ fR)da+oulk o) [ f(k)n(a)dg
S(k) —T T

(cf. Green and Porter (1984)), which can be rearranged to
oa(b, ) = 7k, %)/ (1 — bw(k)) with

w(k) = / f(a, k)dQ+/f(q, k)n(a)dq.
S(k)—-T T

For collusion to be sustainable at p¢, we must have dv;(k, p®)/0k = 0 at k = 0. Since

or(k,p®)/0k < 0, Ow/Ok must be positive for this condition to be satisfied. Since the

inclusion of any vectors q € ¥ affects v; negatively, this can be worthwhile only if the

inclusion results in an increase of dw/0k. We therefore want to examine how w(k)

changes with k.

2. We first show that f(q,k) is constant for all q € S(k) and therefore only
depends on k, and that at k& = 0, we have 0f(q,k)/0k = 0. The first observation
follows immediately from the fact that q(k) is a one-to-one function of the uniformly
distributed vector u. From this it follows that f(k) is simply the reciprocal of the
Lebesgue measure of S(k) in g-space, denoted by A(S(k)). To calculate this Lebesgue
measure, let u* = (1 —d,1 —d), uB = (1+d,1 —d), u® = (1 +d,1 +d) and
uP = (1 —d,1+d), and let ¢/ = ¢;(w) for i = 1,2 and j = A, .., D. Then the area of
S(k) is given by

MS(k) = 5 (@' —al) g + ) + (af — a))(ad +af)

+ (¢ = a)(d§ + ) + (af — ) (ad + ¢3)]

DO | —

= Ad* (@145 — 41a5),
and the derivative of this expression with respect to k at k =0 is 0.
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3. Decompose T into the subsets A =T — S(0) and B =T N S(0), and decompose
S(k) into SA(k) = S(k) N (X — S(0)) and SB(k) = S(k) N S(0). Then we have

wk) = [ fGyda + [ f(k)dq
SAk) — A SB(k)-B

Since

_0A
Ok

it follows from argument (2) above and n(q) < 1 that

[SA(k) N A] > 0,

0

| [ fwda+ [ fm(a)da] >0

SA(k) — A SA(k)n A
Thus, since vectors q € A do by construction not affect the payoff v; in equilibrium

but affect dv;/0k positively, it is optimal to set A =X — S(0). Similarly, since

O\ O\ p
a0 (k) = Bl = —=/[S7(k) N B] <,
it follows that
S [ rmdar [ kn(ada] <0
SB(k) — B SB(k)nB

Thus, since vectors q € B by construction affect v; negatively but also affect dvy/0k

negatively, it is optimal to set B = (). |

Calculation of the price war probability «(k): 1. If & = 0, we have ¢ =
miuy + maous and go = mau; + Mmyusg, and given the distribution of u, the support
S(0) of q(0) is a parallelogram enclosed by the lines corresponding to u; = 1 — d,
uy = 1+d, ug =1—dand uy = 1+ d. For any fixed u, the points q on the line

uy = uY are characterised by

Q1/m2 - Q2/m1 = (ml/mz - m2/m1)ula
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which is positive because m; > mo. If firm 1 undercuts the cartel price, the difference

¢1/ma — ga/my can only increase. Therefore, firm 1 has surely deviated if

q1/my — q2/my > (my/my — my/my)(1 + d). (11)

Similarly, for £ = 0 we have

@1 /m1 — ga/ma = (Ma/m1 — my/ma)us,
which is negative, and firm 1 has surely deviated if
qi/ma — q2/my > (ma/my — my/my)(1 — d). (12)
2. For k <0, condition (11) becomes
(magy — magh)uy + (mag] — mags)us > (mi —m3)(1 + d), (13)
and condition (12) becomes
(m2qi - mlql2)u1 — (mags — magi)us > —(mf - m%)(l —d). (14)

These inequalities describe downward-sloping and upward-sloping lines in u-space, re-
spectively, as shown in Figure 5. It is straightforward to establish that the intercepts
of (13), u; and 1, indeed lie in the interval [1 —d, 1+ d], as depicted in the figure. The
two curves intersect at

. Maqy — M1qs
U = ——F——F—(

) miqy — mqu(
q'gh — qigh

1+d)+ ——F—F-(1—d).
7192 — 01492
The price war probability « is given by the area to the right of line (13) joined by the
area below line (14), and divided by the density 1/(4d?). Denote by u2(u;) and u5(u;)
the values of uy as a function of uy given by (13) and (14), respectively. Then we have

u

o = mt [ ) — (= D+ [10 4 d— )+
1—d th

4+ (ub(uy) — (1 — d))]duy + 2d(1 +d — @)}

Substitution of ¢}, ¢}, ¢, and ¢ into this expression and differentiation with respect

to k at k = 0 leads to expressions for da/0k and 0*a/0k? stated in the text. m
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Figure 5: Calculation of a(k)
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Proof of Proposition 2: Part (a): The results are obtained by writing J, as

z 4 -1
=|1—=(log ——mM8MM — 1
% { d(OgQ—l—ez—i—e_zﬂ (15)

with z = (1 — 0)/p. The derivative with respect to d is obvious. The derivative with

respect to z has the same sign as

(e —=1)z+ (" +1)log (16)

2+e*+e*

This expression is 0 at z = 0, and the derivative with respect to z is

e*(z + log

), (17)

which again is 0 at z = 0 and increasing in z. Since (17) is therefore positive, it follows
that (16) is positive. Hence, dy is increasing in z, and therefore decreasing in both o
and .

Part (b): The limits of §y for ¢ — 1 and p — oo are obtained by taking the limit
z — 0 (using I’'Hopital’s rule) in (15), and the limit g — 0 by taking the limit z — 0.
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