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Abstract

The parameter-expanding method is applied to a strongly nonlinear oscillator. The obtained frequency
is of high accuracy which is valid for the whole solution domain. Comparison of the obtained solution with

exact solution is also given.
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1. Introduction

The study of nonlinear oscillators is of great
interest to many researchers and various
methods have been proposed, for example,
variational iteration method[1-5], homotopy
perturbation method[6-11], variational (energy )
methods [12-15], and Exp-function method[16].
Surveys of the literature with numerous
references and useful bibliographies have been
given in [17,18]. In this paper will apply the
parameter-expanding method proposed by J.H.
He[19,17,18] to a strongly nonlinear oscillator.

2. Parameter-expanding Method

Recently  parameter-expanding  methods
[18,20,21] including bookkeeping parameter
method[19] and modified Lindstedt-Poincare
methods[22-25] have been caught much
attention, the parameter expansion can also be
applied to homotopy perturbation method[26].

We consider the following nonlinear
oscillator
W+ ———=0,u(0)=Au'(0)=0. (1)

V1+u?
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In view of bookkeeping parameter method,
we re-write it in the form

u

V1+u?

Assume that the solution can be expressed as
a power series in p:

u"+0-u+1.

=0. @)

U=u,+ pu, + pu, +---, ?3)

where p is a bookkeeping parameter.

We assume that the coefficients 0 and 1 in
the left side of Eg. (2) can be respectively
expanded to a series in p:

0=0’+ pa, + p’w, +--, (4)
l=ap+a,p’+-. (5)
Substituting Eqgs.(4) and (5) into Eq.(2) and

equating the terms with the identical powers of
p , we have

p° Uy +@’Uy, =0,U,(0)=Aug(0)=0, (6)
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u
phiu+ @’U + o, +a - ————==0.(7)
1+u,’

The solution of Eq. (6) can be easily
obtained

u, = Acos ot . (8)

Substituting the result into Eq. (7) yields

Acos wt
U+ U, + @, Acos ot +a, - @ -0
1+ (Acos wt)?
9)
Using Fourier series expansion, we have
@ A=01aw,,=0.998
cos wt
g mel cos[(2n+)et | .
1+ (Acos mt)?
0.008
=D, coswt + b, cos3wt + -
3 (10) 0.006
10
where oot
0.002
CcoS -
=— I ‘ -coszdr, 7=ot. ’
1+ (Acosz)? 0,002
(11) -0.004
-0.006
No secular terms in U, requires 0,008
-0.01

o A+abA=0. (12) ’ :

. o (b) A=0.01,m,, =0.99998
If the first-order approximation is enough,

thenset p=1 and from (4) and (5) we have 1
020)2+0)1, (13) 0.6 ——— Mg —— L :L————i————i: ———————— &
) I W R S i
1=4a. (14) 02 oA i—————i—————i ———————— i—
N A W R R U SR i
From Eqgs.(12)~(14),we obtain ) I L, - ,i, - 771 ,,,,,,,, i,
D AV S I S S
o=\, (15) el N ot ]
o e N ]
where b, is defined by Eq.(11). ! ! | 1 ! ! !
0 1 2 3 4 5 6 7

which agrees well with the exact solution. The ¢
obtained frequency is valid for all 0< A<,
see Fig.1. e ) A=law,,6 =0.873
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Fig. 1 Comparison of exact solution with
approximate solutionu = Acoswt . Dashed line:
exact solution; continuous line: approximate
solution.

3. Conclusion

The parameter-expanding method, which is
proved to be a powerful mathematical tool to
nonlinear oscillators, can be easily extended to
any nonlinear oscillators, and the present short
note can be used as paradigms for many other
applications in searching for period or frequency
of various nonlinear oscillators.
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