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Almost all of the answers are the work of Tomas Rau, who
was the GSI in 2005. Tomas, I can’t thank you enough!

13.5 a) We want to show Ex[U] = N"' SN U, 25 E[U] = p, where
U,, are independent but not 1dentlcally dlstrlbuted with E[U,| =
pn and Var[U,] = o2. Let,

N
ﬁN:N_IZ,un and 5']2\,:]\7_120,21

and suppose that, limy_..o iy = p and limpy_ N_16J2V =0

First, Chebychev’s inequality implies that

P(Ex(U) = > ) =
= P(|(Ex(U) = fix) + (i -

( )
< E[(En(U) - )+ (Bn — w)]?/e
= B[(EN(U) = an)?] + 2(En(U) = an) (BN = p) + (An — p)°] /€
Since EIEN(U)] = BN~ £, Unl = N S0 = i
Var|[En(U)] = N72 Zn 0% = N715%,, we have that

P(|EN(U) — p| > €) < % /€N + (iy — p)?/e® — 0 as N — o0
Then, En[U] 2, ;i by assumptions above stated

b) Now we have E(U,) = pu and Var(U,) = o? but instead of
independence we have that covariances equal to zero. It is easy
to check that

P(|Ex(U) = u| > €) < B[(En(U) — n)*)/¢* = Var[Ex(U)] /€

since E[Ex(U)] = EINT'SN 0,] = N' SN 4 = . Now,
it is easy to check that Var[Eyx(U)] = ¢2/N. So,

P(|/En(U)—p| >€) — 0 as N — o0
Then, Ex[U] 2 p
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¢) In this case, C(Up, Uy) = 0?pI" ™| we have that,

V(ENU]) =%+ %3N SNt CUUn)

m#mn

_ a2 2 N N
- W + m Zn:l Zm:n+1 C(Un; Um) N )
_ o 202 N N m—-n __ o2 202 N p(l—p —-n

02 | 202 | (N—1 2 _
=5 [ (1) -

o2 52 _ 2
P(EN(U) ] > ) < VarlBx(U))/e = 2t [“ﬁ () a- pN1>]

and Var[En(U)] goes to zero as N goes to co, hence Ey[U] —= 1.

13.6 Let Zy %, 7 where the distribution for Z N is a mixture of two dis-
tributions with weights that depend on N:let Fiz, (2) = A(N)Fz(z)+
(1 = A(N))Fy(z) where 0 < A(N) < 1, Fz(2) is the c.d.f. of Z, and
FY(z) is the c.d.f. of another random variable Y. For simplicity
suppose that Fz(z) and Fy(z) are continuous. If A(N) — 1 as

N — oo then Zy .z according to definition of convergence in
distribution (Ruud’s book pg. 259).
Now, is easy to find one example looking at the mean of Zy:

ElZn) = [, 2dF 2y (2)
=AN) [T 2dFz(z) + (1 = A(N)) [7 zdFy ()
= A(N)E[Z] + (1 — A(N))E[Y]

Now, if the distribution of Y doesn’t have a mean (eg. cauchy
distribution), then for every N, we have that E[Zy] does not exist
either and E[Zy] does not converge to F[Z].

13.9 The paradox is that we treat s? as if it were constant (02) in infer-
ences about B based upon asymptotic approximations (s? Log).
On the other hand, we know that we can approximate the distribu-
tion of s with a normal distribution (See exercise 13.8).

Note, however, that the approximate distribution of s? is normal
with mean o3 and variance (uy — 03)/N where j4 is the fourth mo-
ment. For large samples, the variance of s will be small. The equiv-
alence above reflects Lemma 13.3 (Slutsky, p. 261): multiplying a
sequence that converges in distribution by a sequence that converges
in probability to a constant is asymptotically equivalent to multiply-
ing the first sequence by the limiting constant. If we were examining
the distribution of a statistic depending only on vV N (B — Bp) and
VN (5% — 0}), matters would be different. /N (s> — 02) does not

converge in probability. Yet there is no motivation for studying such
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statistics. For inference about (y or 08, we require statistics that
are pivotal and such statistics are not pivotal.

Definition 23 says that 0, -2 0y for all possible 6y then 0,, is a con-
sistent estimator of fy. Note that convergence in probability re-
quires that the distribution of 0,, collapses to that of a constant as
N — oo. Therefore, a consistent estimator can be biased. Indeed,
a consistent estimator need not have a mean at all.

On the other hand, an unbiased estimator will be inconsistent if its
distribution does not collapse to the distribution of a constant. An
asymptotically unbiased estimator can be inconsistent for the same
reason. A vanishing bias does not imply convergence in distribution,
let alone convergence in probability.

Examples: Consider an i.i.d. sample {X;}¥ | with jiy = Ex[X]
and finite variance. Hence, [iy is unbiased and consistent for the
population mean (u). Now, consider AN = N + 1/N, this is a
consistent estimator of the population mean but is biased. Now,
consider the following estimator &y = X1, this is an unbiased esti-
mator of  but is not consistent. Finally, consider Oy = X1+ 1 /N,
this is an asymptotically unbiased estimator but inconsistent.

Note,
(\U | > e) — P(U, < —€) + P(Uy, > €) = P(¥Un « =Ney |

Note that for a small arbitrarily § > 0 and N large enough,

(\/>Un<_\/7€) Sq)(—fe)+6
(\FUn>\F6) <1- (\FE)_F(;

and

by VNU, i>(0,(72). Hence,
P(Up| >€) <1—(¥Ne) 45+ (DY 4§ as N — oo
Since,@(‘/aﬁe) — 1 and @(%m) — 0, we can make P(|U,| >

€) arbitrarily small as N — o0, so Uy, 2,0

consider the MA(1) process ¢, = uy + Ouy where {u;} is i.i.d. zero
mean and 03 > 0. We know that the correlation between ¢; and €;_1
is given by,

v(0) ~ 21 +62) 1467

Now, we want to prove that |6/(1 + 6?)] < 1/2. Let’s proceed by
contradiction: suppose not, i.e. 30 € R s.t. |0/(1+602)| > 1/2. This
is equivalent to 6/(1+ 6?) > 1/2 and /(1 + 6%) < —1/2.
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First, 0/(1 + 6%) > 1/2=(1 — %)% < 0 which is a contradiction
since § € R. Second, /(1 + 0%) < —1/2=(1 + 6%)? < 0 which is a
contradiction.

Consider two independent AR(1) processes: y; = ay;—1+¢€; and zp =
Bri—1 + up where {¢;} and {u;} are i.i.d., zero-mean with variances
o2 and o2 respectively. We want to show that z; = y, + x; follows
an ARMA(2,1) process. First, note that we can rewrite the AR
processes using the Lag operator, so

I-al)yy =«

(1 — BL)II?t = Ut

multiplying the first equation by (1— (L) and the second by (1—aL)
we have,

(1 —al)(1=pL)y; = (1-pL)e
(1—al)(1—-pL)x; =(1—al)u

note that (1 — aL)(1 — L) is a 2nd order polynomial of lags. Now,
adding both equaitons we get,

(1 — aL)(l — ,BL)(yt + $t> = (1 — ,BL)Q + (1 — aL)ut
(1 — aL)(l — ,BL)Zt = Ct

where ¢; = (1—8L)e;+ (1 —aL)u;. Hence we have the AR(2) part in
the left-hand-side but we need to show that ¢; follows a MA(1), i.e.
we need to show that it is weak stationary and that cov(c, ci—s) =0
for s > 1. It can be easily seen that,

(14802 +(1+a?)o; s=0
E(ct,ci—s) =1 Bo? + ao? s=1
0 s>1

hence ¢; admits a MA(1) representation, therefore there exist an
i.i.d. process vy and ¢ € R such that ¢; = (1 — ¢L)v;. Finally,

(1—al)(1—BL)(zt+y) = (1 — dL)vy
follows an ARMA(2,1) process.
Additional Problems

We know that

V(B = B) —aq N(0,0* E(x}) ™)
We'll use the Delta Method:
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oy
9(y,2) = Z
dg(y,2) (1 y
= =)
39(51752)_<1 61>_ I
— GO— O(y,z)’ = ﬁQ’ % ﬁ2 (17 ’Y)
SO

But we have 3 results:

Dy XAy — 1) B (1)

2) B2 — by
3) s — o

So we use Slustky to conclude that
G b _
Bav/n (32 7)
s\/(1,-3) (XX)=1 (1, -7

—q N(0,1)

So, an approximate confidence interval when 7y = & = —1 is:

7@)\9)

1
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4( ) <1.96
Lo A s el
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vio “10 5 JL77
i(1+7)
— 4 < 1.96
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5\ 20 57 T 57
1
11+
— 11+7) < 1.96
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Vio'V 4

= —224<~<024
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So, 79 = 0 is in this interval.

(2) a) when p = 0 we have that X -~ 0 by LLN, \/nX i>./\/’(O7 o2) by
CLT, and s 2,52 by LLN, therefore we use Slutsky theorem
having

VT, = \/’EY i’% (0702) :N(O,l)

S

b) Consider the vector

Wn—<§g>_;i< (Xi)iiuﬁ)_((XEu)z)

i=1
Due to the LLN, the last term goes in probability to the zero

vector, and the first term, and thus the whole W,,, converges in
probability to

: _( M
plimW, = ( o2 )

We can apply multivariate CLT to W,,, hence

Vi (W, — plimW,,) —5 A7(0, V)

X; (0
WhereV—V<(XZ_u)2>—<O T—O'4>

and now we can use the so-called delta method with function:
g t1 :L:GZQ’ al :L(l _Ll)
t2 ) it B t2 V2 22
Vi (T — To) “5 N(0,GV )

\/ﬁ(Tn—To)i>N(0,1+'u2(T_g4)>

406

¢) Similarly, consider the vector:

X I ~( X;
w2 )= (%)
Due to LLN, W, converge in probability to
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plimW,, = < 2 —/f—02 )
Next, /n(W, — plimW,) 5 N(0,V) where V = V ))((2
Lets calculate V. First, V(X;) = 0% and V(X?) = E[(X? — p* —

02)?] = 7+ 4p*0? — o*. Second, C[X;, X?] = E[(X; — p)(X? —
p? — 0?)] = 2uo. Therefore,

\/E(Wn—plimWn)LN<< 8 ) ,< o? 2p0 ) ))

2u0? T4+ 4p*0? — o

Now we can use the so-called delta method with g ( il ) = %
2

to get

2 2 _4 6
d Wt —pco* + 4o
R, — Ry) — 0,
v ( 0) N( 4(p? + o2)3 )

The answer reduces to that of Part (b) iff 4 = 0. Under this
condition, T}, and R,, are asymptotically equivalent.

E-mail address: carolina@econ.berkeley.edu
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