


Motivation
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Many economic problems reduce to optimization
of an integral with respect to some measure
subject to a dynamic constraint

Examples:

the optimal growth — maximize discounted utility
s.t. capital accumulation constraint




Motivation

In the first example the principal’s
objective is represented as in integral with

respect to a probability measure -

The probability measure can be arbitrary.
There are some evolutionary reasons to
believe it is supported by a fractal




Motivation

In the second example It seems that
since the integration is taken with
respect to time the natural measureé
Is the

Psychological research shows that
the of the
passage of time is not captured by
the . A fractal measure
can better capture It.




The problem

 Let be the Borel sigma-algebra on

e wW: 2 —[0,1] a probability measure

. be continuous functions
° be a compact subset of

Consider the following problem:

max j £ (x(t), u(t), t)dw (1)

S.t.x = X, + j g(x(z),u(r), r)dr




Approach to the solution

The problem is solved in two steps:

1. Put a multiplier on a constraint. It will
lead to a problem:

2. Use Radon - Nikodym Theorem to
solve the latter problem




Step one: putting a Lagrange
multiplier on the constraint

 The state variable, , IS a continuos
function

e The costate variable, , IS an
element of the dual space: it is a linear

continuous functional defined on the space
of the continuous functions

e Such functionals are known as distributions




Distributions

A distribution is a linear continuous

functional defined on the space of the
continuous functions.

 For any distribution  its derivative is
defined by:

for any infinitely differentiable h




Example

e Let¢: [0,7] — R be an integrable function
Consider the following functional:

£(h) = [ £(h()t

Its derivative is:

£'(h) =—[ &h'(t)dt




A useful observation

 Any integrable function is infinitely
differentiable in the

 Below we will always use derivative In
the latter sense




The Lagrangian

« The Lagrangian for the optimization problem is:

L= [ £ (x(),u().da(t) + [ 7)) —% — [ 9(x(z),u(z), 7)d7)dt

where y is a distribution
* Introduce distribution A by:




The transformed Lagrangian

« After some integration by parts the Lagrangian
becomes:

L :j f(x,u,t)da)(t)+j(/1g(x,u,t)+ x/.l)dt




A measure theoretic problem

¢ Let be a measure space
& be a family of measures on

¢ Is a compact subset of the real line (or
dimensional Euclidian space)

TS measurable functions
¢ Consider a problem:

max 3. [ f,(x0du 0

x(e) i=l 0




The generalized optimal control
problem is a

particular case

of the above measure-theoretic
problem




Absolute Continuity of Measures

elLet and be two measures
defined on the same sigma-
algebra

¢ Measure is called absolutely
continuous with respect to
measure (denoted ) if
implies for any
measurable




The Radon - Nykodim derivative

¢ Let . There exists a measurable
function such that

[ ada(t) =[ a)ht)d(t)

for any measurable function

< iIs called a Radon-Nykodim
derivative of




A simple fact

¢ Let be a family of measures on
¢ There exists a measure such that

¢ Proof. Eor any measurable set . define




Solution to the measure-
theoretic problem

There exist measurable functions
such that

n

X(t) € al'g max Z h; (1) T, (X, t)

xeK 1=1




