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The present work constitutes a guided tour through the mathematics needed for a proper
understanding of homotopy perturbation method as applied to various nonlinear prob-
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1. Introduction
We consider a general nonlinear oscillator in the form
"+ e f(u i) = 0 (1)

where m and w2 are constants, f is a nonlinear term. In case mwg < 0, the tradi-
tional perturbation method does not work. But homotopy perturbation method!™*
can completely eliminate this limitation by expanding the constants m and w? in
the following ways:

wp = w? +pwr +pPws + -, (2)
m=1+pm+p>ma+---, (3)

where p is a homotopy parameter, w?, w; and m; are unknown constants to be
further determined.
For nth order approximate solution, Egs. (2) and (3) should be replaced by

wi = w? + pwi + pPwa + -+ plwy, (4)

*This paper is a supplement to my review paper “Some asymptotic methods for strongly nonlinear
equations” published in IJMPB Vol. 20 No. 10, pp. 1141-1199, 2006.
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m=1+pmy+p*ma+ -+ pmy. (5)

Generally we always stop before n = 2.

Parameter-expansion appeared in my previous publications.®’ ® Though the
technology shows great success in various fields,” ! its mathematical rigor is de-
bated recently. A new interpretation of the parameter-expansion is, therefore, much
needed.

2. Validity of the Parameter-Expansion

To illustrate its validity of the parameter-expansion, we consider a nonlinear oscil-
lator*

u' +eut =0, w0)=A, /(0)=0. (6)

In our study, the parameter ¢ is not required to be small, 0 < € < co.

2.1. First-order approximate solution
We construct a homotopy in the form
u” + (w? + per)u 4 peu® =0, u(0)=A4, u'(0) =0, pe 0,1 (7)
where
w4 =0. (8)
It is obvious that when p = 0, Eq. (7) becomes a linear equation
v+ wtu=0, u0)=A4, 4(0)=0, (9)

when p = 1 Eq. (7) turns out to be the original nonlinear one. The embedding
parameter p monotonically increases from zero to unit as the linearized equation (9),
which is easy to solve, is continuously deformed to the original nonlinear problem
under study. The basic assumption of the homotopy perturbation method is that
the solution of Eq. (7) can be written as a power series in p:

u=ug+puy +piuy +---. (10)

Substituting Eq. (10) into Eq. (7), and equating coefficients of like powers of p
yields the following equations:

ug 4+ w?ug =0, uo(0) = A4, up(0) =0, (11)
w4+ wuy + crug +eud =0, u1(0) =0, u1(0)=0. (12)

Solving Eq. (11), we have
ug = A cos wt. (13)

Substituting ug into Eq. (12) results in

1
uf +wuy + A (cl + 25A2> cos wt + 15A3 cos 3wt =0. (14)
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Eliminating the secular term we need
3

o —ZsAQ. (15)

If only the first-order approximate solution is searched for, then from Eq. (8),
we have

3
w= %&@4. (16)
Its period, therefore, can be written as
4
T= \/—7%5*1/2,4*1 = 7.25c71/2471 (17)

Its exact period can be readily obtained, which reads

T, _4\/—/ sin zdx _ 6.743. (18)
Jon A

sin? z(1 + cos? z)

It is obvious that the maximal relative error is less than 7.5%, and the obtained
approximate period is valid for all € > 0.

Since secular terms arise in u; (¢ > 2), the constructed homotopy equation (7)
is, therefore, only valid for the first-order approximate.

3. Second-order Approximate Solution

If we want to obtain a second-order approximate solution, we have to replace Eq. (7)
with one of the following

u” 4+ (W +per+pPe)utpeu® =0, w(0)=A, «(0)=0, pel0,1] (19)
where
W4 +e=0. (20)

Proceeding the same way as before, we obtain the following equations:

uy +wlug =0,  ug(0)=A,  u((0)=0, (21)
u 4+ wuy + crug +eug =0, (22)
uly 4+ w?ug + crug + caug + 3eudu; = 0. (23)

The initial conditions for u; and us should satisfy w1 (0) + u2(0) = 0 and «}(0) +
ub(0) = 0.
The solution for ug is ug = A cos wt, and a particular solution of Eq. (22) reads

3

A
ui(t) = % cos 3wt . (24)
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Substituting up and w; into Eq. (23), and simplifying the resulted equation, we
have
0t A (et 32 A% . eA3c N 3e2A° st
Uy + wu o+ ——— | cos w —— 4+ —— | cos 3w
2 ? 2 12802 3202 | 6402
3e2A4°

+ 128w?

cos bwt = 0. (25)

No secular term in us requires

3e2A%
27 o802 (26)
In view of Eq. (20), we have
3 3e2A4
29 42 _
w 45A 12802 0, (27)
which leads to the result
w = 0.8832022:1/24 . (28)

Now the accuracy of frequency reaches 5.2%.

3.1. nth order approximate solution
Secular terms arise in u; (¢ > 3) in homotopy equation (19). To search for nth order

approximate solution, we re-write Eq. (19) in the form

u” 4+ (W? + per +pPea +pies + - pep)u+peud =0, u(0)=A, ' (0)=0.

where the unknown constants ¢; can be identified in view of no secular terms in wu;
(i=1,2,3,...,n).

The solution procedure is equivalent to my previous treatment. We can re-write
Eq. (6) in the form

u” +0-u+peud =0, u(0) = A, uw'(0)=0. (30)

If nth order approximate solution is searched for, we assume that the solution and
the constant, zero, in Eq. (30) can be expressed in the forms

u = ug + puy + p*ug + piuz + -+ pu,, (31)
0=w?+per +pPea+pies+ -+ pcy (32)
We can obtain the same differential equations for w; (¢ = 0,1,2,3,...,n) as those

illustrated above.
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4. Discussions
4.1. Asymptotic character of the homotopy perturbation method

Homotopy perturbation method is a kind of asymptotic methods, though the higher-
order approximate solution leads to higher accuracy of the period, and the error for
amplitude might become larger. In case the amplitude does not vary with time as
illustrated in the above example, we always use zero-order approximate solution:

u(t) = A cos <§51/2A> t, (33)
u(t) = A cos(0.8832e/2A)t . (34)

Comparison of approximate solution, Eq. (33), with the exact solution is shown in
Fig. 1.

4.2. Mathematical exactness of the parameter expansion

In homotopy perturbation method, a constant can be expanded into a series of the
homotopy parameter, for example,

0 =w?+pcy +pPea +pieg+ -, p€0,1]. (35)

If Eq. (35) is considered as an equality holding for all p, according to Fitzpatrick’s
we have w? = 0 and ¢; = 0 for all 4.

theorem,

Fig. 1. Comparison of approximate solution, Eq. (33), with exact solution. Dashed line: exact
solution, continued line: approximate solution.
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(b)e=10,A=1

(¢) e=100,A=1

(Continued)

Fig. 1.
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(d) e = 1000, A = 1

Fig. 1. (Continued)

Actually we did not search for an infinite order approximate solution, we always

stop before i = 2, so we need not guarantee the convergence of the series. Actually

Eq.

(35) can be an asymptotic series. We can consider Eq. (35) as an expansion

which holds for all variables that lie in a certain set p € [0, 1].

5. Conclusions

Homotopy perturbation method is a relatively new method, it is still evolving. Like
other methods, it has theoretical and application limitations.
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